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1. Introduction

The study of the spectrum of the Laplace operator has been a very active subject
in Riemannian geometry. In the compact case, the spectrum consists of eigenvalues.
On a noncompact complete Riemannian manifold (Mn; g), the L2-spectrum is much
more complicated. For many questions, it su¢ ces to study the bottom of the
spectrum which can be characterized

�0 (M; g) = inf
u2C1

c (M)

R
M
jruj2R
M
u2

:

If Ric � 0, then �0 = 0 by Cheng�s eigenvalue comparison theorem. If Ricci has a
negative lower bound, Cheng [Ch] proved the following theorem.

Theorem 1. Suppose (Mn; g) is a noncompact complete Riemannian manifold
with Ric � � (n� 1), we have �0 � (n� 1)2 =4.

The estimate is sharp since the spectrum is the ray [(n� 1)2 =4;+1) for the
hyperbolic space Hn.
For Kähler manifolds, this estimate can be improved. On a Kähler manifold

(M; g) of complex dimension n, where g is the Riemannian metric, let ! = g (J �; �)
be the Kähler form. In local holomorphic coordinates z1; � � � ; zn, we have

! =
p
�1gijdzi ^ dzj :

The Laplace operator on functions is given by the formula

�f = 2gij
@2f

@zi@zj
:

It should be noted that we use di¤erent normalization here from ones appeared in
[LW2, M, LT, Li3].
Munteanu [M] proved the following improved estimate for Kähler manifolds.

Theorem 2. Suppose (M; g) is a noncompact complete Kähler manifold of complex
dimension n. If Ric � � (n+ 1), then �0 � n2=2.

We remark that prior to Munteanu�s work, P. Li and J. Wang [LW2] established
the same inequality under the stronger curvature assumption that the bisectional
curvature KC � �1, i.e. for any vectors X;Y

R (X;Y;X; Y ) +R (X; JY;X; JY ) � �
�
jXj2 jY j2 + hX;Y i2 + hX; JY i2

�
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where J is the complex structure. The Li-Wang [LW2] and Munteanu [M] estimates
are sharp on the complex hyperbolic space CHn normalized to have sectional cur-
vature in [�2;�1=2] so that KC = �1 and Ric = � (n+ 1).
In general, it is more di¢ cult to establish a positive lower bound for �0. In

the Riemannian case, there is a nice theorem due to Lee [Lee1] for the so called
conformally compact Einstein manifolds. A Riemannian manifold (Mn; g) is called
conformally compact if M is the interior of a compact manifold M with boundary
� and for any de�ning function r of the boundary (i.e. r 2 C1

�
M
�
s.t. r > 0

on M , r = 0 on � and dr is nowhere zero along �), g = r2g extends to a C3

metric on M . The conformal class of the metric gj� is invariantly de�ned and
� with this conformal structure is called the conformal in�nity of (Mn; g). We
will also assume that jdrj2g = 1 on �. This condition is invariantly de�ned and
such a metric can be termed AH (asymptotically hyperbolic) as one can check that
the sectional curvature K ! �1 near the conformal in�nity. If g is Einstein, i.e.
Ric (g) = � (n� 1) g, it must be asymptotically hyperbolic.

It is known that the continuous spectrum of an AH Riemannian manifold consists
of the ray [(n� 1)2 =4;+1) with no embedded eigenvalues. In particular �0 �
(n� 1)2 =4. However, in general there may exist �nitely many eigenvalues in the
interval

�
0; (n� 1)2 =4

�
even if g is Einstein. The following theorem was proved

by Lee in [Lee1].

Theorem 3. Let (Mn; g) be a conformally compact Einstein manifold. If its con-
formal in�nity has nonnegative Yamabe invariant, then �0 = (n� 1)2 =4, i.e. the
spectrum is [(n� 1)2 =4;+1).

The main purpose of this paper is to investigate if there is a Kähler analogue of
Lee�s theorem. In Section 2, we consider a class of complete Kähler manifolds with a
strictly pseudoconvex boundary at in�nity. After studying its asymptotic geometry,
we formulate a conjecture on its bottom of spectrum in the Kähler-Einstein case.
In Section 3, we discuss a geometric approach to estimate the bottom of spectrum.
Speci�cally, we prove a sharp lower estimate which illustrates the boundary e¤ect.
In the last section, we focus on the Kähler-Einstein metric constructed by Cheng-
Yau [CY] on a strictly pseudoconvex domain in Cn. We prove a theorem which
yields the optimal lower bound for the bottom of spectrum under the condition that
the induced pseudo-hermitian structure has nonnegative pseudo-hermitian scalar
curvature.

Acknowledgement 1. We thank the referee for a careful reading of the paper and
useful comments.

2. The formulation of the problem

Suppose 
 �� M is a smooth precompact domain in a complex manifold of
complex dimension n. We assume the boundary � = @
 is strongly pseudoconvex
in the sense that there is a negative de�ning function � for the boundary (i.e.
� 2 C1

�


�
s.t. � < 0 on 
, � = 0 on � and d� is nowhere zero along � ) s.t.
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p
�1@@� > 0 near �. Then we can consider near � the following Kähler metric

!0 = �
p
�1@@ log (��)

=
p
�1
�
�
�ij
�
+
�i�j
�2

�
dzi ^ dzj :

By the assumption, the complex Hessian H (�) =
h
�ij

i
is a positive de�nite matrix

and its inverse will be denoted by
h
�ij
i
. In the following, we will also use the

notation �i = �ij�j ; �
j = �ij�i. Let bg be the Riemannian metric de�ned by !0.

We have

bgij = ��ij� +
�i�j
�2

;

bgij = �� �ij + �i�j

�� j@�j2�

!
;

where j@�j2� = �ij�i�j . Notice

bgij�j = (��)2 �i

j@�j2� � �
:

Moreover, bG = det hbgiji = (��)�(n+1) �j@�j2� � �� detH (�) ;
Hence the Ricci tensor is given by

bRij = � (n+ 1) bgij � @2

@zi@zj
log
��
j@�j2� � �

�
detH (�)

�
:

De�nition 1. A Kähler metric ! on 
 is called ACH (asymptotically complex
hyperbolic) if near @


! = !0 +�;

where � extends to a C3 form on 
.

(Cf. [W3] where the complex hyperbolic space is normalized to have holomorphic
sectional curvature �1 instead of �4.)

Proposition 1. The curvature tensor is asymptotically constant. More precisely
for any pair of (1; 0) vectors X;Y

R
�
X;X; Y; Y

�
= (1 + o (1))

�
jXj2

��Y 2��+ 
X;Y �2�
near the boundary, i.e. KC ! �1 at in�nity.

Proof. In local coordinates near the boundary, we write the metric as

gij = �
�ij
�
+
�i�j
�2

+ hij ;

with hij C
3 up to the boundary. Direct calculation shows

@gkl
@zi

=
�i
��gkl +

�k
��gil +

�ikl
�� +

�ik�l
�2

� �i
��hkl �

�k
��hil +

@gkl
@zi

;
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@2gkl
@zi@zj

= gijgkl + gkjgil +
�i
��

@gkl
@zj

+
�k
��

@gil
@zj

+
�ijkl
�� +

�ikl�j + �ikj�l + �ik�jl
�2

� 2
�ik�j�l
�3

� hijgkl � hkjgil � gijhkl + gkjhil + hijhkl + hkjhil

� �i
��

@hkl
@zj

� �k
��

@hil
@zj

+
@2hkl
@zi@zj

:

Then a straightforward but tedious calculation yields

Rijkl =
@2gkl
@zi@zj

� gpq
@gpl
@zj

@gkq
@zi

= gijgkl + gkjgil +O

�
1

��

�
:

�

Let f = (��)�. Then

fi = �� (��)��1 �i;
fij = �� (��)

��1
�ij + � (�� 1) (��)

��2
�i�j :

Thus, by direct calculation

�f = 2gijfij

= 2
hbgij � bgilhklbgij +O ��3�i fij

= 2� (�� n) (��)� [1 +O (�)] :

Proposition 2. For an ACH Kähler manifold, we always have

�0 � n2=2:
Moreover, any number � < n2=2 in the spectrum must be an L2 eigenvalue.

Proof. We �rst prove �0 � n2=2. For f = (��)� we haveZ
f2
!n

n!
=

Z
(��)2��n�1 detH (�) j@�j2 (1 +O (�)) :

Hence f 2 L2 as long as � > n=2. On the other hand

jrf j2 = 2�2 (��)2��2 gij�i�j
= 2�2 (��)2� (1 +O (��)) ;Z

jrf j2 !
n

n!
= 2

Z
gijfifj

!n

n!

= 2�2
Z
(��)2��n�1 detH (�) j@�j2 (1 +O (�)) :

It is then clear

lim
�&n=2

R
jrf j2 !nn!R
f2 !

n

n!

= n2=2:

Therefore �0 � n2=2.



BOTTOM OF SPECTRUM OF KAHLER MANIFOLDS 5

By the above calculation, for any c 2
�
0; n2=2

�
there exists " > 0 such that the

positive function f = (��)n=2 satis�es
��f � cf

outside the compact set K" = f�� � "g. The second part of the theorem then
follows from some general principle (see, e.g. [Lee3]). For any � 2 C1c (MnK") we
have

(2.1)
Z
jr�j2 � c

Z
�2:

Indeed, integrating by partsZ
jr�j2 � c�2 �

Z
jr�j2 + �f

f
�2

=

Z
jr�j2 � 2 �

f
hrf;r�i+ �2

f2
jrf j2

=

Z ����r� � �

f
rf
����2 :

Let � < c. Then from (2.1) we have for any � 2 C2c (MnK")

(2.2) k(� + �) �kL2(M) � (c� �) k�kL2(M) :

Let � 2 C1c (M) be such that 0 � � � 1, � � 1 in a neighborhood of K" and the
support of � is contained in the larger K"=2. Then for any � 2 C2c (M) applying
(2.2) to (1� �) � yields

(c� �) k�kL2(MnK"=2) � (c� �) k(1� �) �kL2(M)

� k(� + �) [(1� �) �]kL2(M)

� k(1� �) (� + �) �kL2(M) +A1 k�kH1(K"=2) ;

where A1 > 0 is a constant depending on the C2 norm of �. By elliptic estimate
on the compact domain K"=2, there exists a constant B > 0 such that

k�kH1(K"=2) � A2
�
k(� + �) �kL2(K"=2) + k�kL2(K"=2)

�
:

Combining the previous two inequalities, we conclude that there exists A > 0 such
that for any � 2 D (�)

k(� + �) �kL2(M) + k�kL2(K"=2) � A k�kL2(M) :

From this inequality, it is easy to prove that�+� is Fredholm on L2. In particular, �
has to be an L2 eigenvalue if it is in the spectrum. We emphasize that the argument
works for any � < n2=2. �

In summary, for an ACH Kähler manifold we have �0 � n2=2 and in general there
may exist L2 eigenvalues below n2=2. The interesting question is when �0 = n2=2.
We believe this is related to the CR geometry on the boundary when the metric is
Kähler-Einstein.
Before we state a precise conjecture, it may be helpful to recall the rudiments of

CR geometry (for details one can check the original sources [T, We] or the recent
book [DT] among many other references). Let � be a smooth manifold of dimension
2m + 1. A CR structure on � is a pair (H (�) ; J), where H (�) is a subbundle
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of rank 2m of the tangent bundle T (�) and J is an almost complex structure on
H (�) such that �

H1;0 (�) ;H1;0 (�)
�
� H1;0 (�) :

where H1;0 (�) = fu �
p
�1Juju 2 H (�)g � T (�) 
 C and H0;1 (�) = H1;0 (�).

We will assume that our CR manifold � is oriented. Then there is a contact 1-form
� on � which annihilates H (�). Any such � is called a pseudo-Hermitian structure
on �. Let ! = d�. Then G� (X;Y ) = ! (X; JY ) de�nes a symmetric bilinear
form on the vector bundle H (�).We assume that G� is positive de�nite. Such a
CR manifold is said to be strongly pseudoconvex. If e� = f� with f > 0, thene! = de� = fd�+ df ^ � and e!jH(�) = f!jH(�). Hence this de�nition is independent
of the choice of �.
There is a unique vector �eld T on � such that

� (T ) = 1; T cd� = 0:

This gives rise to the decomposition

T (�) = H (�)� RT .

Using this decomposition we then extend J to an endomorphism on T (�) by de�n-
ing J (T ) = 0. We can also de�ne a Riemannian metric g� on � such that

g� (X;Y ) = G� (X;Y ) ; g� (X;T ) = 0; g� (T; T ) = 1;

8X;Y 2 H (�). Obviously � = g� (T; �) ; ! = d� = g� (J �; �).
It is shown by Tanaka and Webster that there is a unique connection r on T (�)

such that

(1) H (�) is parallel, i.e. rXY 2 � (H (�)) for any X 2 T (�) and any Y 2
� (H (�)).

(2) rJ = 0;rg� = 0:
(3) The torsion � satis�es

� (Z;W ) = 0;

�
�
Z;W

�
= !

�
Z;W

�
T;

� (T; J �) = �J� (T; �)

for any Z;W 2 H1;0 (�).

Let fT�g be a local frame for H1;0 (�). Then fT�; T� = T�; Tg is a local
frame for T (�) 
 C. The metric is determined by the positive Hermitian matrix
h�� = g�

�
T�; T�

�
. We have the Webster curvature tensor

R���� =
D
�r�r�T� +r�r�T� +r[T�;T� ]T�; T�

E
The pseudo-hermitian Ricci tensor is de�ned to be R�� = �h��R���� and the
pseudo-hermitian scalar curvature R = h��R�� .
Given �, all the pseudo-hermitian structure associated the CR manifold can be

written as

[�] =
n
f2=m� : f 2 C1 (�) ; f > 0

o
:
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If e� = f2=m� is another pseudo-Hermitian structure, then the scalar curvatures are
related by the following transformation

�2 (m+ 1)
m

�bf +R = eRf (m+2)=m;
where �bu = div

�
rHu

�
and rHu is the horizontal gradient.

This is similar to the formula that relates two conformal Riemannian metrics.
Motivated by the Yamabe problem in Riemannian geometry, Jerison and Lee [JL1]
initiated the CR Yamabe problem. Like the Riemannian case, for a compact
strongly pseudoconvex CR manifold (�; [�]) one can de�ne its CR Yamabe invariant

Y (�; [�]) = inf

R ���rHf ��2 + m
2(m+1)Rf

2
�
� ^ (d�)m�R

f2(m+1)=m� ^ (d�)m
�m=(m+1) :

The CR Yamabe problem is whether the in�mum is achieved. The CR Yamabe
problem has been intensively studied. We do not need the solution of the CR
Yamabe problem. If su¢ ces to know the elementary fact that (�; [�]) admits a
pseudo-Hermitian metric with positive, zero or negative scalar curvature i¤ the
Yamabe invariant is positive, zero or negative, respectively.
We now go back to our domain 
 ��M with strongly pseudoconvex boundary.

Clearly, @
 is a strongly pseudoconvex with � =
p
�1@�, with � any de�ning

function. With all these de�nitions, we can formulate the following

Conjecture 1. Suppose (
; g) is an ACH Kähler-Einstein manifold of complex
dimension n. Then �0 = n2=2 if @
 has nonnegative CR Yamabe invariant.

We give an example which has �0 < n2=2 and the boundary has negative CR
Yamabe invariant. Let � : L ! � be a negative holomorphic line bundle over a
compact complex manifold with dimC � = n � 1. Suppose L is endowed with a
Hermitian metric h such that its curvature form is negative, i.e. the (1; 1) form
!0 =

p
�1@@ log j�j2h on Ln f0g de�nes a Kähler metric on �. We further assume

Ric (!0) = �n!0:
For example, we can take a smooth hypersurface of degree 2n + 1 in Pn with L
being the dual of the hyperplane line bundle. The existence of !0 is guaranteed
by the well-known theorem of Aubin and Yau on Kähler-Einstein metrics (the
Calabi conjecture in the negative C1 case). Let 
 = f� 2 L : j�jh < 1g be the unit
disc bundle. Then Calabi [C] constructed an ACH Kähler-Einstein ! metric on 

explicitly

! =
1

1� j�j2
!0 +

j�j2�
1� j�j2

�2p�1@ log j�j2 ^ @ log j�j2
= �

p
�1@@ log

�
1� j�j2

�
+ !0:

Notice that the metric is smooth across � = 0. Indeed, if we write j�j2 = � jwj2
using a local holomorphic trivialization of L, then

! =
1

1� j�j2
!0 +

��
1� j�j2

�2p�1 (dw + w@ log �) ^ �dw + w@ log �� :
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Given the formula, it is easy to verify the Kähler-Einstein equation

Ric (!) = Ric (!0) + (n+ 1)
p
�1@@ log

�
1� j�j2

�
�
p
�1@@ log j�j2

= Ric (!0) +

 
n� n+ 1

1� j�j2

!
p
�1@@ log j�j2

� (n+ 1) j�j2�
1� j�j2

�2p�1@ log j�j2 ^ @ log j�j2
= � (n+ 1)!:

This example was studied in detail in [W3] using a di¤erent normalization. In
particular it was found there that �0 = 2 (n� 1). It is less than n2=2 if n > 2.
On the boundary @
 = f� 2 L : j�jh = 1g which is a circle bundle over �, the

CR structure is determined by the pseudo-hermition metric

� =
p
�1@ log j�j2 :

Suppose (U; z) is a local chart on � on which we choose a holomorphic trivialization.
Then locally @
 is given by

N =
n
(z; w) 2 U � C : � (z) jwj2 = 1

o
:

with � =
p
�1@ log

�
� jwj2

�
and d� = !0. We have the local frame

Ta =
@

@za
� w@ log �

@za

@

@w
;

T =
p
�1
�
w
@

@w
� w @

@w

�
:

Simple calculation yields h
T�; T�

i
= �

p
�1g��T;

[T�; T ] = 0:

Thus, rTT� = 0;rT�T� = 0, while

rT�T� = g
�
@g��
@za

T
 :

In particular, the Tanaka-Webster connection is torsion-free. Further calculation
yields that the Webster curvature tensor of the Tanaka-Webster connection agrees
with the curvature tensor of the Kähler metric !0 on �. In particular, the pseudo-
hermitian scalar curvature of � equals �n (n� 1).

3. The boundary effect

To study a noncompact Riemannian manifold, we can often choose an exhaustion
by certain compact domains with smooth boundary and then study these compact
manifolds with boundary. This approach is illustrated by the second author�s proof
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of Lee�s theorem [W1]. In fact this method proves a stronger result. Recall the
isoperimetric constant I1 is de�ned as

I1 = inf
D�M

A (@D)

V (D)
;

where the in�mum is taken over all compact domains D with smooth boundary. It
is a well known fact that �0 � I21=4. It is proved in [W1] that I1 � n� 1.
The main idea is in fact the following theorem about a compact manifold with

boundary.

Theorem 4. Let (Mn; g) be a compact Riemannian manifold with nonempty bound-
ary. We assume that

� Ric (g) � � (n� 1),
� The boundary @M has mean curvature H � n� 1.

Then the �rst Dirichlet eigenvalue �0 � (n� 1)2 =4.

To complete the proof of Lee�s theorem, we focus for simplicity on the case of
positive Yamabe invariant. We choose a metric h on the boundary � s.t. it scalar
curvature s > 0. Then there is a de�ning function r near the boundary s.t. near
the boundary

g = r�2
�
dr2 + hr

�
;

where hr is a family of metrics on � with h0 = h. Moreover, under the Einstein
condition, we have the following expansion

hr = h�
r2

n� 3

�
Ric (h)� s

2 (n� 2)h
�
+ o

�
r2
�
:

For " > 0 small enough, we consider M" = fr � "g which is a compact mani-
fold with boundary. A direct computation shows that the mean curvature of the
boundary satis�es

H = n� 1 + s

2 (n� 2)"
2 + o

�
"2
�
:

Therefore we have H � n� 1 for " su¢ ciently small. Applying Theorem 4 for each
M" we conclude �0 (M) � (n� 1)2 =4.

In the Kähler case, we have the following analogue of Theorem 4.

Theorem 5. Let (M; g) be a compact Kähler manifold with nonempty boundary
and dimCM = n. We assume that

� KC � �1,
� The second fundamental form of boundary @M satis�es �(J�; J�) �

p
2

and �(X;X) + � (JX; JX) �
p
2 for all unit X perpendicular to J�.

Then the �rst Dirichlet eigenvalue �0 � n2=2.

In the statement, � is the outer unit normal along @M and the second funda-
mental form is de�ned by

�(X;X) = hrX�; Y i :
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Let r : M ! R+ be the distance function to @M . For any geodesic 
 : [0; l] ! M
with p = 
 (0) 2 @M and 
0 (0) = � (p) and any piecewise C1 vector �eld X along

 with X (0) 2 Tp@M , we have the index form

I (X;X) = ��(X (0) ; X (0)) +
Z l

0

"���� �X (t)����2 �R�X (t) ; �
 (t) ; X (t) ; �
 (t)�
#
dt:

The proof is based on the following lemma.

Lemma 1. Under the same assumptions, we have �r � �
p
2n in the support

sense.

It su¢ ces to calculate �r at a non-focal point q. Let 
 : [0; l] ! M be a
minimizing geodesic from @M to q. We have

�r =

2(n�1)X
i=0

I (Zi; Zi) ;

where fZig are normal Jacobi �elds s.t. fZi (l)g are orthonormal. Let feig be an
orthonormal set in T
(0)@M with e0 = J� and e2� = Je2��1 for � = 1; � � � ; n� 1.
Let fEi (t)g be parallel vector �elds along 
 with Ei (0) = ei. For L > l we set

X0 (t) =
sinh

p
2 (L� t)

sinh
p
2 (L� l)

E0 (t) ; X� (t) =
sinh (L� t) =

p
2

sinh (L� l) =
p
2
E� (t) :

We calculate

I (X0; X0) =
1

sinh2
p
2 (L� l)

�
� sinh2

p
2L�(J�; J�)

+

Z l

0

h
2 cosh2

p
2 (L� t)�H

� �

 (t)

�
sinh2

p
2 (L� t)

i
dt

!

� 1

sinh2
p
2 (L� l)

�
�
p
2 sinh2

p
2L

+2

Z l

0

h
cosh2

p
2 (L� t) + sinh2

p
2 (L� t)

i
dt

!

=
�
p
2 sinh2

p
2L�

p
2 sinh

p
2 (L� l) cosh

p
2 (L� l) +

p
2 sinh

p
2L cosh

p
2L

sinh2
p
2 (L� l)

=

p
2 sinh

p
2L
�
cosh

p
2L� sinh

p
2L
�

sinh2
p
2 (L� l)

�
p
2
cosh

p
2 (L� l)

sinh
p
2 (L� l)

:



BOTTOM OF SPECTRUM OF KAHLER MANIFOLDS 11

Similarly, for � = 1; � � � ; n� 1

I (X2��1; X2��1) + I (X2�; X2�)

=
1

sinh2 (L� l) =
p
2

�
� sinh2 L=

p
2 [� (e2��1; e2��1) + � (e2�; e2�)]

+

Z l

0

�
1

2
cosh2 (L� t) =

p
2�R

�
�
E2��1 (t) ;

�

 (t) ;

�
E2��1 (t) ;

�

 (t)

�
sinh2 (L� t) =

p
2

�
dt

+

Z l

0

�
1

2
cosh2 (L� t) =

p
2�R

�
�
E2� (t) ;

�

 (t) ;

�
E2� (t) ;

�

 (t)

�
sinh2 (L� t) =

p
2

�
dt

!

� 1

sinh2 (L� l) =
p
2

 
�
p
2 sinh2 L=

p
2 +

Z l

0

h
cosh2 (L� t) =

p
2 + sinh2 (L� t) =

p
2
i
dt

!

=
�
p
2 sinh2 L=

p
2�

p
2 sinh (L� l) =

p
2 cosh (L� l) =

p
2 +

p
2 sinhL=

p
2 coshL=

p
2

sinh2 (L� l) =
p
2

=
2 sinhL=

p
2
�
coshL=

p
2� sinhL=

p
2
�

sinh2 (L� l) =
p
2

�
p
2
cosh (L� l) =

p
2

sinh (L� l) =
p
2
:

By letting L!1 we obtain

I (X0; X0) � �
p
2;

I (X2��1; X2��1) + I (X2�; X2�) � �
p
2 for � = 1; � � � ; n� 1:

By the minimality of Jacobi �elds, we have �r �
P2(n�1)

i=0 I (Xi; Xi) � �n
p
2.

Theorem 5 then follows from the previous lemma by an argument in [W1]. For
completeness, we provide the detailed proof.

Proof of Theorem 5. We consider the �rst eigenfunction f on M�
��f = �0f; on M ,
f = 0 on @M:

We can assume that f > 0 in M . Suppose fe�nr=
p
2 achieves its maximum at an

interior point p. For any � > 0, let �� be a C2 lower support function for �r at p,
i.e.

�� � �r in a neighborhood U� of p;

�� (p) � �r (p) ;��� (p) � n
p
2� �:

As �r is Lipschitz with Lipschitz constant � 1, it is easy to prove jr��j (p) � 1.
The C2 function fen��=

p
2 on U� achieves its maximum at p, so we have

rf (p) = � np
2
r�� (p) ;

�
�
fen��=

p
2
�
(p) � 0:
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We calculate at p

�
�
fen��=

p
2
�
(p) = en��=

p
2

�
�f + n

p
2 hrf;r��i+

np
2
f��� +

n2

2
f jr��j2

�
= en��=

p
2

�
��0f +

np
2
f��� �

n2

2
f jr��j2

�
� fen��=

p
2

�
��0 + n2 �

n�p
2
� n

2

2

�
= fen��=

p
2

�
��0 +

n2

2
� n�p

2

�
:

Therefore �0 � n2=2� n�=
p
2. Let � ! 0 we get �0 � n2=2. �

4. Strictly pseudoconvex domain in Cn

Let 
 be a smooth, bounded strictly pseudoconvex domain in Cn. We want to
study Kähler metrics !u =

p
�1@@u, where u is smooth 
 s.t. �(z) = �e�u is a

de�ning function for @
. The relation between u and � associated with Monge-
Ampère operator and Fe¤erman operator is as follows

(4.1) detH(u) = J(�)e(n+1)u;

where H(u) is complex Hessian matrix and

J(�) = �det
�
� �j
�i �ij

�
:

Notice that such a metric is ACH. Indeed, let � be a strictly plurisubharmonic
de�ning function, i.e.

p
�1@@� > 0. Then we have � = �f , where f is smooth and

positive on 
. Therefore

!u = �
p
�1@@ log (��)

= �
p
�1@@ log (��)�

p
�1@@ log (�f) ;

clearly ACH. Then the Ricci form for !u is

Ric = �
p
�1@@ log detH(u)

= �(n+ 1)
p
�1@@u�

p
�1@@ log J(�)

= �(n+ 1)!u �
p
�1@@ log J(�):

Cheng and Yau [CY] proved that there exists a unique Kähler-Einstein metric
!u =

p
�1@@u, where the strictly plurisubharmonic u solves the following Monge-

Ampère equation
detH (u) = e(n+1)u in 
;

u =1 on @
:

Or equivalent, �(z) = �e�u solves the Fe¤erman equation J(�) = 1. Moreover,
they proved that � 2 Cn+3=2

�


�
and it is a de�ning function for @
.

To study the spectrum of such metrics, our starting point is the following theorem
proved in [LT].

Theorem 6. Let !u =
p
�1@@u be a Kähler metric on 
 with �(z) = �e�u a

de�ning function for @
. If � is plurisubharmonic, then �0(!u) = n2=2.
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Remark 1. Notice that

(4.2) �ij = e
�u
�
uij � uiuj

�
:

Therefore � is plurisubharmonic i¤ j@uj2g � 1.

From (4.2) we also obtain detH (�) = e�nu(1�j@uj2g) detH (u). Combined with
(4.1) it yields the following formula

detH(�)

J(�)
= eu(1� j@uj2g):

It follows that j@ujg ! 1 as long as �detH(�)J(�) ! 0 as z ! @D.
For estimating the lower bound for �1(�g), it was proved in [LT] that if �

is plurisubharmonic in D then �1(�g) � n2=2. Various version of the following
lemma was proved and used in [Li1, Li2]. Here, we state and prove by using Ricci
curvature.

Lemma 2. Let !u =
p
�1@@u be a Kähler metric on 
 with �(z) = �e�u a

de�ning function for @
. If Ric � �(n+ 1), then

�
h
eu
�
j@uj2g � 1

�i
� 0:

Proof. We notice that

gilgkjuijukl = m;�u = gijuij = m:
By the Bochner formula, we have

� j@uj2g = gilgkjuijukl + gilgkjui;kuj;l + gij
�
ui (�u)j + (�u)i uj

�
+Riju

iuj

� m+ gilgkjui;kuj;l � (m+ 1) j@uj
2
g :

We calculate

�
h
eu
�
j@uj2g � 1

�i
= eu

h�
�u+ j@uj2g

��
j@uj2g � 1

�
+� j@uj2g

i
+ eu

�
gij
�
ui

�
j@uj2g

�
j
+
�
j@uj2g

�
i
uj

��
� eu

h�
m+ j@uj2g

��
j@uj2g � 1

�
+m+ gilgkjui;kuj;l � (m+ 1) j@uj

2
g

i
+ eu

�
gij
�
ui

�
j@uj2g

�
j
+
�
j@uj2g

�
i
uj

��
= eu

h
j@uj4g � 2 j@uj

2
g + g

ilgkjui;kuj;l

i
+ eu

�
gij
�
ui

�
j@uj2g

�
j
+
�
j@uj2g

�
i
uj

��
On the other hand �

j@uj2g
�
i
=
�
gklukul

�
i

= gkl
�
uk;iul + ukuil

�
= gkluk;iul + ui:
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Similarly �
j@uj2g

�
j
= gklukuj;l + uj :

Therefore

�
h
eu
�
j@uj2g � 1

�i
� eu

h
j@uj4g � 2 j@uj

2
g + g

ilgkjui;kuj;l

i
+ eu

h
gijgkl

�
uk;iuiul + uj;luiuk

�
+ 2 j@uj2g

i
= eu

h
j@uj4g + g

ilgkjui;kuj;l + g
ijgkl

�
uk;iuiul + uj;luiuk

�i
� 0;
by the Cauchy-Schwarz inequality. �

Theorem 7. Let 
 be a smoothly bounded and strictly pseudoconvex domain in Cn
with de�ning function � 2 C3(
) so that u = � log(��) is strictly plurisubharmonic
in 
. Let g be the Kähler metric with Kähler form !u =

p
�1@@u. Let (@
; �) be

the pseudo-hermitian manifold with the contact form � =
p
�1@� and let R� be its

Webster pseudo scalar curvature. Assume that g is Kähler-Einstein. If R� � 0 on
@
 then �0 = n2=2.

Proof. The proof is based on the following formula

Ric�
�
X;Y

�
= �D2 (log J (�))

�
X;Y

�
+ (m+ 1)

detH (�)

J (�)

�
X;Y

�
:

If
p
�1@@u is Kähler-Einstein, then J (�) = 1. Thus

Ric�
�
X;Y

�
= (m+ 1) detH (�)

�
X;Y

�
;

R� = m (m+ 1) detH (�) :

If R� � 0, then detH (�) � 0 on @
. By the previous lemma and the maximum
principle, we have j@uj2g � 1. Therefore �0 = n2=2 by Theorem 6. �

Remark 2. It is clear from the proof that the conclusion �0 = n2=2 remains valid if
the Kähler-Einstein condition is replaced by Ric (g) � �(n+1)g and Rg+n(n+1) =
O(�2) in 
.

Remark 3. When 
 is an ellipsoid with Kähler-Einstein metric, the above theorem
was proved by the �rst author in [Li3].
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