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ABSTRACT. In this paper, we study Landau-Lifshitz equations of ferromag-
netism with a total energy that does not include a so-called exchange energy.
Many problems, including existence, stability, regularity and asymptotic be-
haviors, have been extensively studied for such equations of models with the
exchange energy. The problems turn out quite different and challenging for
Landau-Lifshitz equations of no-exchange energy models because the usual
methods based on certain compactness do not apply. We present a new method
for the existence of global weak solution to the Landau-Lifshitz equation of no-
exchange energy models based on the existence of regular solutions for smooth
data and certain stability of the solutions. We also study higher time regular-
ity, energy identity and asymptotic behaviors in some special cases for weak
solutions.

1. Introduction and main results.

1.1. Landau-Lifshitz theory. The well-known Landau-Lifshitz theory of ferro-
magnetism models the state of magnetization vector m of a ferromagnetic material
based on formulation of a total energy consisting of several competing energy con-
tributions. The theory for rigid ferromagnetic bodies also assumes that, below
certain critical temperature, the magnetization vector m has constant magnitude:
lm(z)| = M,, where M, > 0 is the saturation magnetization. Throughout this
paper, we will assume M, = 1; therefore, magnetization vector m is a unit director
field. We refer to [4, 21, 22, 23] for more backgrounds on this theory and related
mathematical developments.

Under this theory, equilibrium states (including reduction theory for thin-film
limits) are studied usually through the minimization of total energy, while dynamic
properties are modeled and analyzed by the associated Landau-Lifshitz equations
or Landau-Lifshitz-Gilbert equations derived from the given total energy.

Both equilibrium and dynamic problems have been well studied for models of
total energy including the so-called exchange energy of density roughly proportional
to |Vm|?; see, e.g., [1, 2, 3, 5, 6, 7, 8, 12, 13, 15, 24, 25, 30]. Similar dynamic
problems for the models coupled with Maxwell equations of electromagnetism have
been also studied in [17, 18, 19, 20, 30]. Equilibrium problems for energies excluding
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the exchange energy (the “no-exchange energy” models) have been studied in, e.g.,
[9, 11, 16, 26, 27, 31, 32]; however, few work has been done on dynamic problems
for no-exchange energy models except for partial results in [10, 17, 18, 33].

1.2. Landau-Lifshitz equations of no-exchange energy models. In this pa-
per, we study the Landau-Lifshitz equation of no-exchange energy models; namely,
we assume the total energy is given by

E(m):/ng(m)dx—/ﬂa(x)'mdx—i—%/Rs|Hm\2dx. (1.1)

Here Q is a bounded domain in R? occupied by the material, functions ¢ and a
are given physical quantities representing, respectively, material’s crystallographic
anisotropy and the external applied magnetic field, and the (stray) field Hy, is
induced by m through (simplified) Maxwell equations:

curl Hy, =0,  div(Hp, + myg) =0 in R?, (1.2)

where xq is the characteristic function of domain 2. From the Maxwell equation,
one easily has [ |Hm|?dz = — [, m - Hy dz and hence one can also write the
energy £(m) as

5(m):/g)@(m)dx—/ﬂa(x)~mdz—%/Qm~Hmd:z:.

Under the energy formulation of £(m), the associated dynamic Landau-Lifshitz
equation governing the evolution of magnetization m = m(z,t) is given by

Om = ym X Heg + yam X (m X Heg) on £ X [0, 00), (1.3)

where v < 0 is material-dependent electron gyromagnetic ratio, « > 0 is Landau-
Lifshitz phenomenological damping parameter, and Heg is the total effective mag-
netic field that is given by the negative L2-derivative of £ with respect to m as
follows:

Heg = ~5m = —¢'(m) +a(z) + Hp. (1.4)

Here and throughout the paper, we assume (m) is a smooth function on R? and
ac L>®(;R3).
The Landau-Lifshitz equation (1.3) can also be written as a Landau-Lifshitz-
Gilbert equation:
Om = (1 + o®)m x Heg + am x 9;m; (1.5)
see [14] for further discussions. Equation (1.3) or (1.5) will be supplemented with
an initial value condition:

m(x,O) = mO(x)’ z € Q, (16)
where mgy € L°°(; R?) is a given field.
Definition 1.1. By a (global) weak solution to Eq.(1.3) with initial condition
(1.6), we mean a function m € W,->°([0, 00); L2(Q; R?)) N L=((0, 00); L= (Q; R?))

loc
satisfying m(0) = mg in L?(Q2) such that Eq. (1.3) holds both in L°°((0,T); L*(Q))
and in the sense of distribution on € x (0,7 for all 0 < T' < co.

Remark 1. (a) Any weak solution m will satisfy

9:(Im[*) =2m-9m =0 in Q x (0, 00).
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Therefore, if initial datum mg satisfies the saturation condition |mg(z)| =1 a.e. on
€2, then solution m will also satisfy the saturation condition |m(x,t)| =1 a.e. z €
for all t € [0, 00).

(b) The regularity condition on weak solution m automatically requires that
m € C([0,T]; L2(;R3)) for all T > 0.

1.3. Quasi-stationary limits. Initial value problem (1.3) with (1.6) can be writ-
ten as a quasi-stationary system:

Om = Fy(z,m, Hy,) in Q x (0,00),
curl Hyy = 0, div(Hpm +myg) =0 in R? for all ¢ € [0, 00), (1.7)
m(z,0) = my(z) on 9,

where F,(x,m, H), specifying the dependence on applied field a, is the Landau-
Lifshitz interaction function given by

Fa(z,m, H) = L(m, —¢'(m) + a(z) + H),
with L(m, n) linear in n and defined by
L(m,n) = ym x n+yam x (m x n), m,n < R>. (1.8)

Existence of global weak solution to system (1.7) has been established in [10,
17] using the quasi-stationary limit of certain Landau-Lifshitz-Maxwell systems as
electric permittivity tends to zero. The method in [10] uses a simple Landau-
Lifshitz-Maxwell system given by

e — curl H = 0,

Oy(H 4+ Mxq) +curl E=0 in R? x (0,00),

M = Fa(z,M,H) in Q x (0,00),

(E,H)|t=0 = (Eo, Hy) on R3, M]|;—9 =mg on ,

(1.9)

where € > 0, and the initial data Fy, Hy for electric and magnetic fields F, H are
any vector-fields satisfying

FEo, Hy € L*(R%;R?), div Ey = div(Hy + mgxq) = 0. (1.10)

System (1.9) with e = 1 has been studied by Joly, Metivier and Rauch [19], where
existence of global weak solutions was established. Similarly, one can show that, for
any e > 0, system (1.9) has a global weak solution (E¢, H¢, M¢). In Deng and Yan
[10], we have showed that, as € — 0, M€ — m strongly in both C°([0, T]; L?(©2; R3))
and L?(Q x (0,T);R?) for all 0 < T' < oo and that the limit m is a global weak
solution to problem (1.7).

1.4. Main results. In this paper, we present a different method for the existence
of global weak solution to (1.7) with any initial data mg € L>(£; R?); we do not
assume the saturation condition here. Our method is based on the existence of
solutions to (1.7) for smooth a and mg and a certain stability for solutions. We
also study the higher time regularity and the asymptotic behaviors of solutions in
some special cases.

We organize our plans of the paper and summarize the main results as follows.
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1.4.1. Finite time local L?-stability. Our main stability result is stated as follows
and will be proved in Section 2 (see Theorem 2.2).

Theorem 1.2. Let 0 < R, T < oo be given. Then there exist constants C =
C(R,T)>0,c=c(R,T) >0 and p= p(R,T) > 0 such that, for any weak solution
m” to the system (1.7) with applied field a* and initial datum m*(0) = m§ satisfying
oz + [mfll o < R for k= 1,2, if 1 = max{[jm} — m3] 2, [ — a2z} < c,
then one has, for all t € [0,T],

[m* () — m®(#)] 20y < Cpe. (1.11)
This stability result also implies the uniqueness of weak solution to system (1.7).

1.4.2. Existence of global weak solutions. Based on the previous stability theorem,
in Section 3, we present a new method for the existence of global solution to (1.7)
with general applied fields a and initial data my.

First, we show the existence of global solution to (1.7) for smooth fields a and ini-
tial data mg € H?(Q; R?). Define f(m) = Fa(z, m, Hy,). We show f: H?(Q; R3) —
H?(Q;R?) and is locally Lipschitz; the proof uses a critical estimate that Hy, €
H2(Q;R3) for all m € H?(Q;R3) (see, e.g., [8, 19]). By the abstract ODE theory
in Banach spaces, problem (1.7) has a local solution if mg € H?(Q; R3). Then a
no-blowup result (Theorem 3.4) shows that the local solution is in fact global on
t € [0,00). The proof of the no-blowup result, Theorem 3.4, is given in Section 4.

We remark that in the special case when ¢ = 0 and a = 0 (thus Heg = Hy),
for smooth initial data my € H?(Q) with 8gy‘°|ag = 0, Carbou and Fabrie [§]
also established the global existence through a singular perturbation method, by
including kAm in Heg and letting x — 0.

Once we have obtained the global existence for smooth data a and mg, we use
approximation and the stability result Theorem 1.2 to establish the existence for
general data.

1.4.3. Higher time regularity. In Section 5, we study the higher time regularity for
the simple Landau-Lifshitz equation

m; = ym X Hy, + aym x (m X Hy,) in 2 x (0, 00), (1.12)
where Hy, is given as above.

Theorem 1.3. For any T > 0 and initial datum mo € H?(Q), the regular solution
m to (1.12) satisfies, for allp =0,1,2,---

sup |07 ml|g2(q) < €' < oo,
t€[0,T]

where C' is a constant only depending on T, p, |[mg|| 2 (q).

By similar methods, this result is also valid for the general equation (1.3) with
smooth applied field a and anisotropy energy density ¢.

1.4.4. Energy identity and weak w-limit sets. In Section 6, we first prove an energy
identity for the global weak solutions to the Landau-Lifshitz equation (1.3).

Theorem 1.4. The global weak solution m to (1.7) with bounded initial data sat-
isfies the energy identity

£(m(t)) — £(m(s)) = va /t/g m x Hog[2dadr V0<s<t<oo (L13)

Furthermore, if ya < 0, then m; € L%((0,00); L2(; R?)).
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Therefore, the global-in-time regularity for weak solutions (even for regular so-
lutions) is that

m € L=((0,00); L°(%R?))  with m, € L2((0, 00): L(2; R%)).

But this regularity is not enough to have strong convergence as t — oo; it would
be enough if one has m; € L((0,00); L2(€;R?)) (see [20]). Therefore, it is quite
challenging to study the asymptotic behaviors for even the regular solutions. The
solution orbits for general initial data may not have strong w-limit points; we thus
study the weak w-limit set:

w*(mg) = {m | 3 ¢; 1 oo such that m(¢;) — m weakly in L?(Q; R?*)}.  (1.14)

We then prove the following estimate of w*(mg) for the so-called soft-case, where
there is no anisotropy energy (¢ = 0).

Theorem 1.5. Let ya < 0, ¢ = 0 and a € L>®(Q;R3). Then, for any my €
L (; R3) with |mg(x)| =1 a.e. on Q, it follows that

w*(mg) C {m € L= R3) | [m|? + 2/ x (a4 Hg)| <1 a.e.on Q). (1.15)
For more results on a further special case when a = 0, see [32, 33].

1.4.5. A special dynamics on R3. Finally, in Section 7, we study a special case
of (1.7) when applied field a(z) = a is constant, domain  is an ellipsoid, and
initial datum myg is a constant unit vector. In this case, it is well-known that the
magnetostatic stray field Hy, induced by any constant field m has constant value
on ellipsoid domain ) (see, e.g., [27]). Hence, problem (1.7) reduces to an ODE
system on R3:

(1.16)

m=®(m), t>0,
m(0) = myg,

for some smooth function ®: R® — R3; see (7.4) below. The dynamics of sys-
tem (1.16) will be studied by the classical ODE theory using an explicit Lyapunov
function.

2. Finite-time local L?-Stability.

2.1. Helmholtz decompositions. In order to study the field Hy,, we review the
standard orthogonal (Helmholtz) decomposition:

L*(R*R%) = L{(R% R’) @ L] (R%; R?),

where Lﬁ (R3;R3), L2 (R3; R3) are the subspaces of curl-free or divergence-free func-
tions in the sense of distributions, respectively. This decomposition can be explic-
itly given in terms of the Fourier transform r of vector-field m € L?(R3;R?):
m = m| + m,, where

my = (& m)&/l¢%, miL =1 (& m)g/f¢ = —€ x (€ x m)/|¢.

The projection operator P(f) = f also extends to a bounded linear operator
on LP(R3;R3) for all 1 < p < oo, with operator norm bounded by Cop when p > 2,
where Cp is an abstract constant independent of p > 2 (see Stein [28]).

With this projection operator, we see easily that the magnetostatic stray field
Hp, is given by Hy = —P)j(mxq).
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2.2. Decomposition of Hy,. The following lemma enables us to split Hy, into
two parts: one is bounded in L>, the other bounded in L?(Q); see also [10, Lemma
5.2] and [19, Lemma 6.2].

Lemma 2.1. Let m € L>(;R?) and Hy = —Pj(mxq). Then, for all X > e,
Hy = H* + (Hpm — HY) on R3, where H* is a function such that

|E e < Clnd, [ Hyn — |2 < C101#/A, (2.1)
with constant C = Cj||lm||p< for an absolute constant C}.

Proof. For the convenience of the reader, we include a proof of this result. Define
H» = HmX{|Hum(z)|<Cm A}, Where C > 0 is a constant to be selected later. Since
Hy = —m with m = myq, we have, for all p > 2,

~ ~ ~ p—2
| Hm — HY|Z: = /l ot iy [* do < [|siy |20 {z : [my| > Cln A}
m [>C'ln

Ly 5 = ey 2 e
(Clnap—2 " IHLe WL (Cm a2

The boundedness of P on L?(R?; R?) yields that, for all p > 2,

< [y |7

[y ||z» < Copllim|z» < Cop|lm|| = (q)|Q[*/,
where Cj is independent of p > 2 (see [28]). Hence,
| Hm — H*|Z2 < |QI(C1p)?/(CIn NP2,
where C; = Cp ||m||p~. We now select C' = 4eCy and p = 41ln A > 4 to obtain
[He — HY[[72 < [QI(Cip)?/(Cla AP~ = [Q(CInN)? /A%
$0, |Hm — H |12 < C|Q|2(InA)/A2 < C|Q|2 /A, using In X < A for A > e. This
proves (2.1). O

2.3. Proof of Theorem 1.2. We now prove our main stability result, Theorem
1.2.

Assume m* (k = 1,2) is any weak solution to the problem (1.7) with given
applied field a* and initial datum m} satisfying

¥ + [mf e <R for k= 1,2, (2.2)

where R > 0 is a given constant. Then, Theorem 1.2 will be proved once we prove
the following result.

Theorem 2.2. Given any 0 < T < oo, there exist constants C = C(R,T) >0, ¢ =
¢(R,T) > 0 and p = p(R,T) > 0 such that, if p = max{|m} — m3||:, |al —
a?||p2} < ¢, then one has, for allt € [0,T],

lm’ (t) — m?(t) ]| 2(0) < C . (2.3)

Proof. Step 1. Let dm = m!(t)—m?(t) and §F = Fi (v, m', Hy)— Fy2 (7, m?, Hy),
where Hy, = Hy,r for k =1,2. Then 9;(ém) = 0F and hence

O (lom(t)||r2) < |0, (6m(t))[|rz = |6F'(2)][ 2
So we have

t
[6m(t)]| 2 — [|dmol| > < /O 16F (8)l| > ds. (2.4)
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Step 2. The function L(m, n) defined by (1.8) above can be written as
L(m,n) =B(m) - n, (2.5)

where B(m) is a 3 x 3-matrix for each m € R3 note that each element of B(m) is
a quadratic function of m. Given any m* n* € R? (k = 1,2), letting §m m! —

m? on = n' —n?, by virtue of L(m!, n') — L(m? n?) = [L(m!,n!) — L(m?,n')] +
L(m?, n! — n?), one can write
L(m',n') - L(m? n?) = A(m', m? n') - dm + B(m?) - én, (2.6)

where A(m!, m? n!) is a matrix function given by
2 1 ' oL 1 2 1
A(m', m? n ):/ —(tm" + (1 —¢t)m?*,n")dt. (2.7)
0 om

Step 3. By Remark 1 above, it follows that [|[m®” (¢ )||Loo <R (k=1,2)forallt>0.
From Fy(z, mF, H;) = —LL(m*, ¢/ (m*)) + L(m*, a*(x)) + L(m*, Hy), by (2.2) and
(2.6), we obtain the following point-wise estimate for J F:

|0F| < A|6H| + B(|H1| + 1)|0m| + D|da|, (2.8)

where 6H = H; — Hy = Hgp, 6a = al(z) —a?(x), and A = A(R),B = B(R),D =
D(R) are constants depending only on R. We apply Lemma 2.1 to function Hy(t) =
—Pj(m'(t)xq). For any A > e, let Hy = H{ + (H — HY'), where H} is given in
Lemma 2.1 with constant C' = C}||m!(¢)| L~ < CjR. So, by (2.8), we have the
L?(Q)-norm estimate:

|0F |2 <A|éH| L2 + B(Cln A+ 1)||dm]| 2

CIQI

+ B 5ml| 1~ + Dlsal] (2.9)

C/
<(A"+ B'In\)||0m]| 2 + S D||éal|rz,

using [[0H||z2 < ||Hsm| r2(r2) < [[0ml|z2, where constants A’, B’,C" depend on R.
Step 4. From (2.4) and (2.9), it follows that

A

t
|om(0)l|zz — [Fmolle < / 16F(s) |12 ds

t Cl
< / ((A’ + B 'In \)||dm(s)|| 2 + Y + D||a||Lz> ds
0

/
= C—+||5a||Lth—|— A"+ B'In)) / [|6m(s)|| 2 ds.

From this, a Gronwall inequality yields
!

C t ! 7
[lom(t)]| L2 < <||5m0||L2 + -~ + |5a|L2Dt) pA/t+B'tIn X
o (2.10)
S (||5m0||L2 + DT||5a||L2 + )\) eA/t)\B,t VO S t S T.
Step 5. We consider two cases.
Case 1. Assume both dmg = 0 and éa = 0. Then, by (2.10),
[6m(t)]| 2 < C'teX AP, (2.11)
Let tg = B,—_H If 0 <t < tp, then B't —1 < 0 and hence, by (2.11) with A — oo,
we have ém(t) = 0 for all ¢ € [0,t9]. With m*(¢;) as initial datum at time ¢, we
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obtain dm(t) = 0 on [tg, 2tg]; eventually, we have dm(¢) = 0 for all ¢ > 0; hence
(2.3) holds. This also shows the uniqueness of the weak solution to the system.
Case 2. Assume 0 < ||0mg|r2 + DT||da|z < 1/e < 1. In this case, setting
A= (||6mo| 2 + DT||dal|z2) "t > e in (2.10), we obtain

()12 < (14 C")e™ (|5 | 2 + DT dal|p2)' 7"
Let 1 = sy and C1 = (14 C')eA™ > 1. Then 1 — B't > § for all 0 <t < #y;
hence )

||(5m(t)HL2 < CI(H(SmOHL? + I)TH(SaHLz)E VO<t<ts.
Adding DT||0al|z2 to both sides, we obtain

|[0m(t)||z2z + DT ||0allrz < Co (||0my||rz + DT||5a||L2)% VO<t<t;, (2.12)

where Cy = C7 + 1 depends only on R.

Step 6. Combining Cases 1 and 2 in Step 5 above, with the constants t; = ¢;(R) and
Cy = C3(R) > 1 determined above, we have that, if || 0mg||r2 + DT ||da||rz < 1/e,
then

|6m(t)|| 12 + DT||0al 12 < Cs (|0myo]|z2 + DT|dal|2)d YO<t<t. (213)

Assume

Co(||6myo|| 2 + DT||dal|2)? < 1/e. (2.14)
Then, by (2.13), ||[6m(t1)||z2 + DT||0a|| > < 1/e. With m”(¢1) as initial datum at
time ¢1, we apply (2.13) again to obtain

I6m(ty +1)[| 2 + DT|dal = <Ca(|[dm(ty)| .= + DT|sal| =)
<0y E(lbmoll e + DT|dall )t VO <i<tr
We have thus proved that, if (2.14) holds then
I6m(t)]| 2 + DTdal 2 < €37 (|6mo] 2 + DT|5all2)} ¥ 0 <t < 28,

By induction, we obtain that, for k =1,2,--- , if
1,41
Oy T (19mg || 2 + DT8al| 12) 3 < 1/e, (2.15)
then
g4+ 1
|sm(t)|| 2 + DT||0al 2 < C,  (||6mol| 2 + DT||6al|2) 7
< C3(||6mol|,> + DT|salp2) 7 (2.16)

for all 0 < t < 2F¢;.
Step 7. In this step, we complete the proof of the theorem. Let k be the integer
such that 251, < T < 2F¢;. Define

p=p(R.T)=1/(2""), c=c(RT)=(C3e)"? /(1+DT).
Assume p = max{||dmy|| 2, [|0al|z2} < ¢. Then
|16mol| 2 + DT|6al 12 < (1+ DT)u < (Cie) ™2,
from which it is easily seen that (2.15) holds; so, by (2.16),
|6m(6)]lz> + DT| a2 < C3(ISmoll 12 + DT|dall;2)? YO<t<T.

Therefore,
lom(t)[|z= < C3 (1 + DT)? p” ¥t €[0,T];
this proves (2.3) with constant C' = C3(1 + DT)*. O
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Remark 2. Theorem 1.2 generalizes our previous result [10, Theorem 5.1] to the
case of different applied fields a(x). A similar stability result including the different
anisotropy functions ¢(m) can also be proved.

3. Existence of global weak solutions. In this section, we present a proof for
the existence of global weak solution to (1.7) based on the stability theorem proved
above. To this end, we introduce a nonlinear function

F(m) = Fy(x,m, Hy) = —L(m, ¢’ (m)) + L(m, a(x)) + L(m, Hy,) (3.1)

for m € L>*°(Q;R3?), where Hy, is defined by (1.2) and L is defined by (1.8). As
before, we always assume the anisotropy function ¢: R® — R3 is smooth.

3.1. Properties of map F for smooth applied fields. In this subsection, we
assume the applied field a belongs to C°°(Q; R?) and show that, in this case, map
F: H*(Q;R3) — H?(Q; R?) and is locally Lipschitz. We need some estimates.

Lemma 3.1. Let Q C R3 be a bounded domain with smooth boundary. Then the
following estimates hold on H?(; R3) :

| (o) + [mllwrr@) < Collmllgz@) V1<p<6, (3.2)

[Hm | m2(0) < C1 lm||m2(q).- (3.3)

Proof. We omit the proof, but only mention that (3.2) is a simple consequence of

the well-known embeddings: H2(Q) ¢ W$(Q) ¢ C=(Q) ¢ L>(Q) for bounded

smooth domain 2 C R?, and that estimate (3.3) has been, e.g., proved in [8].

Finally, we remark that, from (3.2) and (3.3), it follows that, with constant Cy =
CoCh,

[ HmllL=(2) < Ca [mll2) ¥ m e H*(;R?). (3-4)

O

The main result of the subsection is the following local Lipschitz property of F
on H?(Q;R3).

Proposition 3.2. F maps space H?(2; R3) into itself and is locally Lipschitz on
H?(Q; R3).

Proof. Since F(0) = 0, the self-mapping property of F will follow from the local
Lipschitz property of F on H?(Q;R3).

To prove the local Lipschitz property of F, given any two functions m!, m? €
H?(Q; R?) satisfying
max{[|m*|| g2 (q), [|m*|#20)} < R, (3.5)
where R < oo is a constant, we need to show that
[F(m") — F(m?)|g20) < L[lm' — m?|| g2 (q) (3.6)

for a (local Lipschitz) constant L = L(R) < oo depending on R.
By (3.1), we write F(m?') — F(m?) = I; + I, where

I =L(m',a - ¢'(m')) — L(m? a — ¢'(m?))
and I, = L(m', Hy1) — L(m?, Hy2). Let dm = m! — m2. Then, by (2.6),
I = A(m*, m? Hy) - 0m + B(m?) - Hspy, (3.7)
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where A, B are functions defined in Step 2 of the proof of Theorem 2.2 above. We
also write I; as

L = / —L(m? 4 tdm, a — ¢'(m? + t0m)) dt = C(m', m? a) - ém, (3.8)

where C(m', m?,a) is certain smooth function of (m!,m? a) € R3 x R3 x R3.

Note that C is linear in a. We aim to show
[kl 20y < L(R) [0m][ g2y (k= 1,2)

for some constant L(R) depending on R. By (3.5), (3.4) and Lemma 3.1, it follows
that, for k£ = 1,2,

¥ (| oo () + | Himt [l £ow () + [ Hunt | 20) + [ Vm¥|| Ls () < C3R. (3.9)

We proceed in two steps.
Step 1. Estimation of I;. Clearly, by (3.8) and (3.9),
11l z2() < [C(m', m* a)|| = [[dml| 2 < L(R) [|0m]|2(q).

We estimate the H2-norm. Denote by 0; the first partial derivative with respect to

x; and by 8% the second partial derivative with respect to x; and z; (4,7 = 1,2, 3).
Note that

9;(I) = 0;(C(m', m* a)) - dm + C(m', m? a) - (ém),,
and
97,(I1) = 9;;(C(m', m? a)) - 6m + 9;(C(m", m*, a)) - (ém),,
+ 0;(C(m', m? a)) - (ém),, + C(m', m? a) - (6m),,q,.
Since 9;(C(m', m? a)) = (9pm1C) - my, + (Om2C) - m7 + (9aC) - a,; has L?-norm
controlled by R, we have
10;(11) ][22 < [10;(C(m’, m?, a))| 2 [dm| g + |C(m', m? a)| oo || (1), || 2
< L(R) [[om]| g2 (-

Similarly, 97;(C(m', m?, a)) contains terms up to second derivatives of a and terms
like (ampmq(C) ‘m¥ -m!, , and (OmrC)'m
and i, 5" € {i,j}. Hence 107 (C(m", m ,a))||L2 is bounded by the quantity

C(R) (Vo' |2z + [[Vm?®*][ 2 + [[V*m' || 22 + [ V*m?|| L2 + [la]|2) ,

which, due to [|[[Vm|?||2 = [[Vm||7, < C||ml|3, is in fact bounded by another
constant C'(R). From this, similar to the term 9;([;), the L?-norm of the first or
fourth term of 9;(I1) is bounded by L(R)|/dm||g2(q). The second and third terms
of &2;(I1) can be estimated as follows:

10;(C(m*, m? a)) - (dm),, + 9;(C(m*, m? a)) - (dm),, ||
< 2[[V(C(m', m? a))|zs - [V(om)| 14
< C(R) (|lm*[[wr.a + [[m?|[yrs + [[Val a) - [|6ma][y1.a
< L(R) |6m|| g2 (0.

with certain choices of p, ¢, k, 1 € {1, 2}

I/I 7

This proves [|I1||g2(q) < L(R)||0m||g2(q)-
Step 2. Estimation of I,. We write Iy = I5; + Iz3 with

Iy = A(m', m? Hy 1) -6m, Iy =B(m?)- Hsp.
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The term I5; is more like term I, except the constant field a is replaced by the field
H.,:. Since Hy1 € HQ(Q) and ||Hm L + HHm1||H2(Q) < Cl”ml”HZ(Q) < CiR,
estimation resulting from H,,: in A can be handled in a much similar way as the
term a in C of I;.

The term I55 is simpler but slightly different than I in that Hgy, is in place of
om. Nevertheless this term can also be estimated in a similar fashion as I, using
the following estimate on Hgp,:

[Hsmllo @) + IVHsml 1) + [[Hom| z2(0) < Cs ||dml| g2 ().
We eventually obtain || 13| g2(q) < L(R)||m|| g2 (q). This completes the proof. [
3.2. Existence of global solution for smooth data. We continue to assume

a € C*°(Q;R?) in this subsection. Let X = H?(Q;R?). With F: X — X defined
above, we formulate the problem (1.7) as an abstract ODE on X by

dm _ F(m
{r;llt(O) 7 l(mo) (3.10)

A solution m to (3.10) on [0,77] is a function m € C([0,T]; X) that satisfies
t
m(t) = mo +/ F(m(s))ds Y0O<t<T.
0

We say m is a solution to (3.10) on [0,7) if m is a solution on [0,7"] for all
0 < T’ < T (in this case T could be 00).

Theorem 3.3. Given any mg € X, (3.10) has a unique solution m on [0,00). This
solution is also a global weak solution to problem (1.7).

Proof. Given mg € X, since F is locally Lipschitz on X, from the abstract theory,
there exists T' > 0 such that (3.10) has a unique solution m on [0, T]. Let

T. =sup{T > 0| (3.10) has a unique solution on [0,7]} .

We claim that T, = oo, which implies that (3.10) has a unique global solution m
defined on [0, o). Clearly, this solution is also a global weak solution to the Cauchy
problem (1.7) above.

Suppose T < oo. Then, by the elementary ODE theory, a solution m to (3.10)
would exist on [0,7T) and satisfy

lim ||m(t)]|x = oo.
t—T,

The following theorem asserts that this finite time blowup is impossible; this com-
pletes the proof of Theorem 3.3. O

Theorem 3.4. Given any T > 0, if m is a solution to (3.10) on [0,T), then

sup |m(t)||x < COr jjmo|x < 00 (3.11)
tE[OvT)

The proof of this theorem involves lots of technical estimates and will be post-
poned to the next individual section.
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3.3. Existence of global weak solution for rough data. In this subsection,
we assume both applied field a and initial datum mg are in L (€; R3).
Let a¢, m§ € C>°(Q; R?) be such that

lal| e + [|mf|lr~ < R Ve>0, (3.12)
lim (||]a® — al|z2 + [|m§ — mgl|z2) =0, (3.13)
e—0+

a° = a, m{ > my point-wise in Q. (3.14)

Consider the Cauchy problem (1.7) with applied field a® and initial datum mg.
Then, by Theorem 3.3, for each ¢ > 0, (1.7) has a global weak solution m¢. Since
m¢ - F(m¢) = 0, it follows that 9;(Jm¢(z,t)|?) = 0 and hence |m®(z,t)| = |m§(z)]
for a.e. x € Q and all ¢t > 0. This implies

m (@)L = [Jmplz= < R. (3.15)

For eachn € {1,2,3,- -}, our stability result (Theorems 1.2 and 2.2) implies that
sequence {m¢} is Cauchy in Banach space C([0, n]; L?(£2; R3)) as ¢ — 0. Therefore,
m¢ — m in C([0,n]; L2(2;R3)) as ¢ — 0T for some m € C([0,n]; L?(Q; R3)).
(Presumably, m = m,, depends on n.) Hence, by (3.13),

m(0) = my. (3.16)

We also have Hye — Hpy in C([0,n]; L2(Q; R?)). Tt follows that m¢ — m and
Hpme — Hy also in L2(2 x (0,n)) as e — 07. Using a subsequence, we can assume

me(z,t) - m(x,t), Hme(z,t) > Hn(z,t) point-wise in  x (0,n).

Therefore, Fae(x,m¢, Hye) — Fa(z,m, Hy,) point-wise in  x (0,n). This shows
Oym = Fu(xz,m, Hy,) in the sense of distribution on Q x (0, n).

Note also that Fue(z,m¢, Hye) € L?(Q;R?) uniformly on € and t € (0,n);
this implies that 9;m = Fu(z,m, Hy,) holds in L>((0,n); L*(Q2)) and that m €
Wtee([0,n); L2(Q; R?)). Combining with (3.16), we have proved that m = m,, is a
weak solution to (1.7) on Q x (0,n). By the uniqueness of weak solutions, we have
my_ 1 = m, on 2 x (0,n); therefore, the sequence {m,, }{° defines a unique function
m by setting m(x,t) = m,(x,t) with n = [¢t]+ 1. It is easy to see that m is a global
weak solution to (1.7).

Finally, we have proved the following theorem.

Theorem 3.5. Let a € L>°(Q; R3). Given any initial datum mqy € L (; R?), the
problem (1.7) has a unique global weak solution.

4. Proof of Theorem 3.4. In this separate section, we give the proof of Theorem
3.4. This involves the special form of function L.(m,n) and several estimates.

In what follows, assume a € C*°(Q;R?), 0 < T < oo and m is a solution to
(3.10) on [0,T) with initial datum mg € H?(2; R3). Assume

[mol| () = R > 0.
Then, similar to (3.15) above, we have
1

[m(®) = [Imollz~ = R, [m(®)]zz = mollz> < RIQIE VO<i<T. (1)

We would like to show

sup ||m(t)||z2Q) < C1,mo]|,,. < 00 (4.2)

Il g2
te[0,7) "
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Let
y(t) = 1+ [m®)|7pq) = 1+ m@®)[7: + [Vm(®)|Z: + [V m(t)][7-.
The goal is to show
y'(t) <Cy(t)(1+1ny(t)) YO<t<T, (4.3)

where C = C(R) is a constant depending on R. Once (4.3) is proved, one easily
obtains that

In(y(1)) < (In(y(0)) +1)e“" <00 Vte[0,T),

from which (4.2) follows.
The rest of the section is devoted to proving (4.3).

4.1. Energy estimates. It is convenient to use the special structure of function L
to write function F(m) as follows:

F(m) =B(m)-a—B(m) - ¢'(m) +B(m) - A,

where B(m) is a 3 x 3 matrix defined in (2.5) above, whose elements are quadratic
functions of m; hence B”(m) = D is a constant tensor. However, this special
structure of B is not used; in fact, the following arguments are valid for arbitrary
smooth functions B.

Differentiating equation in (3.10) with respect to z; yields

dm,,
r(;f = B/(m) ‘my, -a+ B(m)-a,,
—B/(m) - m,, - ¢(m) — Bm) - ¢ (m) - m,, (4.4
+B'(m) -m,, - Hyp +B(m) - (Hp ), -
Further differentiating equation (4.4) with respect to x; yields
dmg, ..
# =D-m,, -m, -a+B -m,, -a+B  -m,, -a,
+B -m,, -a,, +B-a,,.,
7]D).mxj rrlac7 .(p/fB/.mxixj .(p/f]B/.mxi .Soll.mxj (45)
J— B/ . mﬁl)] . (p,/ . mrl —_— B . SD/// . ml‘; . m.'.l/‘7 —_ ]B . (p,/ . mzzz?

+B -my,  (Hm)z, + B (Hm)z,a,-

Dot-product of (4.4) with m,, and of (4.5) with m, ., and integration over z € Q
yield the following identities:

1d 9 dm,,
- . 2 = T " v , 4
1d dmy,q,

The energy estimates involve estimating the right-hand sides of (4.6) and (4.7)

with terms drgt” , mdg 1 given by the right-hand sides of (4.4) and (4.5).
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4.2. More subtle inequalities. To handle the terms involved in the integrals on
the right-hand sides of (4.6) and (4.7), more subtle inequalities are needed.
Lemma 4.1. Let Q C R? be a bounded domain with smooth boundary. Then
1 1
v < C Eoc 2 29

|| n”L4 = 6||nHL Hn”H . VHEHQ(Q,R?)), (48)

[ Hallz< @) < Clnjle (1+In"([Inf|g2)),
where InT t = max{Int,0} fort >0 and Cln|l e < 00 depends on ||| e (q).

Proof. The first inequality of (4.8) is a consequence of the well-known Gagliardo-
Nirenberg inequality:

197 fllzamny < I 194 1 ey

where 6 = j/l € (0,1) and 1/g =0/p+ (1 —0)/r, 1 < p,r < co. Here j = 1,1 =
2,p = 2,qg = 4,7 = co and § = 1/2. While the second inequality of (4.8) is a
Judovic-type inequality proved, e.g., in [19, Lemma 7.2]. O

The following result is an immediate consequence of this lemma and (4.1).
Proposition 4.2. For the solution m(t), with y(t) defined above, it follows that
IVmn(t) 44y < Cry(t).
[ He (t)[[ Lo (0) < Cs (1L +1ny(t)),

where C7,Cs are constants depending on R = ||mg||f.

VO<t<T, (4.9)

4.3. Energy estimates (continued) and proof of (4.3). First of all, the inte-
gral on right-hand side of (4.6) is bounded by

C(R)/ (IVm[ + [Vm| + V| Hu| + V||V (Ha)|) de.
Q

The third term is bounded by C(R)|Hml r=(0)|Vm|7. and hence, by (4.9b),
is bounded by C(R)y(t)(1 4+ Iny(t)), while all the other terms are bounded by
C(R)||m||% and hence by C(R)y(t). Therefore,

4

dt

Similarly, the integrand of the right-hand side of (4.7) is bounded by constant

C(R) times
Vm|?|Vm| + [V?m|* + |Vm||V2m| + |V2m| + |Vm||V?(Hy,)|

+|Vm|?| H||V?m| + [Hy || V?m]? + |[Vm||VZm||V (Hy)|-

Integrals of terms in the first group can all be bounded by Cy(t). Integrals of the
first two terms in the second group can be bounded by constant times

1 H o £ ) (V0| 70 + [[V2ml|72),

which, by (4.9a-b), is bounded by Cy(t)(1+1Iny(t)). Finally, the integral of the last
term in the second group can be estimated as follows:

(|lmg,[|I72) < C(R)y(t)(1+Iny(t)), VO<t<T. (4.10)

AIVmIIVQmIIV(Hm)Idw < [IIVm| - |V (Hu)ll| 2200 [V m] [ 220

< IVl za o) |V (Hm)ll 240y | V2mll| 2 (),
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which, by using Lemma 4.1, is bounded by
1 1 1
< CHm”i[?(Q)||HmH[2,OC(Q)||Hm||12{2(9)||m||H2(Q)

< Clml e | Bl gy 0 eyl 1122y = €l | Bl
<Cy(t)- (1+Iny(®)? < Cy)(1+nyt)).
Therefore, by (4.7), we have obtained that
4 (e [3) < CORMOO +my(®). YO <t<T. (41
Summing up 4,j = 1,2,3 in (4.10) and (4.11) and using (3.15), we obtain (4.3).
Remark 3. By the local Lipschitz property of 7 (m), from (4.2), one easily obtains

sup HthH"’(Q) < CT,Hm0HH2 < 0. (4.12)
te[0,T)

In next section, we prove higher time regularity for solutions.

5. Higher time regularity. The higher time regularity has been studied for
Landau-Lifshitz equation with exchange energy in [6]. We study a higher time
regularity of weak solutions for simple Landau-Lifshitz equation

(5.1)

m; = ym X Hy, +yam X (m X Hy,) in  x (0, 00),
m(0) = my,

where ) is a bounded smooth domain in R? and mg € H?({; R?).

Theorem 5.1. For any time T > 0, the solution m to (5.1) satisfies, for p =
07 13 25 T

sup (|07 m g2y < C < o0, (5.2)
t€[0,T]

where C is constant depending on T,p and |[myg||g2(q)-
Proof. We use induction on p. The case for p = 0 is already mentioned in Remark
3 above. Let us assume (5.2) holds for all powers up to p — 1. We consider the case
for p. Note that 9;(Hm) = Hyin, and hence, by (3.4),
[Hoimll r2(0) < Cllojm|| g2 (q)-

Therefore, by the induction assumption, it follows that, for all ¢ € [0, T7,

10} (Hen) | zr2(2) < CllOfm| g2(2) < Corpjimo),e <00 V0 <i<p. (5.3)
Taking p*"-derivatives with respect to ¢ to equation (5.1) yields

' m=xy > Omx O Hn+ya Y Ojmx (3)m x Of Hy). (5.4)

itj=p it+j+k=p

p+1
9

We need to prove || m||g2Q) < Crp mol,2 < OO

5.1. Estimation of |87 m| 12(q). Since, ¥ 0 <i < p,
10 (Him) || o= ) < Cll0; (Hm) [l 52 (62) < O, imoll 2 < 005

the L2norm of each term on the right-hand side of (5.4) can be bounded by the
L*>*-norms of its factors, which are in turn bounded by constant C7, ||m,|,,. - Hence
we have
+1
107" m|| 120y < CTp,imoll 52 - (5.5)



614 WEI DENG AND BAISHENG YAN

5.2. Estimation of ||8f+1Vm||Lz(Q). Taking 0; = 0;, on equation (5.1) yields
Om; = y0(m X Hyy) + yad;(m X (m X Hy,))
=ymy, X Hy +7m X (Hm)s, +vom x (my, x Hy,) (5.6)
+yam X (m X (Hm)q,) +yamg, X (m X Hy,)
Taking p'" derivative with respect to ¢ on Eq. (5.6) yields

85+1mwz =7 Z dimy, x 8gHm +7 Z dim x ag(Hm)wz

i+j=p i+j=p
yoo > Oim x (0/m x Of (Hm)z,)
i+j+k=p
+ ya Z oim x (8/my, x OF Hyy)
i+j+k=p
+ya Z dimy, x (0/m x OF Hy,)
i+j+k=p

In order to estimate |0’ m,, | 22(0), it is sufficient to estimate the following L?-
norms:

I 9jmy, x 0 HillL2()-
i+j=p
| )" 0jm x 0 (Hm)a, [l 22(0)-
i+j=p
I 0im x (8{m x Of (Hm)a,)lIz2(5)-
i+j+k=p
| Z dim x (6gmwz X atka)HL?(SZ)-
i+j+k=p
H Z 8§mx1 X (8gm X 8tka)||L2(Q)-
i+j+k=p
All these norms can be estimated in the same way: For each of the individual
cross-product integrands, use the L?-norm of a sole factor with x;-derivative and

use the L>®°-norms for the other factor or factors. All these norms can be bounded
by constant CT7p7|‘m0‘|H2 < o0. Finally, summing up [ = 1, 2, 3, we have proved

1077 V|| 220y < Crp o),z < O©- (5.7)
5.3. Estimation of H@f“AmHLZ(m. Differentiating (5.6) with respect to z; and
summing up over [ = 1,2, 3 yields that

Amy; = yAm X Hy +~vym x AHy, + 'yme X (Hm)a
l
+ya[Am x (m X Hy) +m x (Am X Hy) +m x (m x AHy)]

+ o Z[mwz X (Mg, X Hm) +mg, X (M X (Hm)z,) +m X (Mg, X (Hm)z, )]
l (5.8)

Differentiating equation (5.8) p times with respect to t will yield a formula for
P Am. To estimate ||8f+1Am||L2(Q), we do not need to estimate every single
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term because lots of them are similar; it is sufficient to estimate the following 4
L2-norms:

I 0iam x 8] Hylr2(q)- (5.9)
i+j=p

1> Ofmy, x 0 (Hm)w|l22(0)- (5.10)
i+j=p

I 0jAm x (9)m x 0f Hy) || 12(5)- (5.11)
i+j+k=p

I Oimg, x (0)my, x 0f He)|lL2(0)- (5.12)
i+j+k=p

For (5.9), we use
10F 50 % 0] Hen | 22() < 110] Hun| 22110 S| 2 ).
For (5.10), we use
10im, x 8 (Him)a | 22(0) < 10,V La0) |07V Hin L (0)-
For (5.11), we use
16} A < (0 m % Of Hn) || 22 () < 07 Lo | 0f Hun|| o< 1|0} A 12 ).
For (5.12), we use
10my, x (8] my, x Of Hu)|[z2 < 10f Hinll 2= [10; Vi 14]|0f Vil 1.
Finally, from these estimates, we obtain
107 Am| r2(0) < Crp jmoll,2 < 00 (5.13)
Combining (5.5), (5.7) and (5.13), we have shown that

107 m 20y < Crp, < 0.

lmo | g2

This completes the induction process and hence the proof. O

Remark 4. Theorem 5.1 is also valid for the general equation (3.10) with smooth
functions ¢(m) and a(x); the proof should be similar.

6. Energy identity and weak w-limit sets. We first prove an energy identity
for global weak solutions to the Landau-Lifshitz equation (1.3). We write the initial
value problem as

(6.1)

m; = L(m,Heg) in Q x (0, 00),
m(0) = my,

in terms of the Landau-Lifshitz interaction function L defined by (1.8), where the
effective magnetic field Heg is given by (1.4).
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6.1. The energy identity. Let £(m) be defined by (1.1). Assume a, my €
L>®(;R3).

Theorem 6.1. The global weak solution m to (6.1) satisfies the energy identity
t
E(m(t)) — E(m(s)) = 'yoz/ / lm x Heg|?dzdr V0<s<t<oo. (6.2)
s Q

Furthermore, if ya < 0, then my € L*((0,00); L?(€; R3)).
Proof. Note that
L(m,n)-n=—aym xn|> Vm,n¢cR3. (6.3)
By the definition of Heg = — 2% in the L? sense, it follows that
d
—(E(m(1))) = f/ Her - myde = voz/ |m x Heg|? dz
for a.e. t € (0,00). Hence (6.2) follows.
If yoo < 0, by (6.2), one has [ [, [m x Heg|? dadt < £(myg)/|ay| < oo. Also
from the equation (6.1),
my[* =[L(m, Heg)|* = 7*/m x Heg|*
+ (y0)?/mf*|m x Heg|* < C'lm x Hegl|?,
where constant C' depends on |[myg||z. Hence m; € L?((0,00); L?(€2; R?)). O
6.2. Weak w-limit sets and estimation for the soft-case. The stability the-
orem and all the regularity estimates previously established for (6.1) are for finite

time; the only global-in-time regularity for the solutions (even for the regular solu-
tions) is that

m € L>=((0,00); L>(Q;R?))  with m; € L*((0,00); L*(; R?)).

But this regularity is not enough to have strong convergence as t — oo; it would be
enough if one has m; € L'((0,00); L?(Q; R?)) (see [20]). Therefore, it is quite chal-
lenging to study the asymptotic behaviors of even regular solutions. The solution
orbits for general initial data may not have strong w-limit points; we thus study the
weak w-limit points.

Given my € L*(2;R3), let m be the global weak solution to the initial value
problem (6.1) and define the weak w-limit set for m to be

w*(mg) = {m | 3 ¢; 1 oo such that m(¢;) — m weakly in L*(Q;R?)}.  (6.4)

We give an estimate of w*(myg) for the so-called soft-case, where there is no
anisotropy energy (¢ = 0). For more results on further special case when a = 0,
see [32, 33].

Theorem 6.2. Let ya < 0, ¢ = 0 and a € L>®(Q;R3). Then, for any my €
L>®(;R3) with |mg(x)] =1 a.e. on Q, it follows that

w*(mp) C {m € L>®(R?) | |m|*> + 2/ x (a+ Hg)| <1 a.c.on Q}.  (6.5)
Proof. Let m be the global weak solution to (6.1) with the given initial datum my.
Then |m(t)| = 1 a.e.on € for all ¢ > 0. Assume m(t;) — m weakly in L?({; R?)
for a sequence t; 1 co. In the following, we show that

|m|? + 2/ x (a+ Hg)| < 1 a.e.on Q. (6.6)
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Let e(t) = £(m(t)). Then, by (6.2), e(t) is non-increasing and bounded and hence
e(t) has limit as ¢ — oo; this again by (6.2) implies

ti+1
dw+n—4m=vq/ lm(t) x (a -+ Hungo) |2 dt — 0.

tj
Hence there exists some s; € [t;,t; + 1] such that
||m(s]-) X (a+ Hm(sj))”LZ(Q) — 0. (6.7)
By Theorem 6.1, m; € L?((0,00); L(Q; R?)); hence
1
sj ) s ) 2
i)~ (el < [ e < s - )% ([l ) o,
tj tj

which yields m(s;) — m weakly in L?(Q; R3). Therefore, by (6.7), (6.6) follows
from the following proposition with m; = m(s;). This completes the proof. O

Proposition 6.3. Let m; — m weakly in L*(Q; R®) and satisfy
(@) |mj|=1aeQ; () [myx(a+ Hm,)lr2@) — 0.
Then m satisfies the condition (6.6) above.

Proof. This result can be proved by a similar method of [32, Theorem 1.1]. However,
we present a different but direct proof based on the div-curl lemma [29].
For any m € L>=°(Q; R3), let G, = myxq + Hp,. Then div Gy, = 0 on R3. Denote

Gj=a+Gnm;, Hj =a+ Hn,; G=a+Gam, H=a+ Hg.

Then G; — G, H; — H weakly in L*(Q; R?) and, by the div-curl lemma [29],

/Gj-Hj¢da:—> / G-Hpdr Y ¢eCP(Q). (6.8)
Q Q
Since m; = G; — H; on (2, it follows that

lm;|* + 2|m; x (a+ Hm,)| =|G; — H;|* + 2|G; x H}| (6.9)
=|G;|* + |H;|* +2|G; x H;| - 2G; - Hj. '

Note that function f(m,n) = |m|*>+ |n|?+2|m x n| is convex on (m,n) € R* x R?.
Hence, for all ¢ € C5°(£2) with ¢ > 0, one has

1irginf/(|aj|2+|Hj|2+2|Gj % Hj[)é > /(\é|2+ 2 +2|G % H)o. (6.10)
J=roe Ja Q

By assumptions (a), (b), from (6.8)~(6.10), it follows that
/(|é\2+ |H|>+2|G x H| - 2G - H)¢pdx < / bdzx
Q Q

for all ¢ € C°(2) with ¢ > 0. This implies
G+ |HP+2|GxH —2G-H<1 ae. Q,

which, exactly, is equivalent to (6.6). This completes the proof. O
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7. A special dynamics. In this final section, we study a special case of (6.1) where
applied field a(z) = a is constant, domain €2 is an ellipsoid, and initial datum my is
a constant unit vector. Therefore, in (6.1), the effective magnetic field Heg is now
given by

Heg = —¢'(m) +a+ Hy

as above, but with constant vector a. In what follows, we assume ellipsoid domain
Q is given by

3
Q={reR®| ) a}/a; <1},

i=1

where a; > 0 are constants.

7.1. The associated ODE system on R3. It is well-known that (see, e.g., [27]),
for the ellipsoid domain €2 given as above, the magneto-static stray field Hy, induced
by any constant field m has constant value on 2 given by

Hplo=—-Am (¥ meR3), (7.1)
where A is a diagonal matrix of positive numbers. In fact, A = diag (b1, ba, b3) with

1 Jaraas dt
10203 (7.2)

T 2/0 (ai +t)/(a1 +t)(az + t)(az + )

Note that, if Q is a ball in R3, all b;’s are equal to 1/3.
Let mgy be a constant unit vector. Then, from (7.1) and the uniqueness of
solution, problem (6.1) reduces to the following ODE system on m € R?:

n=~ao t>0
m = ®(m), t>0, (7.3)
m(0) = my,
where m = dd—’;‘ and function ®: R? — R? is defined by
®(m) =L(m, —¢'(m) +a— Am), ¥V mcR?>. (7.4)

Since m-®(m) = 0, system (7.3) also preserves the length of m(¢). Thus we have
|m(¢)| = 1 for all ¢ > 0. Moreover, L(m,n) = 0 if and only if m x n = 0; hence,
the equilibrium points of (7.3), that is, the solutions of ®(m) = 0 on unit sphere
lm| = 1, are characterized by vectors m € R? for which there is a real number
A € R such that

—¢'(m)+a—Am=m, |m|=1. (7.5)
This condition is equivalent to m being a critical point of the function
1
P(m) = 5Am-m—a~m+<p(m) (7.6)

on unit sphere jm| = 1.

In most cases, there will be at least two distinct equilibrium points for system
(7.3); for example, all maximum or minimum points of P on |m| = 1 (always exist)
are such points.



LANDAU-LIFSHITZ EQUATIONS OF NO-EXCHANGE ENERGY MODELS 619

7.2. Special dynamics. The dynamics of system (7.3) can be studied by the clas-
sical ODE theory. For example, we have the following result.

Theorem 7.1. Function P defined by (7.6) is a Lyapunov function for system
(7.3). Assume ya < 0. The w-limit set of (7.3) for any initial unit vector mg € R3
is contained in the set of all critical points of P on unit sphere.

Proof. Since Heg = —¢'(m) + a — Am = —VP(m), V m € R?, it follows that for
solution m = m(¢) of (7.3), by (6.3),

d
%P(m(t)) =VP(m) -th = —H. - L(m, Heg) = ya/m x Heg|? <0.

Hence P is a Lyapunov function for system (7.3).

To show the second part of the theorem, assume ya < 0 and m(t;) — m for a
sequence t; T oo. Let p(t) = P(m(t)). Then p(t) is smooth, non-increasing and has
limit as ¢ — co. Hence p(t; +1) —p(t;) = p'(s;) — 0 for some s; € (t;,t;+1). Since
p'(t) = yalm x Heg|? and ya < 0, this implies

[m(s;) x Hg(s;)| = [m(s;) x VP(m(s,))| - 0. (7.7)

As above, since m € L?(0,c0), one has

1

SJ' 2
/ |rh2dt> - 0.
t.

J

A 1

|m@wmwms/|Mﬁs@—mw<
tj

This implies m(s;) — m; hence, by (7.7), |m x VP(m)| = 0, which proves m is a

critical point of P on unit sphere. This completes the proof. O

Finally, we give a special result for a =0 and ¢ = 0.

Proposition 7.2. Let by, bo, by be positive numbers determined by (7.2). If by, =
min{by, b, b3}, then tey are asymptotically stable equilibrium points for the system
(7.3), where {e1,ez,e3} are the standard basis vectors of R3.

Proof. Without loss of generality, let us assume by = min{by, ba, b3}. It is trivial
to see that P has a strict relative minimum at +e;. According to the Lyapunov
stability theorem, +e; are asymptotically stable equilibrium points for (7.3). O
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