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1. INTRODUCTION

The study of the spectrum of the Laplace operator has been a very active subject
in Riemannian geometry. In the compact case, the spectrum consists of eigenvalues.
On a noncompact complete Riemannian manifold (M™, g), the L2-spectrum is much
more complicated. For many questions, it suffices to study the bottom of the
spectrum which can be characterized

Vul?
Mo (M,g) = inf 7‘[M Vel .
ueCH(M) [y, u?
If Ric > 0, then Ay = 0 by Cheng’s eigenvalue comparison theorem. If Ricci has a
negative lower bound, Cheng [Ch] proved the following theorem.

Theorem 1. Suppose (M™,g) is a noncompact complete Riemannian manifold
with Ric > — (n — 1), we have Mg < (n — 1) /4.

The estimate is sharp since the spectrum is the ray [(n — 1)? /4, +00) for the
hyperbolic space H".

For Kéhler manifolds, this estimate can be improved. On a Kihler manifold
(M, g) of complex dimension n, where g is the Riemannian metric, let w = g (J-,-)
be the Kéhler form. In local holomorphic coordinates z1,-- - , z,, we have

w =V —1g;zdz; A dz;.

The Laplace operator on functions is given by the formula
~ O2f
Af =2gY .

f g é)zl%J
It should be noted that we use different normalization here from ones appeared in
[LW2, M, LT, Li3].

Munteanu [M] proved the following improved estimate for Kéhler manifolds.

Theorem 2. Suppose (M, g) is a noncompact complete Kihler manifold of complex
dimension n. If Ric > — (n + 1), then \g < n?/2.

We remark that prior to Munteanu’s work, P. Li and J. Wang [LW?2] established
the same inequality under the stronger curvature assumption that the bisectional
curvature K¢ > —1, i.e. for any vectors X,Y

R(X,Y,X,Y)+ R(X,JY, X, JY) > = (IXP Y] + (X, V)" + (X, JY)?)

The second author was partially supported by NSF grant DMS-0905904.
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where J is the complex structure. The Li-Wang [LW2] and Munteanu [M] estimates
are sharp on the complex hyperbolic space CH" normalized to have sectional cur-
vature in [—2,—1/2] so that K¢ = —1 and Ric = — (n + 1).

In general, it is more difficult to establish a positive lower bound for Ag. In
the Riemannian case, there is a nice theorem due to Lee [Leel] for the so called
conformally compact Einstein manifolds. A Riemannian manifold (M™, g) is called
conformally compact if M is the interior of a compact manifold M with boundary
Y and for any defining function r of the boundary (i.e. r € C* (H) st. r>0
on M, r = 0 on ¥ and dr is nowhere zero along X), g = r2g extends to a C?
metric on M. The conformal class of the metric g|y is invariantly defined and
¥ with this conformal structure is called the conformal infinity of (M",g). We
will also assume that |dr|§ = 1 on X. This condition is invariantly defined and
such a metric can be termed AH (asymptotically hyperbolic) as one can check that
the sectional curvature K — —1 near the conformal infinity. If g is Einstein, i.e.
Ric(g) = — (n — 1) g, it must be asymptotically hyperbolic.

It is known that the continuous spectrum of an AH Riemannian manifold consists
of the ray [(n — 1) /4, +00) with no embedded eigenvalues. In particular Ay <
(n —1)% /4. However, in general there may exist finitely many eigenvalues in the

interval (0, (n—1)>%/ 4) even if ¢ is Einstein. The following theorem was proved
by Lee in [Leel].

Theorem 3. Let (M™,g) be a conformally compact Einstein manifold. If its con-

formal infinity has nonnegative Yamabe invariant, then Ao = (n —1)° /4, i.e. the
) 2

spectrum is [(n — 1)° /4, 400).

The main purpose of this paper is to investigate if there is a Kéhler analogue of
Lee’s theorem. In Section 2, we consider a class of complete Kéhler manifolds with a
strictly pseudoconvex boundary at infinity. After studying its asymptotic geometry,
we formulate a conjecture on its bottom of spectrum in the Kihler-Einstein case.
In Section 3, we discuss a geometric approach to estimate the bottom of spectrum.
Specifically, we prove a sharp lower estimate which illustrates the boundary effect.
In the last section, we focus on the Kéhler-Einstein metric constructed by Cheng-
Yau [CY] on a strictly pseudoconvex domain in C*. We prove a theorem which
yields the optimal lower bound for the bottom of spectrum under the condition that
the induced pseudo-hermitian structure has nonnegative pseudo-hermitian scalar
curvature.

Acknowledgement 1. We thank the referee for a careful reading of the paper and
useful comments.

2. THE FORMULATION OF THE PROBLEM

Suppose 2 CC M is a smooth precompact domain in a complex manifold of
complex dimension n. We assume the boundary ¥ = 02 is strongly pseudoconvex
in the sense that there is a negative defining function ¢ for the boundary (i.e.
p e C® (ﬁ) st. ¢ <0on, ¢ =0o0n X and d¢é is nowhere zero along ¥ ) s.t.
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\/=100¢ > 0 near ¥.. Then we can consider near ¥ the following Kihler metric
— —V=10910g (~¢)

_\ﬁ( i ¢;f7>dzmdzj.

By the assumption, the complex Hessian H (¢) = {(bﬁ} is a positive definite matrix

and its inverse will be denoted by [Wq In the following, we will also use the

notation ¢ = ¢” g#, QSJ = gi)” ¢;. Let g be the Riemannian metric defined by wg.
We have

where [0¢]7 = gzﬁgi)i(j?. Notice
T (Lo P
005 —
Moreover,
G = det [;5] = (o) (1903 ~ ¢) det H (6),

Hence the Ricci tensor is given by

~ =R o?

Rz=—(n+1)g;— pr—=i log [(|0¢]7 — ¢) det H ()] .
Definition 1. A Kaihler metric w on § is called ACH (asymptotically complex
hyperbolic) if near OS2

w=uwy+ 0,

where © extends to a C3 form on Q.

(Cf. [W3] where the complex hyperbolic space is normalized to have holomorphic
sectional curvature —1 instead of —4.)

Proposition 1. The curvature tensor is asymptotically constant. More precisely
for any pair of (1,0) vectors X, Y

R(X.XY,Y) = (1+0(1) (|X]*|[V?] +(X,¥)")
near the boundary, i.e. Kc — —1 at infinity.

Proof. In local coordinates near the boundary, we write the metric as
b5 | 99y
9i5 = p) $2 ij°

with hz‘j C? up to the boundary. Direct calculation shows

d ; o, ik 7
8gzkzl = (bd) k1 + d); 9i1 + Z; + ;2 :
N ib;hki @;hu + 892121



4 SONG-YING LI AND XTAODONG WANG

g1 ¢i 09,7 . or 095
Pt Piki®5 + CujOr + Gkt 2¢z’k¢;—¢j
+ —o + ¢2 — (bg
— hi590 — hi593 — 97 + Gigha + highig + hyghy
. ﬂahkz o ﬁahﬂ 82hki

—¢ 0z; —¢ 0z 0207

Then a straightforward but tedious calculation yields

R - — 829k7 _ gpqagpf 691@
igkl (“)zlaz; 82} 8zi
1

=995 + 9593 + O (—(b) :

Let f = (—¢)". Then

fi=—a(-¢)""" ¢,
fg==a(=9)"" ¢5+ala=1)(-0)"" ity
Thus, by direct calculation
Af =2g" f-

ij

=2[37 - 557 + 0 (6%)| f5
=2a(a—n)(=¢)"[1+0(9)].
Proposition 2. For an ACH Kdihler manifold, we always have
Ao < n?/2.
Moreover, any number u < n?/2 in the spectrum must be an L* eigenvalue.

Proof. We first prove A\g < n?/2. For f = (—¢)” we have

/ = / (=)™ " det H (¢) [06]* (1+ 0 () -

Hence f € L? as long as a > n/2. On the other hand
V£ =207 ()" g7 g5
= 20" (=¢)* (1+ 0 (~9)),

w'n = w'fl
/|Vf|2 - = 2/9”fifj7,
n: n:

e / (=)™ "V det H (6)]06]? (1 + O (4)).

It is then clear

Ve
lim f' 7l L

2
LTl 29,
oNn/2 [ [P /

Therefore \g < n?/2.
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By the above calculation, for any ¢ € (0,n%/2) there exists € > 0 such that the

"2 satisfies

—Af zcf

outside the compact set K. = {—¢ >e}. The second part of the theorem then
follows from some general principle (see, e.g. [Lee3]). For any & € C} (M\K.) we
have

(2.1) [rverzc[e

Indeed, integrating by parts
A
Jrvet -z [1ver+ e

7/|v N3 S
= 3 2f<Vf,V£>+f2 IV fl

positive function f = (—¢)

£
= [ |VE-=2Vf] .
[|ve-5vr
Let A < ¢. Then from (2.1) we have for any ¢ € C? (M\K.)
(2.2) 1A+ X &l L2y = (€= M 1€l L2 oy -

Let p € C (M) be such that 0 < p < 1, p = 1 in a neighborhood of K. and the
support of p is contained in the larger K. ;. Then for any £ € C? (M) applying
(2.2) to (1 — p) ¢ yields

(= N €2 ani ) < (= V1= 2 €llzqan
<A+ N [ = )l ey
<11 = P} (A + N €l oy + A1 1€,

where A; > 0 is a constant depending on the C? norm of p. By elliptic estimate
on the compact domain K, /;, there exists a constant B > 0 such that

€01 (1, 2y < Az (1A +2) Elpaae, ) + 1l a0y -

Combining the previous two inequalities, we conclude that there exists A > 0 such
that for any £ € D (A)

1A+ X €ll 2 ary + 1€l 2 (k. ) = ANEN L2y -

From this inequality, it is easy to prove that A+ is Fredholm on L2. In particular, A
has to be an L? eigenvalue if it is in the spectrum. We emphasize that the argument
works for any A < n?/2. O

In summary, for an ACH Kiihler manifold we have A\g < n?/2 and in general there
may exist L? eigenvalues below n?/2. The interesting question is when \g = n?/2.
We believe this is related to the CR geometry on the boundary when the metric is
Kaihler-Einstein.

Before we state a precise conjecture, it may be helpful to recall the rudiments of
CR geometry (for details one can check the original sources [T, We] or the recent
book [DT] among many other references). Let ¥ be a smooth manifold of dimension
2m 4+ 1. A CR structure on ¥ is a pair (H (X),J), where H (¥) is a subbundle
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of rank 2m of the tangent bundle T'(X) and J is an almost complex structure on
H (X) such that
[HY(2),HYY (%)] c HYO (%).
where H10 (X)) = {u — v/~1Juju € H (X)} C T(X) ® C and H*! (¥) = HLO (X).
We will assume that our CR manifold X is oriented. Then there is a contact 1-form
6 on ¥ which annihilates H (3). Any such 6 is called a pseudo-Hermitian structure
on . Let w = df. Then Gy (X,Y) = w(X,JY) defines a symmetric bilinear
form on the vector bundle H (X).We assume that Gy is positive definite. Such a
CR manifold is said to be strongly pseudoconvex. If 6 = f0 with f > 0, then
O=df= fdo+df N0 and &|g sy = fw|p(x). Hence this definition is independent
of the choice of 6.
There is a unique vector field 7" on ¥ such that

0(T)=1,T]dd = 0.
This gives rise to the decomposition
T(X)=H(X)®RT.

Using this decomposition we then extend J to an endomorphism on 7' (X) by defin-
ing J (T') = 0. We can also define a Riemannian metric gg on ¥ such that

go (ny) = G9 (va) , 90 (XvT) = 0799 (T’T) = 1’

VX,Y € H (X). Obviously § = gy (T,-) ,w = df = gg (J-, ).
It is shown by Tanaka and Webster that there is a unique connection V on T' (%)
such that
(1) H () is parallel, i.e. VxY € T'(H (X)) for any X € T(X) and any ¥ €
I'(H (%))
(2) VJ=0,Vgg =0.
(3) The torsion T satisfies

for any Z,W € H" ().
Let {T,} be a local frame for H*?(X). Then {T,,Ts = T,,T} is a local
frame for T'(X) ® C. The metric is determined by the positive Hermitian matrix
haB =gy (T o, TE)' We have the Webster curvature tensor

Ry = (Voo + VoV, T + Vig, 1,170, T5)

The pseudo-hermitian Ricci tensor is defined to be R,y = _haBRWaE and the
pseudo-hermitian scalar curvature R = h*”R,5.
Given 0, all the pseudo-hermitian structure associated the CR manifold can be

written as

[9}:{fQ/’”H:feCO"(Z),f>O}.
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If 6 = f2/™8 is another pseudo-Hermitian structure, then the scalar curvatures are
related by the following transformation
—MAIJ + R = Rfmt2)/m
m
where Ayu = div (VHu) and VFHu is the horizontal gradient.

This is similar to the formula that relates two conformal Riemannian metrics.
Motivated by the Yamabe problem in Riemannian geometry, Jerison and Lee [JL1]
initiated the CR Yamabe problem. Like the Riemannian case, for a compact
strongly pseudoconvex CR manifold (X, [f]) one can define its CR Yamabe invariant

J(IV2 11 + s RI2) 0 A (d0)"
(f f2m+1/mg A (dg)™)™ Y

The CR Yamabe problem is whether the infimum is achieved. The CR Yamabe
problem has been intensively studied. We do not need the solution of the CR
Yamabe problem. If suffices to know the elementary fact that (X,[f]) admits a
pseudo-Hermitian metric with positive, zero or negative scalar curvature iff the
Yamabe invariant is positive, zero or negative, respectively.

We now go back to our domain 2 CC M with strongly pseudoconvex boundary.
Clearly, 092 is a strongly pseudoconvex with 8 = \/—10¢, with ¢ any defining
function. With all these definitions, we can formulate the following

Y (,[6]) = inf

Conjecture 1. Suppose (2,g) is an ACH Kdihler-Finstein manifold of complex
dimension n. Then \g = n?/2 if 9Q has nonnegative CR Yamabe invariant.

We give an example which has A\g < n?/2 and the boundary has negative CR
Yamabe invariant. Let 7 : L — ¥ be a negative holomorphic line bundle over a
compact complex manifold with dim¢ > = n — 1. Suppose L is endowed with a
Hermitian metric h such that its curvature form is negative, i.e. the (1,1) form
wo = v/—190 log |0’|i on L\ {0} defines a Kéhler metric on 3. We further assume

Ric (wg) = —nwy.
For example, we can take a smooth hypersurface of degree 2n + 1 in P™ with L
being the dual of the hyperplane line bundle. The existence of wg is guaranteed
by the well-known theorem of Aubin and Yau on Kihler-Einstein metrics (the
Calabi conjecture in the negative C; case). Let Q = {o € L: |o|, < 1} be the unit
disc bundle. Then Calabi [C] constructed an ACH Kahler-Einstein w metric on §
explicitly
1 |o \2 2,35 2
w= FWo + 5V —101log|o|” A dlog o]

1—|J| (1_|0_|2)

= —v/—100log (1 - |0\2) + wo-

Notice that the metric is smooth across o = 0. Indeed, if we write |a\2 =p \w|2
using a local holomorphic trivialization of L, then

5V —1 (dw + wdlog p) A (dw + wdlog p) .
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Given the formula, it is easy to verify the Kihler-Einstein equation

Ric (w) = Ric (wp) + (n + 1) vV/—1001og (1 - |U\2) — V=189 1log |o|?

= Ric (wo) + (n— 1”‘71|2> 199 log o[
— |0

jo|”

722\/71810g lo|> Adlog o]
(1-10F)

=—(n+1)w.

—(n+1)

This example was studied in detail in [W3] using a different normalization. In
particular it was found there that Ao = 2 (n — 1). It is less than n?/2 if n > 2.

On the boundary 9Q = {0 € L : |o|, = 1} which is a circle bundle over 3, the
CR structure is determined by the pseudo-hermition metric

0 =/—1dlog|o|’.

Suppose (U, z) is a local chart on ¥ on which we choose a holomorphic trivialization.
Then locally 012 is given by

N:{(z,w)eUxC:p(z)|w|2:1}.

with 6 = /~109log (p |w|2) and df = wy. We have the local frame

0 Ologp 0
Tai@za v 0z, Ow’
o _ 0
T:V_1<w8w_w8w>

Simple calculation yields

[T..,T] = 0.
Thus, V7T = 0, V. T = 0, while

,8957
V. Tg=q¢g"
Tatb =9 0z

T,.

a

In particular, the Tanaka-Webster connection is torsion-free. Further calculation
yields that the Webster curvature tensor of the Tanaka-Webster connection agrees
with the curvature tensor of the Kéhler metric wg on X. In particular, the pseudo-
hermitian scalar curvature of 6 equals —n (n — 1).

3. THE BOUNDARY EFFECT

To study a noncompact Riemannian manifold, we can often choose an exhaustion
by certain compact domains with smooth boundary and then study these compact
manifolds with boundary. This approach is illustrated by the second author’s proof
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of Lee’s theorem [W1]. In fact this method proves a stronger result. Recall the
isoperimetric constant I; is defined as
. . A(OD)
= in ,
pcMm V(D)

L

where the infimum is taken over all compact domains D with smooth boundary. It
is a well known fact that Ao > I?/4. It is proved in [W1] that I; > n — 1.

The main idea is in fact the following theorem about a compact manifold with
boundary.

Theorem 4. Let (M™, g) be a compact Riemannian manifold with nonempty bound-
ary. We assume that

e Ric(g) > —(n—1),

e The boundary OM has mean curvature H > n — 1.

Then the first Dirichlet eigenvalue Ao > (n — 1) /4.

To complete the proof of Lee’s theorem, we focus for simplicity on the case of
positive Yamabe invariant. We choose a metric A on the boundary X s.t. it scalar
curvature s > 0. Then there is a defining function r near the boundary s.t. near
the boundary

g=r""2 (dr2 + hr) ,
where h, is a family of metrics on ¥ with hg = h. Moreover, under the Einstein
condition, we have the following expansion
2

n7"_ ; <Ric (h) — 2(718_2)h> +o(r?).

For ¢ > 0 small enough, we consider M® = {r > ¢} which is a compact mani-
fold with boundary. A direct computation shows that the mean curvature of the
boundary satisfies

hy =h—

o S 2 2
H=n 1+72(n—2)6 +0(e?).

Therefore we have H > n — 1 for ¢ sufficiently small. Applying Theorem 4 for each
M¢ we conclude \g (M) > (n—1)° /4.

In the Kihler case, we have the following analogue of Theorem 4.
Theorem 5. Let (M,g) be a compact Kihler manifold with nonempty boundary
and dim¢ M =n. We assume that
L4 KC Z _17
e The second fundamental form of boundary OM satisfies 11 (Jv, Jv) > /2
and TL(X, X) + T (JX, JX) > /2 for all unit X perpendicular to Jv.

Then the first Dirichlet eigenvalue Ao > n?/2.

In the statement, v is the outer unit normal along M and the second funda-
mental form is defined by

(X, X)=(Vx1,Y).
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Let r : M — R* be the distance function to M. For any geodesic v : [0,1] — M

with p = (0) € M and ' (0) = v (p) and any piecewise C! vector field X along
v with X (0) € T,0M, we have the index form

l
I(X,X>:7H<X<o>,x<o>>+/0

‘X (t)

—R(X®),7(0), X ,w))] dt.

The proof is based on the following lemma.

Lemma 1. Under the same assumptions, we have Ar < —/2n in the support
sense.

It suffices to calculate Ar at a non-focal point ¢q. Let v : [0,]] — M be a
minimizing geodesic from OM to q. We have

2(n—1)

Ar= > I1(Z:,%),

=0

where {Z,} are normal Jacobi fields s.t. {Z; (I)} are orthonormal. Let {e;} be an
orthonormal set in TW(O)aM with eg = Jv and ey = Jegq_1 fora=1,--- ,n—1.
Let {E; (t)} be parallel vector fields along v with E; (0) = e;. For L > [ we set

sinh /2 (L — t)

sinh (L — t) /ﬁE
sinh v/2 (L — 1)

Xo() = sinh (L —1) /v2 °

Eo (), Xa (t) = ().

We calculate

1
sinh? v/2 (L — 1)

+ /l {2 cosh? \/§(L —t)—H (fy (t)) sinh? \@(L — t)] dt)

0

I(Xo,Xo) = (— sinh® V2LIT (Jv, Jv)

1
< - -
= sinh®* V2 (L — 1)

42 /Ol [coshQ V2 (L —t) +sinh? V2 (L — t)] dt>

—V/2sinh? V2L — v/2sinh v2 (L — 1) cosh V2 (L-1)+ V2 sinh v/2L cosh 2L
B sinh? /2 (L — 1)
V2 sinh v/2L (cosh V2L — sinh \@L) ﬁcosh V2(L—1)

sinh? /2 (L — 1) sinhv/2 (L —1)

(— V/2sinh? V2L
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Similarly, fora=1,--- ;n—1
I(Xoa—1,X00-1) + I (Xaa, X24)

1 . 19
ST (_smh L/V2 I (€201, €20-1) + II (€20, €20)]

- l B cosh® (L — 1) /V2 — R (E ()7 (8), Far () ,w)) sinh? (L — ¢) /ﬂ] dt

+ /Ol B cosh? (L —t) /V2—R <E2a (t),% (1), Baa ()4 (t)> sinh? (L — ) /\6} dt)

1 , ! .
S YN (—ﬁ sinh? L/v/2 + A [cosh? (L~ £) /2 + sinb® (L — 1) /2] dt)

—v/2sinh? L//2 — v/2sinh (L — 1) /v/2 cosh (L — 1) //2 + v/2sinh L/+/2 cosh L/v/2
sinh? (L — 1) /v/2
2sinh L/v/2 (cosh L/v/2 — sinh L//2) \/icosh(L—l) /2

sinh? (L — 1) /v/2 sinh (L —1) /v2'

By letting L — co we obtain

I(Xo,Xo) < —V2,
I(X2a—17X2a—1) + I(XQ(an?(x) < _\/5 for a = 17 N L.

By the minimality of Jacobi fields, we have Ar < ngf)fl) I(X:,X;) < —nv2.

Theorem 5 then follows from the previous lemma by an argument in [W1]. For
completeness, we provide the detailed proof.

Proof of Theorem 5. We consider the first eigenfunction f on M

—Af=Xf, on M,
f=0 on JOM.

We can assume that f > 0 in M. Suppose fe ™"/ V2 achieves its maximum at an

interior point p. For any 6 > 0, let ¢5 be a C? lower support function for —r at p,
i.e.

®s

¢s (p)

IN

—7r in a neighborhood Us of p;
—r(p),A¢s (p) > nV2 4.

IN

As —r is Lipschitz with Lipschitz constant < 1, it is easy to prove |Vos| (p) < 1.
The C? function fe™?s/ V2 on Us achieves its maximum at p, so we have

n

Vi) = 7

Vs (p)

A ((fers/V2) () <.
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We calculate at p
n
V2

2
_ ends/V2 <—/\of + 5o = T |V¢al2)

5 n?

S £ends/V2 ([ _ 2_ Mo ™

> fe <)\o+n 7 5
2

_ pends/VE [y, +nn5>.
fe < 0T /2

Therefore \g > n?/2 — nd/v2. Let § — 0 we get \g > n?/2. O

2
A (feros/V2) (p) = enes/ V2 (Af + V2 (VS,Vd5) + = fAGs + o f |V¢5I2>

4. STRICTLY PSEUDOCONVEX DOMAIN IN C"

Let © be a smooth, bounded strictly pseudoconvex domain in C™. We want to
study Kihler metrics w, = v/—100u, where u is smooth Q s.t. p(z) = —e " is a
defining function for 9€). The relation between u and p associated with Monge-
Ampere operator and Fefferman operator is as follows

(4.1) det H(u) = J(p)e T,

where H(u) is complex Hessian matrix and

P P
J(p) = —det I,
(P) ¢ l: Pi Pij ]

Notice that such a metric is ACH. Indeed, let ¢ be a strictly plurisubharmonic

defining function, i.e. V/=100¢ > 0. Then we have p = ¢ f, where f is smooth and
positive on 2. Therefore

wy, = —V/—19d1og (—p)
= —/—100log (—¢) — V—1801og (—f),
clearly ACH. Then the Ricci form for w,, is
Ric = —v/—1001og det H (u)
= —(n+1)v/—100u — /—190log J (p)
=—(n+ Dw, — vV—1991og J(p).
Cheng and Yau [CY] proved that there exists a unique Kéhler-Einstein metric
wy = v/ —100u, where the strictly plurisubharmonic u solves the following Monge-
Ampére equation
det H (u) = etV in  Q,

U = 00 on ON.

Or equivalent, p(z) = —e™™ solves the Fefferman equation J(p) = 1. Moreover,

they proved that p € C"+3/2 (ﬁ) and it is a defining function for 0f2.
To study the spectrum of such metrics, our starting point is the following theorem
proved in [LT].

Theorem 6. Let w, = /—1900u be a Kdihler metric on Q with p(z) = —e™* a
defining function for 0Q. If p is plurisubharmonic, then \o(w,) = n?/2.
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Remark 1. Notice that
Therefore p is plurisubharmonic iff |8u\§ <1.

From (4.2) we also obtain det H (p) = e~"*(1 —[du|2) det H (u). Combined with
(4.1) it yields the following formula

det H(p)
J(p)

It follows that |du|, — 1 as long as p9iAie) équ) —0as z— 9D.

For estimating the lower bound for A;(A,), it was proved in [LT] that if p
is plurisubharmonic in D then A\{(A,) > n?/2. Various version of the following
lemma was proved and used in [Lil, Li2]. Here, we state and prove by using Ricci
curvature.

=e"(1— |8u|§)

Lemma 2. Let w, = /—190u be a Kihler metric on Q with p(z) = —e % a
defining function for 0Q. If Ric > —(n+ 1), then

A [e“ (|au|§ - 1)} > 0.

il kj g,
g'g Juwukl m,Dufgjuﬁfm.

Proof. We notice that

By the Bochner formula, we have
u |8U| = gdgkjuuukz +glgMu;, KUF 7+ g7 (uz (Ouw); + (Bu), Uj) + Rﬁ“i“;
>m+g g’”ui,kuﬁ —(m+1) |8u|§ .
We calculate
O [e“ (|8u\§ - 1)}
= e [(Du+ EX ) (|au| - 1) + 00yl }
e [ (o (), (02) o)

> et [(m + |8u|g) (|8u|3 - 1) +m+g'lg i, pus g — (m+1) |8u|3]

e :gia' (u (1oul;)_+ (8u|3)iuj>—

[|8u| — 2|8u| + g g u; KU } + e [ i (ui (|8u|3)j+ (8u|§)iuj>}

On the other hand
() - (s,

=g (ur,iug + ugug)

kl
=g Uk,iUuy + U;.
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Similarly
2\ _ Kl o _
<|8u|g)? = g upus 7 + g
Therefore
2
O [e" (\8u|g - 1)}

> e [|8u\3 -2 |8u\§ + gﬁgkjuukujj} +e* [gﬁgki (uk,iuiui + uﬂuiuk) +2 |8u|§]

et “au‘; +gilgkjui,kugj +gijgkl (Uk,iuiui+ uﬂuiuk)}
0,
by the Cauchy-Schwarz inequality. O

Y

Theorem 7. Let Q) be a smoothly bounded and strictly pseudoconvex domain in C™
with defining function p € C*(Q) so that u = — log(—p) is strictly plurisubharmonic
in Q. Let g be the Kdhler metric with Kihler form w, = /—100u. Let (09,0) be
the pseudo-hermitian manifold with the contact form 6 = /—10p and let Ry be its
Webster pseudo scalar curvature. Assume that g is Kdihler-FEinstein. If Ry > 0 on
0O then \g = n?/2.

Proof. The proof is based on the following formula
det H (p)

Ricy (X,Y) = —D?(logJ (p)) (X,Y) + (m + 1) 70

(X.Y).

If \/—100u is Kihler-Einstein, then J (p) = 1. Thus
Ricy (X,Y) = (m+1)det H (p) (X,Y),
Ro =m(m+1)det H (p).

If Ry > 0, then det H (p) > 0 on 09. By the previous lemma and the maximum
principle, we have [Qu|? < 1. Therefore A\g = n?/2 by Theorem 6. O

Remark 2. It is clear from the proof that the conclusion g = n?/2 remains valid if
the Kdhler-Einstein condition is replaced by Ric (g) > —(n+1)g and Ryg+n(n+1) =
O(p?) in Q.

Remark 3. When ) is an ellipsoid with Kdhler-FEinstein metric, the above theorem
was proved by the first author in [Li3).
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