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ABSTRACT. This paper is motivated by a problem suggested in
Miiller [11] that concerns the weak lower semicontinuity of a
smooth integral functional I(u) on a Sobolev space along all
its weakly convergent minimizing sequences. Here we study a
restricted weak lower semicontinuity of I(u) along all weakly
convergent Palais-Smale sequences (that is, sequences {u} satis-
fying I' (ux) — 0). In view of Ekeland’s variational principle, this
restricted weak lower semicontinuity, replacing the usual (unre-
stricted) weak lower semicontinuity in the direct method of cal-
culus of variations, is sufficient for the existence of minimizers
under the standard coercivity assumption. The main purpose of
the paper is to study the relationships of this restricted weak lower
semicontinuity condition with the usual weak lower semiconti-
nuity condition that is known to be equivalent to the Morrey
quasiconvexity in the calculus of variations. We show that the
two conditions are not equivalent in general, but are equivalent
in certain interesting cases.

1. INTRODUCTION

In this paper, we study a problem suggested in Miiller [11] that concerns a weak
lower semicontinuity of a smooth integral functional I(u) of the type

(1.1) I(u) = JQf(x,u(x),Du(x))dx
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along certain restricted weakly convergent sequences. Here Q is a domain in R",
u: Q — R™ is a vector-valued function with Jacobi matrix Du(x) = (ou'/dx;)
and f(x,s,§) is a given function of point x € Q, vector s € R"™ and matrix
& € M™X"_the set of all m X n matrices.

Under some structure and growth conditions, one can define the functional
I(u) on the Sobolev space W7 (Q; R™) of mappings from Q to R™ and study
the minimization problem of the functional I on a given Dirichlet class. Such a
problem can be studied by the direct method of calculus of variations [5]. An
important property often linked to the direct method of calculus of variations
is the so-called weak lower semicontinuity of the functional I. Recall that I is
(sequentially) weakly lower semicontinuous on W17 (Q; R™) if

(1.2) I(u) < lilgninfl(uk) whenever uy — u in Wh?7 (Q; R™),

where U — u means uy weakly converges to u.

It has been well-known that, under certain mild conditions on f, the weak
lower semicontinuity of integral functional I defined above is equivalent to the
important quasiconvexity condition introduced by Morrey; see, e.g., [1, 3, 5, 10,
11]. Recall that f(x,s,&) is quasiconvex in & in the Morrey sense provided that
the inequality

1
f(x,s,&) < @JQf(x,s,E +De(y))dy

holds for a.e. x € Q, all s € R", & € M"™ ", and all € C;°(Q;R™). Note
that in the case n = 1 (one-dimensional case) or m = 1 (scalar case) Morrey’s
quasiconvexity condition becomes the usual convexity condition.

We assume the functional I defined above is continuously differentiable on
WP (Q; R™) and bounded below. We also assume p > 1 and p’ = p/(p—1) and
denote by W-LP (Q; R™) the dual space of Wol’p (€; R™). In view of an important
variational principle discovered by Ekeland [6] (see also [2]), we can always obtain
a minimizing sequence {uy} of I over a Dirichlet class A4 in WP (Q; R™) which
satisfies I’ (ug) — 0 in W=LP (Q; R™). Consequently, the weak limit (if exists) of
any such minimizing sequence will be an energy minimizer provided, as has been
suggested by Miiller in [11], that I(u) only satisfies the condition:

(1.3) I(u) < lilininfl(uk)
whenever ug — u in WHP (Q; R™) and ' (uy) — 0 in W-LP (Q; R™).
Since a sequence {u} with I’ (uy) — 0 is usually called a Palais-Smale sequence, we

call a functional I(u) satistying condition (1.3) (PS)-weakly lower semicontinuous
on WLP(Q; R™),
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The main purpose of this paper is to investigate what intrinsic properties the
(PS)-weak lower semicontinuity of I(u) imposes on the function f(x,s,§). Cer-
tainly, Morrey’s quasiconvexity (of f on &) provides a sufficient condition for the
(PS)-weak lower semicontinuity. In this paper we obtain the following main re-
sults.

First, unlike the Morrey quasiconvexity, the condition on f(x,s,§) of the
(PS)-weak lower semicontinuity may depend not only on & but also on (x,s) in
a nonlocal fashion. For example, by (the proof of) Proposition 4.2 and Theorem
5.1, the integral functional with a function h(&§) may not be (PS)-weak lower
semicontinuous but the one with a(x)h(&) is, for some function a(x).

Second, we show that the (PS)-weak lower semicontinuity of a simple func-
tional

(1.4) I(u) = JQf(Du(x)) dx

defined by a function f: M™*" — R* may or may not be equivalent to the Mor-
rey quasiconvexity of f. In the case m = 1, which means u: Q — R is a scalar
function, Theorem 5.1 shows that the (PS)-weak lower semicontinuity is equiv-
alent to the quasiconvexity of f, which is simply the convexity in this case. The
proof of this theorem uses a combination of a crucial convexity result for smooth
functions h: R — R* (Lemma 4.8) and a classical one-dimensional construction
by layering, which produces a useful testing Palais-Smale sequence. In this layering
construction, it is the dimension m = 1 that is critical, not the Hadamard rank-
one jump condition because, in higher dimensions m > 1, even on the rank-one
directions, such a layering construction does not produce a Palais-Smale sequence
(see Remark 5.3) and thus cannot prove the quasiconvexity or even the rank-one
convexity from the (PS)-weak lower semicontinuity. In fact, Theorem 5.8 gives an
example in the one-dimensional vectorial case (n = 1, m > 2) that a functional
(1.4) is (PS)-weak lower semicontinuous but f is not (quasi)convex.

Third, we also study the impact of the coercivity on the (PS)-weak lower
semicontinuity in Theorem 4.3 and Theorem 5.4. Under the given coercivity as-
sumption, we show that the (PS)-weak lower semicontinuity is equivalent to the
Morrey quasiconvexity. Without the coercivity assumption, Proposition 4.2 and
Theorem 5.8 show that the two conditions may not be equivalent. The proofs of
both Theorem 4.3 and Theorem 5.4 rely on the key idea that, under the coercivity
assumption, the (PS)-weak lower semicontinuity implies the existence of minimiz-
ers over all Dirichlet classes, which enables one to construct suitable Palais-Smale
sequences and to prove the convexity or quasiconvexity. This general existence
result, which is based on Ekeland’s variational principle, is also a main motivation
of the paper and is presented as Theorem 3.8.

Finally, we point out that even for the simplest functional (1.4) in the general
case of m, n = 2 without the coercivity assumption a necessary and sufficient
condition on f for the (PS)-weak lower semicontinuity of I(u) remains open.
The major difficulty in the (PS)-weak lower semicontinuity lies in that the testing



872 DANIEL VASILIU ¢» BAISHENG YAN

sequences {uk} constructed by the usual techniques [1, 5, 10] do not satisfy the
condition I'(ug) — 0 in W-LP (Q;R™). A related problem to the (PS)-weak
lower semicontinuity is to characterize all the gradient Young measures [8] gen-
erated by weakly convergent Palais-Smale sequences, which is also relevant to the
theory of compensated compactness [13]. Weak lower semicontinuity under cer-
tain linear differential constraints has been studied in [7]. These linear constraints
A(u) are independent of the functional and usually have large kernel. Then the
constrained lower semicontinuity of functionals may be characterized through the
Jensen’s inequality with the associated Young measures supported on the kernel of
A; this is the so-called A-quasiconvexity [7].

However, the difficulty in our case is that the strong convergence I' (ug) — 0
in W=LP (Q; R™) cannot be realized by the Young measure of {Duy} in the di-
mension n > 2. Recently, in [14] we have successfully applied the Young measure
theory in the one-dimensional case (n = 1) to obtain a necessary and sufficient
condition of the (PS)-weak lower semicontinuity for the functional I(u) of the
type (1.4) forn = 1 and all m = 1.

2. NOTATION AND PRELIMINARIES

Let Q be a bounded domain in R™. Let M™*" be the set of m X 1 matrices. For
vectors @, b € R™ and matrices §, n € M™*", we define the inner products by

n m n
a-bZZaibi, §2U=ZZ§i1’7ij'
j=1

i=1j=1

with the corresponding Euclidean norms denoted both by | - |. For vectors g €
R™, a € R", we denote by q ® a the rank-one m X n matrix (g;a;).

Let WLP(Q) be the usual Sobolev space of scalar functions on Q, and define
WLP(Q;R™) to be the space of vector functions u: Q — R™ with each compo-
nent u' € WP (Q) and we denote by Du the Jacobi matrix of u defined by

Let 1 < p < oo. We make W17 (Q; R™) a Banach space with the norm

1/p
il m = (jgump N |Du|r'>dx) .

Let C5° (Q; R™) be the set of infinitely differentiable vector functions with com-
pact support in Q, and let the space Wol‘p (Q; R™) be the closure of Cg° (Q; R™) in

WLP(Q;R™). Then Wol’p(Q; R™) is itself a Banach space and has an equivalent
norm defined by [|[Dulllr (o).
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Let g € WP (Q;R™). Define the Dirichlet class A, = Wé’p(Q; R™) to be
g+ Wol'p(Q; R™); that is,

Ay =Wy  (Q3R™) = {u € WP (QR™) | u — g € WP (Q; R™)].

For A € M™ " define ga(x) = Ax and let Wj\’p = Wéf(Q; R™) be the Dirich-
let class for the linear function ga.

We use ur — u to denote the weak convergence in WLP (Q; R™). Note that if
1 < p < o, then any bounded sequence in W17 (Q; R™) has a weakly convergent
subsequence and if, furthermore, 0Q is smooth or the sequence is in ng’p (Q;R™),
one can assume the subsequence is also convergent strongly in L? (Q; R™).

Definition 2.1. A functional I on WLP(Q;R™) is said to be (sequentially)
weakly lower semicontinuous on WHP (Q; R™) provided

(2.1) I(u) < lilgninfl(uk) whenever uy — u in W7 (Q; R™).

Definition 2.2. Let h: M™* ™ — R.
(i) We say that h is convex on M™*™ if the inequality

(2.2) h(AE + (1 -A)n) <Ah(E) + (1 -A)h(n)

holds forall 0 < A < 1 and &, n € M"™*",

(i) We say h is rank-one convex if the inequality (2.2) holds only for all §, n
satisfying rank(§ — n) < 1.

(iii) We say that h is guasiconvex in the Morrey sense if the inequality

1
(2.3) h(A) < 1l L) h(A+Dp(x))dx

holds for all A € M™*" and @ € C5°(Q; R™).

For more on Morrey’s quasiconvexity condition and related results, we refer
to [1,3,5,10-12]. Note that in the case of n = 1 (one-dimensional) or m = 1
(scalar) the convexity and quasiconvexity for the function h: M"™*" — R are
equivalent.

Note also that h is convex if and only if g(t) = h(§+1tn) is a convex function
of t on R forall &, n € M™*", For C! functions h, the convexity condition is
equivalent to the condition

(2.4) h(n) = h(§) + Dgh(§): (n—§), Vn,§eM™ "

Furthermore, a C! function h on R is convex if and only if h’ is nondecreasing,
or equivalently, the following condition holds:

(2.5) (h'(a) —h'(b))(a—b) =0, Va,bekR.
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Let f: Q x R" x M™" — R. We say f is Carathéodory if f(x,s,&) is
measurable in x € Q for all (s,&) € R™ x M"*" and continuous in (s,&) €
R"™ x M™*" for almost every x € Q. If f(x,s,&) is measurable in x € Q for all
(5,&) € R x M™ " and is C! in (s,E) € R™ x M™*" for almost every x € Q,
we shall use the following notation to denote the derivatives of f on s and &:

Dsf(x,s,&) = (%{,...,%),
j=1,..,n

perns = (),
/i=1,.,m

Given a function f(x, s, &), define the integral functional I on W17 (Q; R™)
by

I(u) = L}f(x,u(x),Du(x)) dx, ueWbhP(Q;R™).

The following important result has been proved by Acerbi and Fusco [1].

Theorem 2.3. Assume f is Carathéodory and satisfies
0= f(x,88 <&l +Isl”) + Alx),

where c1 > 0 and A € LY(Q). Then the functional I defined above is weakly lower
semicontinuous on WIP (Q; R™) if and only if f(x,s,-) is quasiconvex for almost
every x € Q and all s € R™; that is, the inequality

Flx,s,8) < ij Flx,s,E+D(y)) dy
Q] Ja

holds for a.e. x € Q, all s € R", & € M"™*", and all € Cy° (Q;R™).

For smooth and bounded-below functionals on Banach space, we have the
following result from the Ekeland variational principle [2, 6]. We refer to [2, 6]
for the proof and more on the applications of the Ekeland variational principle.

Theorem 2.4. Let X be a Banach space and X* its dual space, and let ®: X — R
be a C! functional which is bounded below. Then, for each € > 0, there exists us € X
such that

(2.6) d(ue) < ig{1f<1> + &,
(2.7) 19" (ue) llx+ < e.
Therefore, there exists a minimizing sequence {Uy} in X such that

lim ®(ug) = inf®, lim [|®" (ug)llx+ = 0.
k— 0o X k— o
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3. THE (PS)-WEAK LOWER SEMICONTINUITY

In this section, we assume f(x,s,&) is measurable in x € Q for all (s,&) €
R™ x M™" and is C! in (s,&) € R™ X M"™ " for almost every x € Q. We also
assume 1 < p < oo, and f satisfies the growth conditions

3.1 If(x,8,8)] <ci(s|? +1E17) + A(x),
(3.2) IDs f(x,$,8)| + |Def(x,5,&)| < ca(Is|P~1 + [EIP71) + B(x),

for almost every x € Q and for all s € R", & € M™*", where c1, ¢, are positive
constants and A, B are positive functions with A € L'(Q), B € LP/P=1(Q).

From these assumptions, we easily obtain the following result, whose proof is
left to the interested reader.

Proposition 3.1. Under the conditions above, the functional I defined above is a
C! functional on WP (Q; R™) and for each w the Fréchet derivative I' (w) is given

by
I'(w),v) = JQ[DSf(x,u,Du) -V + Def(x,u,Du): Dv]dx,
forallv € WP (Q; R™),

When minimizing the functional I on a Dirichlet class A4, one can shift the
class to the Banach space X = Wol’p (Q; R™) since

(3.3) inf I(u) = inf ®(w),
weX

UEA,

where ®(w) = I(w + g). We easily have the following result.

Proposition 3.2. Let X = Wy (;R™). For any g € W'P(Q;R™M), the
functional ®: X — R defined by ®(w) = I(w + g) is C' and ®' (w) =I'(w + g)
as elements in X*, the dual space of X.

In the following we write X* = W~1P' (Q; R™), where p’ = p/(p — 1). As
usual, we define

B4 I Wy = sup{T (W), v) | v € Wy (QR™), (v llyr < 13

Note that, given a smooth functional I on X = WO1 P (Q; R™), the sequences {1k}
in X satisfying

I(ur)) <M, I'(ug) — 0in WP (Q; R™)

are usually called the Palais-Smale sequences or (PS) sequences for the functional I.
Therefore, for simplicity, we use the following definition.
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Definition 3.3. A sequence {ux} is said to (PS)-weakly converge to u (with

respect to I) in WP (Q; R™) and denoted by 1y Zu provided that ux — u in
WLP(Q;R™) and I’ (ug) — 0 in WL (Q; R™). Define the set of all (PS)-weak
limits to be

(3.5) S={uewP@Q;R™) | Juyr € WP (Q; R™) such that uy = u}.

Let C = {u € WHP(Q;R™) | II'(w)llyy-1,r = 0}. Then clearly C < S,
and hence S can be viewed as a relaxation of C under the (PS)-weak convergence.
However, for certain functionals I the set S may be empty.

Example 3.4. Let f(x,8) = Xg(x)h(E), where X} is the characteristic func-
tion of a measurable set E in (0,1) with 0 < |E| < 1 and h(€) = 7r/2 + arctan €.
Define

1
I(u) = Jo fo,u' (x))dx, uewh(0,1).

We claim that for the functional I the (PS)-weak limit set S = &. Suppose to
the contrary ug = u in W2(0,1). Let gk(x) = Xxp(x)h'(uj(x)). Then, by
Proposition 4.1 below, there exists a subsequence gx;, — L strongly in L*(0, 1) for
some constant L. We also assume gk;j(x) — L for almost every x € (0,1). Hence
we must have L = 0 and gk, (x) = h' (uk (x)) — 0 for almost every x € E. By
Egoroft’s theorem, it follows that |u,< (x)l — oo almost uniformly on E, which
implies f[uj llr2E) — 0, a contradiction.

Definition 3.5. Given any nonempty family A = WP (Q; R™), we say that I
is (PS)-weakly lower semicontinuous on A provided that

(3.6) I(u) < li]1<n infI(uy) whenever ug, u € A, ux =u

We shall technically assume this property if A N S = @.

The following result shows that if f = f(x, &) is convex in &, then the func-
tional I is in fact (PS)-weakly continuous on all Dirichlet classes.

Proposition 3.6. Assume f = f(x,8) satisfies the corresponding growth condi-
tions as in (3.1) and (3.2) above. Suppose f(x,&) is convex in & for almost every
x € Q. Then both I and —I are (PS)-weakly lower semicontinuous on all Dirich-
let classes Ag with g € WWP(Q;R™).  Therefore the functional I is (PS)-weakly
continuous on Ay in the sense that

(3.7) I(u) = ]Eim I(ur) Yug, ue Ay ug 2u
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Proof. For any ug, u € W (Q; R™), by the convexity of f, it follows from
(2.4) that

(3.8) S, Duy) = f(x,Du) + Dgf(x,Du): (Duyx — Du),
(3.9) f(x,Du) = f(x,Duy) + Dgf(x,Dux): (Du — Duy),

s 1, . .
for almost every x € Q. If uy Puand u —uy € W, P(Q;R™), then integrating
the inequalities above, we have

li’r(ninfl(uk) > I(u) = limsup I(ug),

k— o0

and hence (3.7) follows. O

We show that in general the (PS)-weak lower semicontinuity on all Dirichlet
classes does not imply the (PS)-weak lower semicontinuity on the whole space
WLP(Q; R™) (without the fixed boundary conditions).

Proposition 3.7. Let Q be the unit disc in R? and I(u) = —J |Du|?dx for
Q

u: Q — R. Then I is (PS)-weakly lower semicontinuous on all Dirichlet classes of
WL2(Q) but not (PS)-weakly lower semicontinuous on wbi2(Q).

Proof. By the preceding proposition, I is (PS)-weakly lower semicontinuous
on all Dirichlet classes of W!?(Q). We now show it is not (PS)-weakly lower
semicontinuous on W12 (Q) (without the fixed boundary conditions). We identify
R2=Cl Forz =x;+ix, € Qand k = 1, 2, ..., we define ug(x;,x2) =
(1//1k)R(z*). Then uy is harmonic in Q and Oy, ug — 0y, ux = Vk/mzk"1.
Hence |[Duy(x)| = vk/1 |z|*~! and thus we have |[Dugll;2qq) = 1. So uy is
bounded in W'2(Q). It is easy to see Uy — 0 uniformly on Q and hence uy — 0
in Wh2(Q). Since uy is harmonic in Q, it also follows that Duy — 0in W—12(Q).

Therefore, for functional I(u) = —| |Du|?dx, we have ux =0, but 1(0) = 0
and liminfy I(ug) = —1. Hence I is not (PS)-weakly lower semicontinuous on
wh2(Q). O

As we mentioned in the introduction, the (PS)-weak lower semicontinuity has
been motivated by using the Ekeland variational principle in the direct method
for the minimization problem. We have the following existence result.

Theorem 3.8. Assume f satisfies, in addition ro (3.1) and (3.2), the following
coercivity condition

(3.10) Col&lP —a(x) < f(x,s,8) <c1(IE17 +[s]P) + A(x),

where ¢y > 0 is a positive constant, a € L1 (Q) is a function. Giveng € WP (Q; R™),
assume the functional 1 defined above is (PS)-weakly lower semicontinuous on Ag.
Then the minimization problem infyca, I1(w) has at least one solution u € Ag.
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Proof. The proof uses a standard direct method of the calculus of variations.
Let X = Wy'* (Q; R™M). Define ®: X — R by

d(u)=I(u+g)= JQf(x,u(x) +g(x),Du(x)+ Dg(x))dx.

Then @ is C' and bounded below on X, and ®'(u) = I'(u + g) in X*. By
Theorem 2.4, there exists a sequence {ux} in X such that

¢ (ug) - i§f¢. 18" (wi) llx+ — 0.

Letwy = ux + g € Ay. Then

(3.11) I(wy) — inf I(w), [I'(wi)lly-1p — 0.
weAy

Under the condition ¢y > 0 the sequence {wy} determined by (3.11) above is
bounded in W7 (Q; R™) and, since 1 < p < oo, has a weakly convergence sub-
sequence, relabeled {wy} again. Let u be the weak limit. Then u € A, and

ps . .. . .
wi — u; hence the (PS)-weak lower semicontinuity on A4 implies

I(u) < lim I(wg) = inf I(w).
k— o weA,

Hence I(u) = infyea, I(w). O

Remark 3.9. Under the growth assumptions (3.1) and (3.2), any minimizer
u of I over Ay is a weak solution to the Dirichlet problem of the Euler-Lagrange
equation of functional I; that is,

G512) —divDg f(x,u,Du) + Dsf (x,u,Du) =0 inQ,
' u=g on 0Q.

4. ONE DIMENSIONAL SCALAR CASES

In this section we study the (PS)-weak lower semicontinuity in some special one
dimensional scalar cases.
We first consider the Sobolev space H!(0,1) = W'2(0,1) and functions

Sf(x, &) satisfying
(4.1) 0<f(x,8) <CIEI* + A(x), |fe(x,&)| < CIE|l +B(x),

with A € L1(0,1), B € L%(0, 1). Define

1
I(u) = L fo,u' (x)dx, YueHY(0,1).
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Proposition 4.1. If uy 22w in HY(0,1), then there exists a subsequence {uy}
such that fe(x, u;cj (x)) = L strongly in L2(0,1) as j — oo, where L is a constant.

Proof. Let

1
gk(x) = fe(x,ul(x)) and Ly = jogux)dx.

Since {gx} is bounded in L%(0,1), we assume for a subsequence gy, — g in
L2(0,1) as j — oo, where g € L?(0,1). We define vy on [0, 1] by

Vr(x) = jo (g (t) — L) dt, x €[0,1].

Then it is easily seen that vy € H}(0,1) = Wol’z((), 1) and v;, = gk — Lx. More-
over, {vx} is bounded in H}(0,1) and hence

1 1
(0 (), ve) = JO Fe (e, u () (x) dx = JO G2(x)dx — 2 — 0

as k — co. Since gk, — g in L2(0, 1), we have

1
Ly, — L= J gdx,
0
1 1 1 2
J g*(x)dx <liminf | gf dx =liminfL} = ([ g(x)dx) :
0 j—oo Jo Jooeo 0

This implies g(x) = L a.e. on [0, 1] and gg; — L strongly in L*(0, 1). O

In contrast to the theorem of Acerbi and Fusco (Theorem 2.3), we show below by
an example that the (PS)-weak lower semicontinuity of I may not imply f being
quasiconvex in § even for smooth functions f(x, §) in the scalar case.

Proposition 4.2. There exists a C' function f(x, ) satisfying condition (4.1)
above for which the corresponding functional 1 is (PS)-weakly, but not (unrestricted)
weakly, lower semicontinuous on H 10, 1).

Proof. Assume f(x,&) = a(x)h(§) with a, h > 0, both C! and satisfying
the following conditions:
(4.2) a(x)=0forx €[0,0], a(x)>0forx e (0,1],
(4.3) h=>=0, (h)"10)=1{0}, lliglinﬂh'(gn > 0.,

where 0 € (0, 1) is a constant. Note that the condition (4.3) implies 1(0) < h(§)
forall & € R. Given any uy Puin HY(0,1), using a subsequence if necessary, we
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assume limy . I(ug) exists. By Proposition 4.1 above, there exists a subsequence
{ug;} such that fe(x,uy) = a(x)h’(u;(f) — L strongly in L?(0,1) for some
constant L. Since @ = 0 on [0, 0), one must have the limit L = 0; this also implies
the whole sequence a(x)h’(u},) — 0 strongly in L%(0, 1). Therefore h' (u}) — 0
strongly in L2(0’, 1) for any 0’ € (6,1). Hence, for a subsequence it follows that
h’(u;(j (x)) — 0 for almost every x € (0’,1). By (4.3), we have that u;cj (x) -0

for almost every x € (6',1). Therefore the weak limit u” = 0 on (6, 1) for all
0" € (0,1). This impliesu” = 0in (0, 1). Since h(&) = h(0) for all &, we have

1
lim I(uy) = lim | a(x)h(u(x))dx
k— oo k—o JO

1
> J a(x)h(0)dx =1(u).
0

Hence I satisfies the (PS)-weak lower semicontinuity on H'(0, 1). Note that the
condition (4.3) does not imply that h is convex. (See, e.g., condition (2.5).)
Hence I may not be weakly lower semicontinuous on H'(0, 1) by Theorem 2.3
above. O

Despite of the result above, we shall show that the (PS)-weak lower semicontinuity
is equivalent to the usual weak lower semicontinuity if f(x, &) satisfies certain
coercivity condition.

In the following, for B € R, let Wé‘p (0, 1) be the Dirichlet class of functions
u in WP (0,1) with u(0) = 0, u(1) = B. Then we have the following result.

Theorem 4.3. Assume f(x,&) and fe(x,&) are both C' on [0,1] X R and
satisfy, for some p > 1 and positive constants o, €1, €2 > 0,

(4.4) clElP < fx,8) <ca(JEP + 1),  Ife(x, 8] <c2(IEIP~ + 1),

Jor all x and . If the functional I defined by f is (PS)-weakly lower semicontinuous
on Wé’p((), 1) forall B € R, then f(x,8) is convex in § for all x € (0,1).

For the technical reason of using the following Sard’s theorem [9], we have
assumed that f is sufficiently smooth in both x and & in the theorem.

Lemma 4.4. Let h: R — R be C' and S = {y ¢ R | Ix € R, y =
h(x), h'(x) = 0}. Then the Lebesgue measure |S| = 0 and, in particular, the
set of regular values of h, R\ S, is dense in R.

We proceed with several lemmas to prove Theorem 4.3. First of all, for g € R,
we define m(B) = inf{I(u) | u € Wé‘p(O, 1)}. It follows easily from the growth
condition (4.4) that

(4.5) colBIP =m(B) <ci(IBIP +1).
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From Theorem 3.8 above, it follows that, if I is (PS)-weakly lower semicontinuous
on Wﬁl’p (0,1), then there exists at least one minimizer ug € Wé’p (0, 1) such that
I(ug) = m(B). Hence I' (ug) = 0 in W=1"(0,1). This implies Se(x,ug(x)) is
constant in (0, 1) and let p(B) denote this constant. Note that p(B) depends also
on the minimizer ug.

Lemma 4.5. It follows that
mB+e -—mp) _

(4.6) limsup limsup + 00,
B—+oo e—0* 3
4.7) liminf liminf ME+E=mB

B——o0 -0~ &

Proof. We only prove Equation (4.6); the other one follows similarly. By
contradiction, suppose the limit is not +o. Then there exist positive constants
Bo, €0 and M such that

m(B+¢e) —m(p)

&

<M, VPB=Ppoy €€ (0,&],

which, in particular, implies that
(48) m(Bo+k€0) —m(ﬁo) SMkE() Vk= 1,2,....

Using (4.5), we have m(Bo + keg) = colBo + keol? = yk? — Cp for some positive
constants y and Cy, and for all k = 1, 2, .... This combined with (4.8) yields a
desired contradiction, since p > 1. This proves (4.6). O

Lemma 4.6. For any B € R, it follows that

49)  limoup B E) —m(B)

=0+ &

m(p +¢e) —m(p)

&

< u(B) < liminf
e—0"

Proof. For 0 < 6 < 1 we define w to be the linear function with w (1 -6) =
0, w(l) = &. Hence w'(x) = €/3. Let ug be a minimizer for m(p) and let
v(x) = ug(x) on [0,1 — 8] and v(x) = ug(x) + w(x) on [1-3, 1]. Then
v € WLP(0, 1) satisfies v(0) = 0, v(1) = B + €. Hence

1
m(B+¢e) <I(v) =I(ug) + Jlié[f(x,v') - fx,up)ldx.
Since f(x,v") = f(x,up) = fe(x,up)e/6 + o(e/d) for £/6 — 0, we have

m(B+e) <m(B)+up)e+o (%) o <m(B) +u(B)e+ole),

as € — 0. From this the lemma follows. O
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The lemmas above imply

(4.10) limsup p(B) = +oo, lli;mjnfu(ﬁ) = —o0,

Bt

Lemma 4.7. For any constant 0 € R, there exists a function qo € LF (0, 1) such
that fe(x,q0(x)) = 0 for almost every x € (0, 1).

Proof- In view of (4.10) above, there exist B; < B2 such that u(B;) <
0 < u(B2). Hence for almost every x € (0,1) we have fg(x,ukl(x)) <0 <

fg(x,u232 (x)). Let

a~(x) = min{ug (x),ug, (x)},
a*(x) = max{ug (x),ug, (x)}.

Then q* € L?(0, 1). By the intermediate value property of fg(x, -), there exists
a € (@ (x),q"(x)) such that fe(x,q) = 0. Let qo(x) be the infimum of all
such g’s. Then fg(x,q0(x)) = 0, qo(x) is lower semicontinuous and g~ (x) <
qo(x) < g*(x) at almost every x € (0, 1) and hence go € L¥ (0, 1). O

The following result turns out to be quite useful in the proof of the theorem and
also later; the proof is elementary and included here for the convenience of the
reader.

Lemma 4.8. Leth: R — R be C! and let

S = {(Z) eR2| N (a) = h’(b)},

S ={<Z> eESla<B, hW(t)+h'(x) er(o"ﬁ)}-

Assume h(t) = 0 for allt € R. Then the following statements are equivalent:
(1) h is convex.
(i) S =Q.
(iii) h(Aa + (1 =A)b) <Ah(a) + (1 -A)h(b),V ($) €S, Ae[0,1].
Proof. We prove the result by showing that (i) = (iii) = (ii) = (i).
1. (i) = (iii): This is easy.

2. (iii) = (ii): Suppose to the contrary S; # & and let (g) € Si. Using
inequality (iii) with (§ ) € S yields that ¥ 0 < A < 1 with ta = A+ (1 - A)B,

h(ta) —h(e) _ h(B) —h(x) _ h(ta) —h(p)

(4.10) bh-x = B-ax T ta-P
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Letting A — 1~ and 0" in (4.11) respectively yields that

h(x) <

hB) —h() .,
=B

B_

hence h'(x) = h'(B) = (h(B) — h(x))/(B — ®). However, by the mean value
property, h' () = (h(B) — h(x))/(B — &) = h'(t) for some t € (&, B), which

shows ( %‘) ¢ S1, a desired contradiction.

3. (ii) = (i): Again, to the contrary, suppose h is not convex. Then there
exist a < b such that h'(a) > h'(b). We consider only the case when h'(a) > 0;
otherwise, consider h(t) = h(—t), @ = —b and b = —a. We claim there exist
¢ < d < a such that h'(c¢) < h'(d). If not, h" would be nonincreasing on
(=00, a] and hence h would be concave on (=, a]. Therefore we would have
h(t) < h(a) + h'(a)(t — a) for all t < a. Since h'(a) > 0, letting t — —oo,
we would have h(t) — —co, a contradiction with h > 0. Let ¢ < d < a be any
points as above. Let m = max[.p)h’. Define £ = {t € [c,b] | h'(t) = m},
s” =min2, and s = max>. Thens™, s™ € 3, and ¢ < s~ < sT < b. Hence
h'(c) <m, W (b) < m. We define &’ < B’ as follows: If h’(c) = h'(b), define
& =c, B =b.Ifh(c) > h'(b), then h'(c) € (W (s*),h’ (b)) and hence by
the intermediate value property of h’, define B’ € (s*, b) so that h'(B") = h'(c),
and define &’ = c¢. If W' (¢) < h/(b), then h'(b) € (h'(c), h'(s7)) and hence
again by the intermediate value property of h’, we define &’ € (c,s7) so that
h'(«’) = h'(b), and define B° = b. The points & < B’ defined this way will
satisfy o < s7 < st < B and h'(«') = W'(B) < h'(s7). Let G = {t €
(', B") | W' (t) > h'(«)}. Then G is an open set and s~ € G. Let (&, B) be the
component of G containing s~. Then it follows that <g) € Si, a contradiction
with (ii); hence h is convex. |

Remark 4.9. It can be shown that conditions (i) and (iii) in the lemma above
are not equivalent for functions h: R™ — R if m = 2 (see Remark 5.9 later).

Proof of Theorem 4.3. Given any xo € (0,1), we prove f(xo,-) is convex.
By Lemma 4.8, it suffices to show that there exist no numbers §; < & such that

(4.12)  fe(x0,81) = fe(x0,82), fe(xo,t) # fe(x0,81), Vite (&,8).

We prove this by contradiction. Suppose &1 < &; satisfy (4.12). We will derive a
contradiction by showing such &;’s must satisfy

(4.13) S(x0,A&81 + (1 = A)&) < Af(x0,&1) + (1 = A) f(x0,82)

for all A € (0, 1), which gives a desired contradiction as in the step 2 of the proof
of Lemma 4.8.
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To this end, assume fx(x0, &1) = fe(x0,E2) = 6. Without loss of generality,
assume fg(xo,t) > fe(xo,&1) forall t € (&;,8&,). Let

max fe(xo, ) = fe(x0,8) = 0 > 0.

To proceed, we need the following lemma, which is the only place we use the
smooth assumption of fg(x, &) on (x, &).

Lemma 4.10. There exist a sequence 0y, € (0, 0) with 0 — 0y asn — o, a
closed interval Jn = [an,bn] C (0,1) containing xo, and two continuous functions
n: Jn — (&1,8) such that q; (x) < qy(x) and fe(x,qy(x)) = On for all
X € Jn. Moreover, qn’™ (x¢) — Eipasm — oo,

Proof. The proof is based on a use of Sard’s theorem. By Lemma 4.4 above
with h(§) = fe(xo, &), the set of regular values of fg(xo, ) is dense. Hence there
exists a sequence of regular values 0, of fg(xo, ) in (6o, 0) such that 0,, — 6,
as n — oo. Since fr(x0,&12) = 0p < Oy < 0= Sfe(x0,&), by intermediate value
property, there exist §, € (&1,&) and &;; € (&, &) such that fr(xo, &) = On.
The assumption (4.12) implies &, — & and & — & asn — o. Since 0,
is a regular value of fg(xo, ), it follows that fgg(x0, &) # 0. By the implicit
function theorem, we have an interval J,, = [an, bn] C (0,1) containing x¢ and
two differentiable functions g5 : J, — (&1, &) such that

(4.14) an(x0) =&, fe(x,q,(x)) =0n, VxeJy.
Then the functions g;; (x) satisfy the requirements of the lemma. O

We continue the proof of the theorem. Let 6, € (6, 0), Jn = [an,bn] and

ay: Jn — (&1,82) be given as in the lemma above. Let J = [a,b] C Jy, be

any interval containing x¢. Let g, € L? (0, 1) be the function q¢ determined by

Lemma 5.2, with 0 = 0,,. In what follows, we fix n. Foreach k = 1, 2, ...,
X

we define function ug(x) by ux(x) = J wy (t) dt, where wi(t) is defined as
0

follows:

(4.15) wi(t)
(an(t), tel[0,1]\[a,b],

J—1+A

L),

k .
@ (1), teU(aJr%(b—a),aJr
) -

k , .
J-1+A J

a;t), telJla+=———wW-a)a+(b-a)).

| jl< k k )

It is easily seen that ux € W7 (0, 1) and {uy} is bounded in W7 (0, 1).
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Lemma 4.11. For all continuous functions ®(x, §), it follows that

b b
1imj & (x, ) (x)) dx =J [AD(x, @5 (x)) + (1= A)D(x, a2 (x)) ] dx.

k-0 Ja
Proof. It is easy to see

a+(j—1+A)(b—-a)/k

(4.16) j B (x, U (x)) dx = zj e PG dx

k  ra+jb-a)lk
+ J b(x,q; (x))dx
a+(j-14+A)(b—-a)/k

j=1
k
(4.17) =AZ<I>(cJ,qn(cJ>) Tra-2 anmj,qn(dj))
J=1 J=1
where
a+%(b—a)scjsa+¥(b—a)sdjsa+%(b—a)

are some points. Hence the sums in (4.16) and (4.17) are Riemann sums; there-
fore, as k — oo, the lemma follows. O

X
Let w € W (0,1) be defined by @ (x) = J w(t) dt, where
0

LI t €[0,1]\ [a,b],
CAgn () + (1= Mg (), tela,bl.

From the lemma above, it easily follows that uy — i in WP (0, 1). In particular,
& = u(l) —ug(l) — 0 as k — oo. By the definition of uy it follows easily that
Sfe(x,up(x)) = 0y for almost every x € (O 1) hence I’ (ug) = 0in W17 (0, 1).
We now modify uy to a function ity € W P(0,1) with B = % (1). For0 < § <
1 — b to be selected later, we define uk(x) = Ur(x) for x € [0,1 — 8], and
Uk (x) = ur(x) + vr(x) for x € [1 — §,1], where vg is a linear function on
[1-6,1] with vg(1-96) =0, vk (1) = &k. Hence 7ty € WLP (0, 1) with 74 (0) =
0, @k (1) = u(1) = B. Note that vy (x) = &/5. Hence we select § = 5y = |x|!/?
for all sufficiently large k. For this choice of 9, it is easily shown that the function
Uy € Wé’p(O, 1) satisfies uy — tx — 0 in WHP(0,1), and hence it follows that
I (ﬁk) - 0in WP (0,1) and I(ug) — I(iig) — 0 as k — . In particular,
i 21 in WB (0,1). Therefore, by the (PS)-weak lower semicontinuity of I on
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Wﬁl‘p (0,1), we have I'(it) < liminfy I(#tx) = liminfi I'(ug). Using Lemma 4.11,
after easy computations, this implies

b
J S(x,Aq,, (x) + (1 = A)g;; (x)) dx
b
< L [Af(x,q,(x)) + (1 =2A)f(x,q;(x))]dx.

This holds for all intervals [a,b] C J containing xy and hence, letting [a, b]
shrink to {xo}, we have

S (x0,Aaqy, (x0) + (1 = A)a;, (x0)) < Af(x0,a,(x0)) + (1 = A)f(x0,aq (x0)).

Finally letting n — oo, by Lemma 4.10, we have

f(x0,A81 + (1 =A)&) < Af(x0,81) + (1 = A)f(x0,&),
as desired by (4.13).

The proof of the theorem is now completed. )

5. SPECIAL CASES WITH f = f(&)

In this section, we study some special cases with function f = f(§), where
S M™" — Risa C! function satisfying the following growth conditions:

(5.1) col&IP < f(E) =c1(IEIF +1),
(5.2) IDef(E) < c2(JEIP1 + 1),

where 1 < p < o and cg = 0, ¢; > 0, ¢; > 0 are constants. In this case, we shall
also use the simplified notation Dg f(§) = D f(§) = f'(&). As before, let I be the

functional associated with f:
I(u) = J f(Du(x))dx, wueWbLP(Q;R™).
Q

We first have the following result when m = 1 (the scalar case), with ¢ = 0
in (5.1), which is in contrast to Proposition 4.2 above.

Theorem 5.1. Let m = 1 and let f: R" — R satisfy the conditions (5.1) and
(5.2) above, with cy = 0. Then the functional I is (PS)-weakly lower semicontinuous
on the Dirichlet classes WY for all A € R™ if and only if f is convex on R

Proof. By Theorem 2.3, we only need to show the necessary part of the theo-
rem. Thus assume I is (PS)-weakly lower semicontinuous on the Dirichlet classes

Wi’p for all A € R™. We prove that f is convex on R". To this end, let §, n € R™
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and [n| = 1 be given, and let h(t) = f(§ + tn). We show that h is a convex
function of t € R; this implies f is convex on R". By virtue of Lemma 4.8 above,
to show h is convex, it suffices to establish the inequality (iii) in that lemma for
all a, b € R with a < b and h/(a) = h'(b). Note that h'(t) = f'(§E + tn) - n.
Givensuch a, b, let x = &+ an, B =&+ bn. Then h(a) = f(x), h(b) = f(B)

and hence
(5.3) h'(a) —h' (b) = (f'(c) — f(B) -n=0.

Given any A € (0, 1), let O(t) be the periodic function on R of period 1 satisfying
0 =0on [0,A) and @ = 1 on [A,1). Let p(t) be the Lipschitz function on R
with p(0) = 0 and p’(t) = O(t) for almost every t € R. Fork =1, 2, ..., we
define functions

b-a

k

(5.4) Ur(x) = ax + plkx -n), xeR™

Then Dug(x) = a+ (b — a)0(kx - n)n and hence

Pt kK> k
(5.5) Dug(x) = 5 ifxone 0 (j+2\ J+1>
e U (5
Let {n1,n2,...,Nn} be an orthonormal basis of R”, with n; = n. For each x €

R™, we write X = >, t;n; and define

i Jj+A
Al=rewine (R0
+

i i +A j+1
BJ:{xe[R”Itle<Jk JT)}

Let Qk = Qn (Uj A{;), ok =Qn (Uj Bi). Then one can easily show that
(5.6) ;gm’m =AlQl, mm’m = (1-)]Ql.

Forany 1 < p < o, the sequence {u} defined by (5.4) above satisfies ux — u in
WLP(Q) as k — oo, wh_ere n(x) = [Ax + (1 — A)Blx. In fact, one can show that
Uy — u uniformly on Q. We leave the proof of these facts to the interested reader.

Lemma 5.2. 1'(uy) =0 in W-LP (Q).
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Proof. Given any v € Wy (Q), we extend v to be zero outside Q. Let Qx
be the cube

n
QN = {xe[R”lx: Ztmi, [til <N, Vi= 1,2,...,n}.
i=1

Assume N is large enough so that O ¢ Q. Then

JQf'(Duk) -Dv = J f'(Duy) - Dv

kN-1

- > j (D) - D,

j=—kN

where Qk ={xeQnlx-ne(jlk,(j+1)/k)}. We write Qk =AJUB/UTY,
WhereAJszmAfc, i=QlnBlandTi = {(x € Q] | x-n=(j+A)/k}.
We also define ‘FJ ={x €Qn | x-n=j/k}. Note that Duy = « on A/ and
Duy = B on B’ and hence, by the divergence theorem and (5.3) as well, we have

JQ‘,i f'(Dug) - Dv = JAJ f'(Duy) - Dv + JBJ' f'(Duy) - Dv
—f@- | pusgip)-| Dy
—fi@ - ([ vas)em - (] vas)n
1B (Ivas)m + £ B - (o vas)n

— () - ”(Lm vds - vds).

FJ

Hence, since F**N lies in R" \ Q, where v = 0, it follows that

| rrouen - pueax = @ ([ vas- [ vas) -

F-kN

This proves I' (ux) = 0 in WL (Q). O

To continue the proof of the theorem, we now modify the sequence {u}

above into a sequence in W:,‘p (Q), where A = Ax + (1 — A)B. For all sufficiently
large j, say j = jo, consider nonempty open sets

Qj = {x € Q| dist(x,0Q) > %}
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Note that the measure [Q\ Qj| — 0 as j — . Let @ € C5°(Q) be the cut-off
functions such that @; = 1 on Q;and 0 < @ < 1in Q. Since ux —  uniformly
on Q, we have that, for each j > jo, there exists k; > j satisfying

.| —

(5.7) l(ur, — W) D@;liLr ) <

Let il; = @jur, + (1 — @)i. Then @; € WP (Q) = W,7(Q) and Dit; =
@jDuy; + (1 — @)D + (ug, — u)D@;. Hence, by (5.7) and also since Du;,
Dui are bounded; it follows that

(5.8) lim |Dtjllrr ;) = 0.

J—

Therefore i; — i in WP (Q) as j — co. Since i = ux, on Qj, by (5.8) and the
growth conditions (5.1)—(5.2), it easily follows that

}1m I (@j) = I' (ur) 10 () = 0,

lim (1) (k)| = 0.

Hence itj, u € Wj\’p(Q), and 1 P27 since I'(ug;) = 0. By the (PS)-weak lower
semicontinuity of I on Wj“p(Q), we have I(it) < liminf; I(i;) = liminf; I(ug;).
Using (5.6), we easily see that this implies

h(Aa + (1 = A)b) < Ah(a) + (1 = A)h(b).
Hence by Lemma 4.8 above, h(t) = f(§+tn) is convex for all &, n with [n| = 1.
This proves f is convex on R". O

Remark 5.3. As we discussed in the introduction, the dimension m = 1 is
critical in the proof. In the case m = 2, one would try to use a similar construction
with a rank-one matrix n = p ® q and to define

b_
Up(Xx) = &xx + X ap(kx - q)p-

But this sequence {ux} does not verify Lemma 5.2 and hence is not a Palais-Smale
sequence. Thus the method fails to show in this case f is even rank-one convex.
In fact, Theorem 5.8 below shows, for m > 2, f may not be rank-one convex.

We now study the general case with m = 2. Under the coercivity condition
that ¢ > 0in (5.1), we have the following result, which was announced a few years
ago in [15], but has never been published; we include it here for the convenience
of the reader.
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Theorem 5.4. Let n, m = 1 and ler f: M™" — R satisfy the conditions (5.1)
and (5.2) above with co > 0. Then the following statements are equivalent:

() I is weakly lower semicontinuous on WLP(Q; R™).
(ii) I is (PS)-weakly lower semicontinuous on WP (Q; R™).
(iii) I 75 (PS)-weakly lower semicontinuous on all Wj\’p (Q; R™).
(iv) f is quasiconvex.
(v) 1(ga) < liminfy_. I(ug) whenever A € M"™" 1y, € Wj{p and I (ug) — 0
in W=hP (Q; R™).

Proof. By the theorem of Acerbi-Fusco (Theorem 2.3), (i) < (iv) even when
¢o = 0. Moreover, by the definition of quasiconvexity and using approximation,
if f is quasiconvex and only satisfies (5.1) with ¢y € R, then it readily follows that
I(ga) <I(u) forall u € Wj\’p(Q; R™); hence (iv) = (v). It is also obvious that
(i) = (ii) = (iii) in general cases.

Therefore, to prove the theorem, it suffices to show that (iii) = (iv) and that
(v) = (iv) (in fact if ¢o = 0). We prove them as separate results in two lemmas
below. O

Lemma 5.5. Under the assumptions (5.1) with co = 0 and (5.2), (v) = (iv).

Proof. The proof uses the Ekeland variational principle as given by Theorem
2.4. Given A € M™*"_ define a functional ® on X = Wol’p(Q; R™) by

d(v) = L)f(AJrDv(x))dx =1(ga+v).

Then ®: X — R is C! and bounded below, and ®'(v) = I'(ga + v). By Theorem
2.4, there exists a sequence {Vk} in X such that

®(vi) — inf ®(v), |9 (vi)llx+ — 0.
veX
Letug = ga + vy € W};’”(Q; R™). Then
I(ug) = &(vy) — it)}fq),
1" (i) llx+ = 119" (vi) | x+ — 0.
Therefore, by (v), it follows that
fA)IQ| =1(ga) <liminfI(uy) = inf ®(v) = inf I(ga + V).
k— oo veX veX

This implies

fA)IQ] < JQf(A +Dv(x))dx, YveW,?Q;R"),
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and thus f is quasiconvex. o
Lemma 5.6. Under the assumptions (5.1) with co > 0 and (5.2), (iii) = (iv).

Proof. Given A € M™*", by Theorem 3.8 (note that ¢y > 0 is needed here),

there exists i € Wj"p (Q; R™) which is a minimizer of I (1) on W:"p(Q; R™). We
now apply the standard technique of Vitali covering [5] to construct a sequence

{ug} in WyP (Q; R™) satisfying
(5.9  I(ug) =I(@) = inf I(w), ur — gain WH?(Q;R™) as k — co;
ueWA’

(5.100 I'(ug) =0 in W LP (Q;R™).

Note that (5.10) will follow from (5.9) since uy € Wj\’p(Q; R™) is also a mini-
mizer of I(1) on Wj\‘p (€; R™). Once we have constructed such a sequence {1y},
which certainly satisfies uy 2 ga, the (PS)-weak lower semicontinuity condition
(iii) will imply

I1(ga) < li’rcninfl(uk) =J](u) = inﬁ I(u),

P
uew,

for all A € M™*", which is exactly the quasiconvexity condition of f, and hence
the result follows. Assume, without loss of generality, 0 € Q, and then we use the
Vitali covering theorem to decompose Q as follows:

Q:UQJUN; QimQJ-:@ (i#J),
=1

where Qj = aj +Q € Qwithaj € Q,0 < & < 1/k, and [N| = 0. Let
U=ygs+V,where v € W(}‘p(Q; R™). We define

_ (X —ai .

AX + €D L) ifx eq;
&j

Ax otherwise.

(5.11) ur(x) =

Then one can easily check that uy belongs to Wj\’p (Q; R™) and satisfies

j W (Duk(x)) dx =j w(Dii(x)) dx,
Q Q

for all continuous functions : M™*" — R satisfying |@(&)| < C(|E1F + 1).
Certainly this implies (5.9). Furthermore, it is easy to see

1. _
luk — gallr @) < EHM - gallrr ).
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Hence uy — ga as k — . As mentioned above, Condition (5.10) follows
from (5.9). This completes the construction of {ux} and thus the proof of the
lemma. O

Remark 5.7. For any u € Wj"p(Q; R™), we write U = g4 + U with v €
Wy" (Q; R™) and define a sequence uy € W,¥ (Q; R™) as in (5.11) above, with
v = v. Then, if u is not a minimizer of I over Wi,n (Q;R™), one only has

I'(ug) — 0, but not strongly, in W-LP (Q;R™), as k — oo, even when I’ (1) = 0;
hence the (PS)-weak lower semicontinuity cannot be applied to this sequence.

Finally, we show that, without the coercivity assumption ¢y > 0 in (5.1), the
results of Theorem 5.4 may fail in general; we give an example in the case n = 1,
m =2

Theorem 5.8. Let f: R? — R be a C' function satisfying the conditions (5.1)

and (5.2) with cy = 0. Suppose the derivative map D f = f': R? — R? is one-to-one.
1

Then the functional 1(u) = J S (x)) dx is (PS)-weakly lower semicontinuous on
0

the Sobolev space X = WP ((0,1); R?).
Proof. Letu € X = WLP((0,1); R%). Then

1
(I'(w),v) = JO [fe, (u (x) (WD) +fe,(u (x)(vH) Tdx, VYv=(@'v?eX,
and hence it can be shown that

1" ) -1 = [1fg, (u') = CL) I 0,1y + ILfe, (W) = G (Wl 0,19,

where C (1), C2(u) are two constants depending boundedly on u € X. Assume

ps . . . .
Uk = u in X. We also assume that limg_. I (ug) exists. Then there exists a subse-
quence {ug;} such that

||f§1 (u;q) - Cl”m’(o,]) + ||f§2 (ULJ) — Gl 1) 0

as j — o, where Cy, C, are some constants; from this, we also assume there exists
a measurable set E C (0, 1) such that

(5.12) |El =1, lim fg,(u) . (x))=C, Vxe€EWv=12).
J—oo J

Note that for all M > 0 the measure |{x € E | |[uy(x)| > M}| < C/MP for all k,
where C is a constant; hence there exists a sufficiently large M > 0 such that the

measure |E;| > %, where Ej = {x € E | Iu;q(x)l < M}. It is then an easy exercise
that there exists a subsequence {Ej }, with js — 00 as s — oo, of sets {E} such that
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the set Ew = (5= Ej, is non-empty; we leave the proof to the interested reader.
Therefore there exists at least one xg € Eo, for which Iuk (x0)| < M for all
s =1,2,.... By taking a further subsequence, we have u; (Xo) — « € R? along

a subsequence of s — co. Therefore, by (5.12), it follows that f () = (C1,Cy).
Since the map f’ is one-to-one, from (5.12) it follows that ukj (X) = xas j— o

for all x € E. This implies that u’(x) = « and f(u;<j (x)) = f(x)as j— oo for
all x € E. Hence, by Fatou’s lemma,

I(u) = f(o) < liminfI(uy;) = ]lim I(uy),
J— o0 N — 00

which proves the (PS)-weak lower semicontinuity of I on X. O

Remark 5.9. Note that if £(&1,&) = @(& — &) on R?, where @ > 0 is any
C! function with a strictly increasing derivative " > 0 on R, then f": R? — R?
is one-to-one, but f is not convex on R2. An example of such a @ is given by

(t) = et, t <0
P t2+t+1, t>0.

Note that the corresponding function f(§) = f(&1,&) = @(& — &3) then also
satisfies the conditions (5.1) and (5.2) with ¢y = 0 and p = 4. For such a function
h = f, the condition (iii) in Lemma 4.8 above holds automatically, but & is not
convex; this shows that conditions (i) and (iii) in Lemma 4.8 are not equivalent in
general for functions h: R? — R.
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