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1. INTRODUCTION

Let (M, 0) be a pseudohermitian manifold of dimension 2m + 1 and T the Reeb
vector field. We always work with a local unitary frame {7, : a = 1,--- ,m} for
TH0 (M) and its dual frame {#*}. Thus

(1.1) o =/=1% 0 A6~
We will often denote T by Tp. In [LW], the first and third named authors proved
the following Obata type result in CR geometry.

Theorem 1. Let M be a closed pseudohermitian manifold of dimension 2m~+1 > 5.
Suppose there is a real-valued nonzero function u € C*° (M) satisfying

Ua,p = 07

K n v—1 5
u z=|— U U ,
o.B 2(m+1) g 0)%ap
for some constant & > 0. Then M is equivalent to the sphere S*™*1 with its
standard pseudohermitian structure, up to a scaling.

A weaker version of the above theorem is also proved in dimension 3 (m = 1) in
[LW] which requires an additional condition.

In this paper we prove a variant of the above theorem which characterizes the CR
sphere in terms of the existence of a (non-trivial) complez-valued function satisfying
a certain overdetermined system. The precise statement is the following theorem.

Theorem 2. Let (M, 0) be closed pseudohermitian manifold with dimension 2m +
1 > 5. Suppose that there exists a nonzero complex-valued function f on M satis-

Jying

for some constant ¢ > 0. Then (M, ) is CR equivalent to S*™*1 with its standard
pseudohermitian structure, up to a scaling.

Theorem 2 is motivated by the recent sharp lower bound for positive eigenvalues
of the Kohn Laplacian by Chanillo, Chiu and Yang [CCY], just as Theorem 1 is
1
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motivated by Greenleaf’s sharp estimate for the first eigenvalue of the sublaplacian
Ap. Recall that the Kohn Laplacian on a (complex-valued) function f is defined by

(1.2) Obf = 0,05f = — fx.a-
and its conjugate Oy f = —fo.z = Opf — V/—1mTf. We have
(1.3) —Ap =0, + 0, =20, + vV—1mT =20, — vV—1mT.

On a closed pseudohermitian manifold M, the Kohn Laplacian [, defines a non-
negative self-adjoint operator on the Hilbert space L? (M) of all complex-valued
functions f with |f|? is integrable on M, and the inner product on L? is defined by

(1.4) (o o) = /M 1T

But unlike Ay, it does not satisfy the Hormander condition and, as a result, its
resolvent is not compact. The three dimensional case is more complicated than
higher dimensions. Nevertheless, it is proved by Burns and Epstein [BE] that the
spectrum of O, in (0,00) consists of point eigenvalues of finite multiplicity. In
general, there may exist a sequence of eigenvalues rapidly decreasing to zero. Zero
is an isolated eigenvalue iff the range of Oy is closed.

Motivated by the embedding problem for 3-dimensional CR manifolds, Chanillo,
Chiu and Yang [CCY] recently proved the following eigenvalue estimate for the
Kohn Laplacian:

Theorem 3. Let M be a closed 3-dimensional pseudohermitian manifold. If the
Paneitz operator Py is non-negative and the scalar curvature R > k, with k being

a positive constant, then any nonzero eigenvalue of O, satisfies
1

)\25/{

Recall that the Paneitz operator Py :C* (M) — C* (M) on a closed pseudo-
hermitian manifold is defined by

(1.5) Pof = (Paf) g = Froom +mV=T (Aasfz) .
We say that Py is non-negative if for any f € C* (M)
(16) | mizo

M

Though Chanillo, Chiu and Yang only proved the eigenvalue estimate for 3-dimensional
pseudohermitian manifolds, their argument can be easily generalized to higher di-
mensions. In fact, since the Paneitz operator P is always non-negative on closed
pseudohermitian manifolds of dimension > 5, the statement is even simpler (see
Chang and Wu [CW]).

Theorem 4. Let (M, 0)be a closed pseudohermitian manifold of dimension 2m+1.
Suppose for all X € T (M)
Ric(X,X) > r|X|?,

where Kk is a positive constant. Then any nonzero eigenvalue of Oy satisfies
m

m—+1

A > K.
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Note that the estimate is sharp as equality holds on the sphere
§2mtl — {z eC™ |z = 1}

with the standard pseudohermitian structure
90 = (2\/ 715 |Z|2) |§2m+1.

A natural question is whether the equality case characterizes the CR sphere
with the standard pseudohermitian structure up to a scaling. In their preprint
[CW] Chang and Wu studied this problem and proved various partial results. One
of them states that M is indeed equivalent to the CR sphere S+ if equality holds
in Theorem 4, provided that the following identity

(1.7) /M Agzfafs =0

is satisfied for a corresponding eigenfunction f.
As a corollary of Theorem 2, we can resolve this question in the general case.
Namely, we have the following rigidity result.

Corollary 1. If equality holds in Theorem /4, then (M,0) is equivalent to the CR
sphere (82"’“, 90), up to a scaling, i.e. there exists a CR diffeomorphism F : M —
St such that F*0y = cO for some constant ¢ > 0.

We expect that a similar version of Theorem 2 is true in dimension 3 from which
the characterization of the equality case in Theorem 3 would follow. But we have
not been able to prove it yet. This is due to an additional difficulty that arises only
in 3-dimensional case: It is not clear when functions annihilated by the CR Paneitz
operator Py are CR-pluriharmonic.

Another remark is that despite the similarity between these theorems and Obata’s
theorem in Riemannian geometry, the proofs are essentially different due to the
torsion of the Tanaka-Webster connection. In fact, a crucial step in the proof of
Theorem 2 is to show that the torsion must vanish. But unlike the approach in
[LW], where the vanishing of torsion was deduced from estimates regarding high
powers of the real-valued function u (or an eigenfunction of Ay), the vanishing of
the torsion in our proof of Theorem 2 is proved by deriving various identities that
are satisfied simultaneously only if the torsion is zero.

The paper is organized as follows. In Section 2, we review some basic facts in
CR geometry and discuss the Bochner formula for the Kohn Laplacian. In Section
3 we discuss the spectral theory of the Kohn Laplacian. In Section 4 we discuss
the eigenvalue estimate of Chanillo, Chiu and Yang and its generalization to higher
dimensions. We deduce Corollary 1 from Theorem 2. The proof of Theorem 2 is
then presented in Section 5.

Acknowledgement: We would like to thank Professor Mei-Chi Shaw for very
instructive conversations on the analysis of the Kohn Laplacian on CR manifolds.

2. PRELIMINARIES

We first review some basic facts in CR geometry. Define the operator P :
C*> (M) — ALY (M) by

Pf = (fma n mﬁAanE) 9.
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We write P, f = (f?,va + m\/—lAang) We also write

1
B sf=1f,53— —fy70a8-
aﬁf foz.ﬂ mf’Y»’Y %]
The Paneitz operator Py :C* (M) — C* (M) is defined by
Pof = (Paf) = Froom +mV =T (Ausfs) -

Graham-Lee [GL] proved that P, is a real operator. Moreover, Py is symmetric,
ie. for f1, fo € C°° (M) with one of them compactly supported

/M Pofifa = /M f1Po fa.

Here, the integrals are taken with respect to the volume form dV = 6 A (df)™. They
also proved the following identity when M is closed:

(21) [ Bsat? = [ |B57 =" [ Frr,

Therefore, on a closed pseudohermitian manifold of dimension 2m + 1 > 5, the
Paneitz operator is nonnegative, in the sense that for any complex- valued func-

tion f, it holds that
/ fPof 20
M

But in dimension 3, there are closed pseudohermitian manifolds whose Paneitz
operator is NOT nonnegative.

The following Bochner-type formula for the Kohn Laplacian was established by
Chanillo, Chiu and Yang [CCY] (see also Chang and Wu [CW]).

Proposition 1. Let f be a complez-valued function. Then

m+1 -

_ 2 ) 1
-0, |af’ = ( faﬁ‘ + | fa,8 ) T (Ouf)gfa— %fa('jbf)a

ol — m—1 _
+Ra3faf5—EfaPaf+ mTfa(Paf)-

Integrating over a closed M yields

1 . m+1 1
ag‘ +|Bo¢6f|> - M\Dbﬂ I /M(Dbf)afa**/M (O f),
_9 _
+/ aﬂfaf[j"" m v E(Paf>
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where we have used the decomposition fz,s = Bzaf + =0 fdas. Therefore, we
have

e =2 [ e

Integrating by parts yields

/Mfawa?):—/ 7 (PT)
/fPof
_—/proﬁ

In the last step, we have used the fact that P, is a real operator. Plugging this
identity and (2.1) into (2.2) yields

Fag| +1Basl +Ra5faf5+—/ f= (BT

Proposition 2. Let M be a closed pseudohermitian manifold of dimension 2m + 1
and f a complex function on M. Then

@3 [P = [ rsf + [ Rt [ TR

3. THE SPECTRAL THEORY OF THE KOHN LAPLACIAN

Based on the work of Beals and Greiner [BG], Burn and Epstein [BE] proved
the following theorem in dimension 3.

Theorem 5. Let M be a closed pseudohermitian manifold of dimension 3. The
spec ([p) in (0,00) consists of point eigenvalues of finite multiplicity. Moreover all
these eigenfunctions are smooth.

The spectral theory of the Kohn Laplacian in the higher dimensional case is in
fact simpler. This is because the Hodge theory for (0, 1)-forms is valid for all closed
pseudohermitian manifold of dimension 2m 4+ 1 > 5 by the fundamental work of
Kohn [K]. The spectral theory for the Kohn Laplacian can then be deduced from
the Hodge decomposition theorem for (0, 1)-forms. This is known to the experts.
But since it is not easily accessible in the literature, we give a detailed presentation,
using the Bochner formula as a short cut. For background and a detailed exposition
of the Kohn theory we refer to the book [CS] by Chen and Shaw, which is our
primary source.

Proposition 3. Let M be a closed pseudohermitian manifold of dimension 2m—+1 >
5 and f a complex function on M. Then

s 18P = [ o] + g Uwsl+ [ Rt
m(m—1) b1 = ap m—1"7%P IR
Proof. When m > 2, we have by (2.1)

=/ fPof——/ |BasfP

:m . <|faﬁ —*|Dbf| )

Plugging this identity into (2.3) yields the desired identity. O
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Throughout the rest of this section, we assume m > 2. We have from the
previous Proposition

2 ) — 9

faz| +mlfasl? = Cl@us],

where C' > 0 depends on the pseudohermitian Ricci tensor.
For f € Dom (O,) we have

= .12
06 f[|” = (Cuf, £) < IFINT A1 -
We will use this inequality implicitly.

(3.1) 0 £ = m (m — 1)

Let H denote the space of L? CR holomorphic functions, i.e.
H={feL*(M):0,f =0}.
Proposition 4. The range of 0 : L? (M) — L%O,l)
R (5;,) = 5;,5; (Dom <D2’1>). Moreover, for all B € R (5;,), there exists a unique
feHNDom (51,) such that Opf = B and
1l < Clsl.

Proof. The first part is Corollary 8.4.11 in [CS]. Suppose 8 = Oyu. By the
Hodge decomposition for 9, on L%O,l) (M) (Theorem 8.4.10 in [CS]) there exists

o€ L2 . (M) satisfying 8,0pa = 0 and

(M) is closed and more precisely

(0,1)
B = ngZcu.
Moreover |lafl; < C|8]]. It is easy to check that f := Dy has all the desired
properties. ([l

Proposition 5. The range of Oy : L? (M) — L? (M) is closed and more precisely
R(O,) = Ht. Moreover, for all ¢ € H*, there exists a unique f € H*-N Dom ()
such that Oy f = ¢ and

(3-2) Ll < Cllowf| -

Proof. Clearly R (00,) C H*. Suppose ¢ = Tyu € R (,). By Proposition 4, there
is a unique f € H* such that 9, f = dpu and || f|| < C ||5bf||. Then Oy f = Oyu = ¢.
We now prove that R () is closed. Suppose ¢, = Opfr, — ¢ in L%O,l) (M), with
each f;, € H*. Then for k < I, we have O, (f, — f1) = ¢r — ¢;. Thus,

1 £ = Do fi]|” < Il — ol 1 £ — £
< Cllor — ¢ull||0sf — B fi| -

It follows that ||0y fr. — 9 fi|| < C'|l¢x — |- Applying (3.2) again yields || fr — fi]| <
C? ||¢x, — ¢1]|- Therefore, {fi} is Cauchy in L? (M). Denote its limit by f. Then
fe — fand Oy fx, — ¢. As O, is a closed operator, we conclude that f € Dom (Op)
and O, f = ¢. Therefore, R () is closed.

If R(0,) was not the entire H1, then there exists a nonzero ¢ € H=* that is
perpendicular to R (). This implies ¢ € H, obviously a contradiction. [
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Therefore, the operator [0, : H+ N Dom (O,) — H* is bijective. The inverse
operator exists and is denoted by 7' : H+ — HL. Namely, for each ¢ € H*, we
define f = T'(¢) € H* to be the unique solution to O, f = ¢ (which exists and
unique by Proposition 5).

Theorem 6. The operator T : H+ — H' is compact.

Proof. By (3.1) there exists a constant C' > 0 such that for any f € C*> (M)

It follows, by the Hérmander estimate (see Theorem 8.2.5 in [CS]), that

fa|) +tmall <€ ([0t +15117)

(3.3) 105170 < ¢ (131 + 10012)

where ||-[|; /5 is the norm for the Sobolev space W(l(){ ?) (M). By approximation, this
inequality holds for all f € Dom ((0,). We can further assume that f € H*.
Suppose {fi} € H*+ N Dom (Op) is a sequence such that ¢, = [, f are bounded

in L2 (M). By (3.3), 0y f are bounded in W(lo/f) (M). By the Sobolev embedding

theorem and passing to a subsequence, we can assume that {9, f} is Cauchy in
L%O,l) (M). By (3.2), {fx} is Cauchy in L? (M). The proof is complete. O

Theorem 7. The spec (Op) consists of countably many eigenvalues Ao = 0 < A1 <
Ao < -+ with A\; = 00 as @ — oo. Moreover, for i > 1, each \; is an eigenvalue of
finite multiplicity and all the corresponding eigenfunctions are smooth.

Proof. We have proved, in Proposition, 5 that R () is closed. Thus, Ag = 0 is an
eigenvalue whose corresponding eigenspace is A, which is of infinite dimensional.
With respect to the orthogonal decomposition L? (M) = H @ H*, the operator
Al — [0, is given by the following matrix

A 0
0 A —Oylye

Therefore, A > 0 is in spec ((Jp) if and only if A=! is in spec (7). As T is compact,
spec (T') N (0, +00) consists of countably many eigenvalues of finite multiplicities
w1 > po > -+ with lim g; = 0. Therefore, spec ((Jp) consists of \g =0 < \; <
Ao < -+- with A; = 1/p; for all i > 1 and the eigenspace of [J, corresponding to A;
equals the eigenspace of T' corresponding to ;.

Suppose f is an eigenfunction corresponding to an eigenvalue A > 0, i.e. O, f =
Af. Then the (0,1)-form 3 = 9, f satisfies

008 = 00 f
= Ao f
— A8,

By the Hodge theory for (0,1)-forms, 8 is smooth. As f = %5:5, we see that f is
smooth. (]
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4. THE EIGENVALUE ESTIMATE
With the spectral theory of [, understood, we can now state the following

Theorem 8. Let M be a closed pseudohermitian manifold of dimension 2m + 1.
When m = 1, we further assume that the Paneitz operator is non-negative. Suppose
Ric(X,X) > r|X|?,

where Kk is a positive constant. Then any nonzero eigenvalue of Oy satisfies
m

m+1:‘$

Az

Proof. Suppose f is a nonzero eigenfunction with eigenvalue A > 0. By (2.3), under
the assumptions

o]

= fO

H/Mf of

=X [ 117
M

O

Thus, A >

m
m+1 K.

Theorem 8 was first proved by Chanillo, Chiu and Yang [CCY] in the case m = 1.
We have followed basically the same argument (see also Chang and Wu [CW]).

_m _

Proposition 6. Suppose A = P

function. Then we must have:
(i) If m =1, then

k in Theorem 8 and f a corresponding eigen-

K
fi1=0, fii=—5f BRf=0
(ii) If m > 2, then
K
fz3=0, fap= _mfaaﬁ-

Proof. If equality holds, by inspecting the proof of Theorem 8, we must have fa,B =
0 and |, M fPyf =0. As P, is nonnegative, it follows easily that Pyf = 0. As Py is
a real operator, we also have Pyf = 0. When m > 2, this implies by (2.1) that

1
fap = —EDbf%ﬁ

R

=~ fdas. O

Combining this Proposition and Theorem 2, we immediately obtain the following

Corollary 2. Suppose A = ;5K in Theorem 8 and m = 2. Then (M,0) is CR

equivalent to S+ with its standard pseudohermitian structure, up to scaling.
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5. PROOF OF THE MAIN THEOREM

We now prove our main theorem (Theorem 2). By scaling, we may assume
¢ =1/2. Theorem 2 is equivalent to the following

Theorem 9. Let (M, 0) be closed pseudohermitian manifold with dimension 2m +
1 > 5. Suppose that there exists a nonzero complex function f on M satisfying

fa7ﬁ = 07
fop=—2fd
o, — 9 af

Then (M, 0) is CR equivalent to the S*™ 1 with its standard pseudohermitian struc-
ture.

Therefore we have

(5]‘) fa)ﬁ = 07
1

(5.2) fap = —5f8as.
Using (5.1) and (5.2) it is easy to derive

_ 2 1 —
(5.3) (|6bf| )a =—5/fa
Proposition 7. We have
(5'4) Aa,@?»y = Aa'y?ﬂa
(5.5) fy=2vV—-1A,f5.

Proof. Differentiating (5.1) yields
Aaﬁ?ry = Aa'y?ﬁ~
Differentiating (5.2) yields
—Oapfry/2= fapy
= fans = V=1(0asAre = 0ayAgo) fz
= =00y f3/2 = V=1 (bapAyo = arApo) f7-
Hence
Sap (f1/2 = V=1Aysfz) = dary (f3/2 = V=140 f) -
Therefore f,/2 — /—1A,,f5=0. O
Let Q = \/—1Aaﬁfafg. Set
Kz{peMngf(p)zo}.
On M\ K we define
= L2
¥ =2Q/|0vf|".
Note that ¢ is smooth and bounded on M\ K.

Lemma 1. M\K is open and dense.
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Proof. We need to prove that K has no interior point. Write f = u + +/—1v with
u and v real. Then, using (5.2)

U5 = %( fagtla ,ﬁ)
% (fg o \/jlfofsaﬁ + 701’5)
2T ) s

Therefore, u is CR pluriharmonic. Similarly, v is also CR pluriharmonic.

Now suppose 9y, f = 0 on a connected open set U. By (5.2) f = 0 on U. Hence, u
and v both vanish on U. Being CR pluriharmonic, u and v then must be identically
zero on M. This is a contradiction. U

Proposition 8. On M\K we have

V1
(5.6) Aap = fols
B |3bf‘2 B

(5.7) £y =¥,
Proof. Using (5.4), we compute
Aaﬁ |5bf|2 = Aav?ﬂf?
2 fﬂfﬁ
2uf1
ST s
005"
r _
= fof
|3bf|2 B
- —V1YTLT
PR

This proves (5.6). To prove (5.7), we compute using (5.5) and (5.6)

= A'yoz lgbf‘

Remark 1. From (5.6), we obtain on M\K

= Z |Aa5|2
a,B

1

_ = 2
= < lul’.

Therefore, |’(/J|2 extends smoothly to the entire M.
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Proposition 9. On M\K we have

(5.8) Oyt =0
and
(5.9) ﬁfo—%f+%w?:o.

Proof. Differentiating f, = ¥ f,, and using (5.2) yields
fog=V5fa+¥fa3
1
= — =Y foap-
Vgfa = 5% 0as
By using (5.2) again, we further compute the left hand side

fo5 =50+t V—1f00ap
1
= *§f5a/3 +vV—=1fobas-
Therefore,

_ 1 1 —
Vgfa = (V—lfo - §f + 21/Jf) dap-
From this, it follows easily (since m > 2) that /—1fy — f/2 + ¥ f/2 = 0 and

Yz =0. g
Proposition 10. We have
m-+1

Proof. Using (5.1) and (5.2), we compute
0= ?a,ﬁﬁ
= ?aﬁ,@ +v _1657?0(,0 - RBW@F?U
1_ _ _ _
= *ifﬁfsa'y +v *1557 (fo,a - Aaaf?) — Rgmo5f 5
Differentiating (5.9) and using (5.8) and (5.7) yields
1 _ _
m07a = 5 (¢fa - fa)

=3 (WP —1) 7

Plugging this into the previous equation and using (5.7) again, we obtain

0=~ 5T sboc — RomarTn + B (11* = 1) T = V=T Ao f| 05y

1- — 1-
= _§f65av — Rgzazfo — §foc65’¥’
where in the last step, we have used (5.6). Therefore,
_ 1 — _
—Rpzasfo = 5 (f55om + faéﬁ')’) .

Taking trace over 8 and ~ yields (5.10). O
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Since the Paneitz operator Py is real, we have

/MfPO?Z /M?P(Jf =0.

Applying the Bochner formula to f yields

=/M|fa,m2+m“/ o |6bf|

We compute on M\ K, using (5.7) and (5.1)

(5.11) Jap =Vafa+Ufags
=vsfa-
From this, we get on M\ K

(5.12) 00?3 f|* = > | fapl?

Notice that the right hand side is smooth on M. Therefore, |8bw\2 ’51, f ‘2 extends
smoothly to the entire M and the above inequality holds on M. Similarly, using
(5.8) as well

— — — — m—
Dbf = _fa7a = (wfa)ﬁa = —wfa,a = 5¢f-
Plugging these into the integral identity, we obtain

m(m—|—1) 2 2

mm el /M 2 171

=/ Oy |5bf¢2+m“/ Wl (3o f ]2,
M

i.e.

613 [ el Bl =" [ (51 - ).

Lemma 2. We have on M\K
Opp = 0.

Proof. By (5.11), we have wa?ﬂ =1 f,. Therefore, on M\K

(5.14) Vo= | S wsts | TulOuf|”
B
From this, we get

0l 9o f|” = | s f5
B
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Since 9p¢) = 0, we have 9, 3 = V—1{pdag. For each a we compute using (5.14)
and Proposition 6

Yo = (Z¢B af@) f + (Z"/Jﬁf@’) aa] ‘8bf|
- Zwﬁfﬂ) FalBof| Y 5T
B v

— | Gz | fal? —% (ngfﬁ) f] ESim +§ (Zwm) Flfal? 10ns])
B B

Hence,

Vo (1= [9f| 7 Ifal’) = = ;(Zwﬁfg)fyabﬂ”(l—wbﬂ 1)
B

It follows that on M\K

1 o
Yo = 3 (zﬁ:dfﬁfg) |3bf’ 2

Set
B=) [Ul;f5
Note that B is a smooth function on Mﬂ . Then on M\K, as 9yt = 0
(15 Pem=— (zwwﬁfﬁ) Buf| " =~ BT s
We compute on M\ K, using BProposition 6 and (5.15)
(TRl g+ [But " 1012) |
= (Tl o+ [Bof|" 00) |
=TB+ 1wl [Bof " = T 1P 11 = F0F ot + 0S| (¥Fg0 + 000]°)
= 2B 7B+ Wl (18 = T 17) + (B lousl

Since both sides are smooth on M and M\ K is open and dense, the above identity
holds on the entire M. Integrating over M and taking the real part yields

[ 19t 10w = [ 10 (5117 = [our ).

Combining this identity with (5.13), we obtain [}, |5bf’2 |8b77[1|2 = 0. Therefore,
Optp =0 on M\K. O

Lemma 3. 1 = 0 and therefore, the torsion vanishes.



14 SONG-YING LI, DUONG NGOC SON, AND XIAODONG WANG

Proof. By Proposition 9 and Proposition 2, 9y = 0 and dyv» = 0 on M\ K. There-
fore, v is locally constant on M\K. Since [)|> extends smoothly to M, |i|* is

constant on M. Differentiating (5.6) on M\K using Proposition 6 and (5.3), we
get on M\K

2Aup |00 f|” = Aus T,
Hence,
2Aup fafsly 06| = Aapfafsf 0ot
= —V=I1Qf |0us]

Thus, on M\K, we have Qf = 2vV—1Aap,y fafzf5: Le.

Of = 4 "TAap fafslsl 0ot

From this, we obtain (first on M\K and then, by continuity, on the whole M as
|| is continuous on M and M\K is open and dense)

(5.16) |01 1f] < 4C B, f]

where, C' = maxps /> |Aaﬂﬁ|2'

Let pg € M be a point where |f\2 achieves its maximum. Suppose 0 f (po) # 0,
i.e po € M\K. Then differentiating at py and using (5.7), we have

0= f?oz + fa?
= fo (f+0f).
Hence,
[ (po)
5.17 — )
(5.17) ¥ (po) o)

As |¢| is constant, we have |[¢| = 1. By (5.9) we have v/—1fy = %(f 71/)?)011
M\K. Differentiating and using (5.7) yields

Vo = 5 (fu—wF,) =0,
Vo = 3 (fa— )
= S0 )=
=0.

Therefore, fo is constant. As [, fo = 0, we must have fo = 0. Then (5.9) reduces

to f = wf. At po this yields ¥ (po) = f(po)/f (po). This is contradictory to
(5.17). Therefore, 0,f (po) = 0, then the inequality (5.16) implies [¢ (py)| = 0.
Consequently, ¢ = 0. (]
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Since 1 = 0, we have, in view of (5.6) (5.7) and (5.9)
Aap =0,
abf = 07

\/jlfOZ%f

Write f = u + +/—1v in terms of its real part v and imaginary part v. From the
above identities and Proposition 6 it is easy to prove the following

Proposition 11. We have v = 2ug, while u satisfies

Uap = O7

1 V-1
U, 5= (4u + 2u0) dag-

With this proved, we can now apply the result of Li-Wang [LW] (Theorem 5
therein) to conclude that M is CR equivalent to S*™*! with its standard pseudo-
hermitian structure. In fact, we do not need that result in its full generality as
we have the additional condition A = 0 at our disposal. Since the argument there
under the additional condition A = 0 is simple, we give an outline for completeness.
Let gg be the adapted Riemannian metric and D?u the Riemannian Hessian. Then
from the above identities we obtain by standard calculation (see Proposition 2 in
[LW]) y

D*u = —de,
here we used the fact that the torsion A = 0.

By Obata’s theorem [O], (M, gp) is isometric to the sphere S*™ ! with the metric
go = 4g., where g, is the canonical metric. Without loss of generality, we can take
(M, gg) to be (S?™*1 go). Then 6 is a pseudohermitian structure on S>™*! whose
adapted metric is g and the associated Tanaka-Webster connection is torsion-free.
It is a well known fact that the Reeb vector field T is then a Killing vector field
for go (see Remark 1 in [LW]). Therefore there exists a skew-symmetric matrix A
such that for all X € S?™*! T(X) = AX, here we use the obvious identification
between z = (21,...,2ms1) € C™" 1 and X = (z1,y1,. .+, Timi1, Ymy1) € RZMT2Z
Changing coordinates by an orthogonal transformation we can assume that A is of
the following form

0 Am+1
—Am+1 0

where a; > 0. Therefore

0 0
T= i\ Yig— — Timg—
;a <y 8$i * 8y1)
Since T is of unit length we must have

4> a(x} +y) =1
i
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on S?™*1. Therefore all the a;’s are equal to 1/2. It follows that
0 = go(T,) = 2v/=19(2|> - 1).

This finishes the proof of Theorem 2.
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