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Generalized Perona—Malik
Equation for Image Restoration

Guo W. Wei, Member, IEEE

Abstract—This letter introduces generalizations of the Per- approach is illustrated by the restoration and enhancement of
ona—Malik equation. An edge enhancing functional is proposed g noisy Lena image.
for direct edge enhancement. A number of super diffusion op-
erators is introduced for fast and effective smoothing. Statisti-
cal information is utilized for robust edge-stopping. Numerical Il. THEORY
integration is conducted by using a recently_ develo_peq quasiin- |, many cases, edges of an image may be worn down for
terpolating wavelet method. Computer experiments indicate that . In oth th Iuti f .
the present algorithm is very efficient for edge-detecting and various reasons. In other C_ases, € resolution o an_ image
noise-removing. can be very low. Hence, a direct feature enhancement is often
required. We propose a real-valued, bounded edge enhancing
functional
I. INTRODUCTION
HE PERONA-MALIK equation [1], proposed in 1990, eu(r, ), [Vu(r, )]). (2)

has recently stimulated a great deal of interest in ima@fere c(u(r, ¢), |Vu(r, t)|) is appropriately chosen so that it is
processing community [2]-{12]. It is commonly believed thaiqge sensitive and the contrast of image edges is enhanced.

the Perona-Malik equation provides a potential algorithfihis |eads to a generalized Perona—Malik equation
for image segmentation, noise removing, edge detection, and

image enhancement. The basic idea behind the Perona—Malik u(r,t) _ V - [d(u(r, t), |Vu(r, £)]) Vu(r, )]
algorithm is to evolve an original imagé(r), under an edge- ot 3)
controlled diffusion operator [1] + e(u(r, ), [Vu(r,t)|)
u(r,0) = I(r).
du(r,t)
It V- [d(|Vulr, 6) ) Vulr, )] (1) Obviously, for constant and a simple form o, (3) reduces

u(r,0) = I(r). to the inhomogeneous diffusion equation.
The heat equation can be derived from Fourier’s law for heat
Here, d(|Vu|) is generalized diffusion coefficient which isflux, ji(r,#) = =D, Vu(r,#), with D, being a constant. This,
so designed that its values are very small at the edge fggm the point of view of kinetic theory, is an approximation
an image. Perona and Malik argued that their anisotrogie @ quasi-homogeneous system that is near equilibrium. A
diffusion equation has no additional maxima (minima) whichetter approximation can be expressed as a super flux
do not belong to the initial image data. This point has been ) 2
challenged recently [2], [10]. It is well-known [2], [3], [5], Ja(r,t) = =3 DgVViu(r, 1) (4)
[6] that this anisotropic diffusion algorithm may break down e
when the gradient generated by noise is comparable to imageereD, are constants and high order terfgs> 1) describe
edges and features. However, this can be alleviated by usthg influence of inhomogeneity in temperature field and flux-
a regularization procedure. flux correlations to the heat flux. In particula¥,v? can be
The purpose of this letter is to introduce generalizations ofgarded as an energy flux operator. Energy conservation leads
the Perona—Malik equation. We introduce an edge-controllesl
enhancing functional for image enhancement. Super diffusion du(r, 1) )
operators are introduced for fast and effective smoothing. a9t =V -Jq(r,t) + s(r,t)
Statistical information is used for robust edge-stopping. A 2%
recently developed quasi interpolating wavelet algorithm [13] =D V- [DVVhu(r, )] + 5(r, ) )
is utilized for the numerical integration of generalized Perona- e
Malik equations. The efficiency and robustness of the preseviteres is a source term which can be a nonlinear function.
Equation (5) is a generalized reaction-diffusion equation which
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Fig. 1. Restoration of a noisy Lena image. (a) Noisy Lena image. (b) Restored with the Perona—Malik diffusion operator. (c) Restored with the

Perona—Malik diffusion operator and the edge enhancing functional. (d) Restored with the Perona—Malik diffusion operator, the super-déffation op
and the edge enhancing functional.

In image systems, the distribution of image pixels can be The diffusion functions can be appropriately chosen in many
highly inhomogeneous. Hence the generalized Perona—Maddifferent ways. In this letter, we choose the Gaussian for both
equation (3) can be made more efficient for image segmeh{u(r,t), |Vu(r,t)|) and dz(u(r,t), |[Vu(r,t)|)

tation and noise removing by incorporating an edge sensitive |Vu|?
super diffusion operator dq(u, [Vu]) = dgo eXP{— 207 } ®
du(r, t) wheredy is automatically determined by the noise levs,
at7 =3V [dy(ulr,t), [Vu(r,t)]) VV>2u(r, t)] Here botho ando; are chosen as a local statistical variance
q of » and Vu
+ e(u(r, t), [Vu(r, )]). o2(r,t) = |Viu — Viul2, (¢=0,1) (9)

awhere X(r) denotes the local average of(r) centered at

Here d,(u,|Vu|) are edge sensitive diffusion functions. . Th f local Jin thi Kisd 17
special form used in this Letter for numerical experiments igomt;. € area of local average use In this workl .
pixel. In this work, we simply choose the edge enhancing
du(r,t) functional as
ata =V - [di(u(r,t), |Vul(r,t)|) Vu(r, t)] (. |V]) = eofu) |V
’ = Co L N
+ V- [da(u(r, 1), |Vulr, ) ) VV2u(r, t)] o1(t +to)
+ e(u(r, £), [Vu(r, £)]) @ with eo(u) varying as a function ofi(r,t) andog(r, ¢).

(10)
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IV. CONCLUSION

The Perona—Malik equation (1) and generalized Per-This letter presents generalized Perona—Malik equations for
ona—Malik equations (3) and (7) are spatially discretizesige-detected image processing. An edge enhancing func-

using a quasi-interpolating wavelet algorithm [13]

alu Z, e ML = (m
M — Z Z (I)Erl-,)Aﬁ (z — zz)

axnlayl—nl M P
- @ - y

x N (y =y uln, ) (11)

tional is introduced for direct image enhancement. Such a
functional is very useful for treating low contrast images
and edge blurred images. We also introduce edge-detected
super diffusion operators for highly inhomogeneous images.
The super diffusion operators are very efficient for noise-
removing. Statistical information is used for the automatical
choice of edge-stopping threshold. A newly developed quasi-
interpolating wavelet technique is used for the time integration

where q;((rm)A (z — z) is the mth derivative of the quasi Of nonlinear partial differential equation systems. Numerical
interpolating ‘wavelet scaling function [13]. Here we choosexperiments with a noisy Lena image show that the generalized

0/ = 0y/A, = 32 and W, = W, = 8 for remov-

Perona—Malik equations are effective for noise-removing and

ing noise and accurately detecting edges. Since our quadmultaneously edge-preserving.

interpolating wavelet algorithm has a Schwartz class kernel,
no additional regularization procedure is needed. Reflecting
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