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Controlling Wake Turbulence
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This Letter introduces a control strategy for taming the wake turbulence behind a cylinder. An angular
momentum injection scheme is proposed to synchronize the vertical velocity field. We show that the
base suction, wake formation length, absolute instability, and the Kármán vortex street are effectively
controlled by the angular momentum injection. A control equation is designed to implement the injection.
The Navier-Stokes equations, along with the control equation, are solved. The occurrence of a new
recirculation free zone is identified.
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Since the work by Ott, Grebogi, and Yorke [1], the
surge of research on chaos control over the past decade
from theory, simulations, and experiments have yielded
a wealth of new understanding [2]. Synchronization
of chaotic systems such as mechanical, electronic,
and chemical systems, as well as solid-state lasers,
heart tissues, pattern dynamics, and turbulence in the
Ginzburg-Landau equation were studied [3]. Turbulence
is one of the most fascinating phenomena in nature. It is
of primary importance for many kinetic processes such
as molecular chaos and plasma motion, and can cause
mechanical failure in many situations. A major goal of
turbulence study is to predict and control turbulence so
that the phenomenon can be suppressed or enhanced as
circumstances dictate in various applications [4].

The objective of this Letter is to introduce a synchro-
nization based angular momentum injection scheme for
the control of wake turbulence behind a cylinder. Flow
past a bluff body poses a great challenge due to the in-
teraction of three shear layers, i.e., a boundary layer, a
separating free shear layer, and a wake. Despite inten-
sive studies [5], much of our understanding of the problem
is still in the realm of empiricism and description. Dic-
tated by the Reynolds number, the flow behind a cylin-
der exhibits a variety of complicated phenomena, such as
the transition from a steady pair of eddies to an unsteady
vortex shedding in the wake, and the scenario of Kármán
vortex street formation, transition, and turbulence. Three
possible scenarios have been reported for the occurrence
of shear layer instability, for a class of spatially developing
flows [6]. The scenario of direct relevance to the present
investigation is the shear layer instability of the wake. At
a small Reynolds number, a steady pair of eddies in the
wake is strictly a supercritical bifurcation of Hopf type
and is described by the Ginzburg-Landau equation, which
arises in many weakly nonlinear fluid flow systems close
to marginal stability. As the Reynolds number increases,
the Kármán vortex street develops due to self-sustained
hydrodynamic resonance and it goes hand in hand with an
absolutely unstable zone and a convectively unstable zone
[7]. Resonance occurs when vorticial shedding at the trail-
ing edge of the upstream body is in phase with the vertical
velocity induced by the global pressure fluctuation. The
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absolute instability is dominated by a pure frequency in-
stability and is insensitive to the amplitude of the initial
disturbance, whereas for the convective instability, micro-
scopic fluctuations are amplified exponentially while being
convected through the system. The region of absolute in-
stability coincides approximately with the recirculating ed-
dies formed behind the cylinder. A further increase in the
Reynolds number leads to the onset of wake turbulence,
which is manifested in the vortex dislocation. However,
we illustrate in this Letter that this instability can be sup-
pressed by an angular momentum injection scheme. The
latter effectively changes the base suction, the formation
length of the mean recirculation, and the zone of abso-
lutely unstable wake. We investigate the efficacy of the
scheme on the spatiotemporal dynamics of the wake. In
particular, we are interested in attaining a strictly laminar
flow, i.e., a synchronized state ỹ, which is characterized
by the vanishing vertical velocity component. We illus-
trate that an efficient control is achieved when the vertical
velocity is synchronized. The transition from turbulence
to synchronization is realized by the inception and growth
of a zone, which is free from recirculation. This zone has
distinct features as against absolute and convective insta-
bility zones.

We consider the problem of flow past a “D” cylinder,
as shown in Fig. 1, which is obtained by modifying a
square cylinder of the size of a 3 a. Two circular cylin-
ders of the diameter a

2 are cast at the centers of the first and

ref

Uinj

U

FIG. 1. Flow past a D cylinder with angular momentum injec-
tion by two rotating cylinders.
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fourth quadrants of the square, and are allowed to rotate in
clockwise and anticlockwise fashion, respectively. Their
tangential speed on the cylinder surface Uinj, is character-
ized with respect to the incoming reference velocity Uref
by the rotation (injection) parameter z � jUinj j � jUref j.
The entire geometry could be envisioned as the cross sec-
tion of a three-dimensional (3D) real cylinder with an in-
finitely long length in the third direction. For a detailed
analysis, we resort to a theoretical model.

We invoke the Navier-Stokes equations for a direct nu-
merical simulation (DNS) of flow past the D cylinder. The
full Navier-Stokes equations are adequate for both laminar
and turbulent flows. However, a 3D DNS study of flow
past a cylinder is a challenging task. To illustrate our idea
of synchronization and control of wake turbulence and to
avoid unnecessary complications, we consider a 2D incom-
pressible flow governed by

≠v
≠t

1 v ? =v � 2=p 1
1

Re
=2v (1)

= ? v � 0 , (2)

where v is the velocity vector having components u�x, y, t�
and y�x, y, t� in the x and y directions, Re is the Reynolds
number and p is the pressure field. The above equation was
nondimensionalized as, x �

x̄
a ; y �

ȳ
a ; t �

t̄
a�Uref

; p �
p̄

rU2
ref

; Re �
Urefa

n . Here, variables with an overbar refer to
their corresponding dimensional values, r is the density,
and n is the kinematic viscosity of the fluid. We choose a
sufficiently large domain size to minimize the undesirable
boundary effects. The inflow and exit boundaries are each
located at 8a and 32a towards the fore and aft of the D
cylinder, respectively. The far field boundary is located at
8a on either side of the central axis. A uniform inflow
boundary condition, together with the Neumann boundary
condition for the far field and outflow, are applied for the
velocity. The no-slip boundary condition is employed for
the nonrotational part of the D cylinder. The Neumann
boundary condition is also imposed for the pressure at the
exit. The Navier-Stokes equations are solved in primitive
variables by using the standard fractional step scheme in
conjunction with a second order Runge-Kutta scheme for
the time integration, and a finite element based Galerkin
scheme for the spatial discretization [8]. Three types of
grid densities have been employed to verify that the present
results are grid independent.

Figure 2 illustrates the impact of the local angular mo-
mentum injection on the wake patterns simulated at Re �
200. A streakline technique is utilized for the visualiza-
tion of the spatiotemporal motion of the flow field. The
plot depicts a gradual increment in the value of the injec-
tion parameter �z � for wake control. When no rotation
is imparted to the control cylinders, Kármán vortex street
is in its natural and full blown form, which is a waxing
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FIG. 2. Streakline plots depicting a gradual wake control
by angular momentum injection. (a) z � 0.0; (b) z � 1.0;
(c) z � 1.25; (d) z � 1.5. The flow domain can be thought
of as having been divided into three zones, viz., RFZ: Re-
circulation Free Zone; AIZ: Absolute Instability Zone; CIZ:
Convective Instability Zone.

state, see Fig. 2a. There is a gradual roll up of shear lay-
ers at crests and troughs with a mutual connection between
all the shed eddies through streaklines, which essentially
originate in the near wake. Every shed eddy is ultimately
interconnected to every other eddy by its own umbilical
chord or thread [9].

Some analytical and experimental studies are available
for flow past a circular cylinder [10], establishing the
link between vortex shedding and stability theory. The
Landau equation was used to study such a perspective.
It is established in the literature that the Kármán vortex
shedding at low Reynolds numbers is a self-excited limit-
cycle oscillation of the near wake, resulting from a global
instability. Chomaz et al. [6] have postulated that the en-
tire wake region could be described by two zones of in-
stability, viz. absolute and convective. There is a branch
off from absolute to convective instability at some down-
stream location. We surmise that the efficacy of the angular
momentum injection essentially depends on the ability to
effectively control the base suction behind the cylinder,
which in turn leads to changes in the mean recirculation
054502-2
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length, absolute instability zone (AIZ), and the convec-
tive instability zone (CIZ). To verify our idea, we set
z � 1.0. Indeed, we see a waning in the Kármán vor-
tex street as shown in Fig. 2b. Such a reduction in the
wake width is associated with an obvious increase in the
shedding frequency. Further, it is noted that the AIZ is en-
larged due to the increase in the base suction (a reduction
in its absolute value) by the injection of angular momen-
tum. Nevertheless, the eddies continue to be fed by cir-
culation from the upstream shear layers. However, with a
subsequent increase in the value of the angular momentum
injection parameter �z � 1.25�, we observe a new zone be-
hind the cylinder — the occurrence of a recirculation-free
zone (RFZ) just behind the cylinder. As the AIZ is charac-
terized by the eddy recirculation, the existence of the RFZ
is verified by the ordered, parallel streaklines. Behind the
RFZ, there is still an AIZ and a CIZ, although their sizes
are significantly smaller (see Fig. 2c). The target state is
achieved at z � 1.5, and is depicted in Fig. 2d. Here, only
RFZ persists over the entire computational domain, while
the two instability zones, AIZ and CIZ completely vanish.

It remains to be proven that a synchronized state has
been reached. To monitor the deviation from the target
state ỹ, we introduce a local variance by a synchronization
based coupling between the target state ỹ and the vertical
flow field y

s2�x, y� �
1
s

Z s

0
�y�x, y, t� 2 ỹ�x, y, t��2 dt , (3)

where s refers to the total time which is much larger com-
pared to the vortex shedding period of the wake. The lo-
cal variance obtained from several monitored sensor points
essentially vanish when z � 1.5, while the sensors in the
near wake reach the same even at a smaller value of z (see
Table I).

After performing numerical simulations at specific in-
jection parameters, we design an automatic control scheme
to tame the wake turbulence. To measure the degree of
synchronization, we define a total variance s2�t� �

1R
V

dxdy

R
V�y�x, y, t� 2 ỹ�x, y, t��2 dx dy, where V de-

notes the region behind the D cylinder. The total vari-
ance determines the rate of change of the injection
parameter z �t�
054502-3
≠z �t�
≠t

� Cs2�t� . (4)

Equation (4) is referred to as the control equation for the
injection of angular momentum, and it is solved simul-
taneously with the Navier-Stokes equations. This set of
coupled equations render an opportunity to monitor the
gradual control of the wake dynamics. The initial value of
the injection parameters is taken as z �0� � 0. We choose
a higher Reynolds number �Re � 400� at which the wake
turbulence would be dominant without any angular mo-
mentum injection. When z �t� reaches a steady state value,
the total variance must vanish, which manifests the syn-
chronization.

Figure 3 illustrates the entire simulation process for
Re � 200 and Re � 400. In the beginning, both the
angular momentum injection parameter z �t� and the total
variance s2�t� start from a quiescent state (zero values).
As the fluid flow patterns evolve behind the D cylinder,
the instability leads to the onset of shedding in the wake
at around t � 20. The synchronization coupling gives
rise to a positive s2�t� which in turn feeds back to the
control equation and triggers the injection of angular
momentum. After the initial buildup, the total variance
subsides to a minimum value at around t � 200 for
Re � 200 (t � 300 for Re � 400), both z �t� and s2�t�
gradually approach steady state values. Particularly, the
latter reaches a value close to zero, signifying that it has
reached the target synchronized state. Here, the value of
constant C (chosen as 0.1) assists in the incorporation of
gradual change for the rotation parameter. Interestingly,
the injection parameter stabilizes at a value close to
z � 1.5, which is in compliance with the streakline plot
depicted in Fig. 2d for Re � 200.

In summary, we have proposed an effective angular mo-
mentum injection strategy for the control of spatiotempo-
ral wake dynamics and turbulence behind a cylinder. By
means of synchronization coupling, an automatic control
equation is constructed and is solved in conjunction with
the Navier-Stokes equations for a direct numerical simu-
lation. The spatiotemporal dynamics of the wake is visu-
alized by streakline patterns. A new wake phenomenon,
the formation of a recirculation-free zone, is observed.
The increase in the angular momentum injection dimin-
ishes the zones of absolute and convective instabilities, and
TABLE I. Local variance obtained from the nine sensors located along the central axis of the D cylinder (the coordinates of the
sensors are given in the parentheses).

1 2 3 4 5 6 7 8 9
z �9.43, 8.0� �10.525, 8.0� �14.905, 8.0� �16.0, 8.0� �20.0, 8.0� �25.0, 8.0� �30.0, 8.0� �35.0, 8.0� �39.0, 8.0�

0.0 13.995 18.585 9.425 8.380 7.365 6.870 6.660 7.190 6.825
0.5 3.625 9.510 7.230 6.560 6.315 5.915 5.275 4.200 4.710
1.00 0.050 0.595 4.685 4.370 3.960 3.225 2.570 1.930 1.910
1.00 0.005 0.040 2.145 2.935 2.970 2.335 1.845 1.375 1.430
1.25 0.000 0.005 0.065 0.620 0.975 0.945 0.665 0.365 0.285
1.50 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000
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FIG. 3. Temporal evolution of the total variance and its
associated rotation (injection) parameter z �t�. (a) Re � 200;
(b) Re � 400.

enhances the recirculation-free zone. Thus, the wake tur-
bulence could be completely suppressed as the system is
synchronized. It is believed that the theoretical findings of
this Letter can be realized by experiments and confirmed
by 3D simulations.
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