MTH 235 OrRDINARY DIFFERENTIAL EQUATIONS

Review for Final Exam

1. Find the general solution to the following second order ODE

—3€4t

y' =8y +16y = —3

it it

Answer: y(t) cle  cote + 31In(t)e H

2. Find the solution to the following second order IVP, using Laplace Transform

y'+6y +10y =0, y(0)=-5, y'(0)=—4

’ —5(s+3) — 19 L _ 3¢ —3t .,
Answer: Y (s) —— y(t) 5¢ cos(t) 19e sin(t)
(s+3)2+1

3. Find the solution to the following IVP
y =2y + 2te*, y(0) = 5.
Answer: y(t) = 5e2t + t2e?
4. Find the general solution to the following ODE
y — 8y? cos(t) — Ty? sin(4t) = 0.
Acswer: () ( 8sin(2) 4 T . ) .
5. Find the solution to the following second order IVP, using Laplace Transform
y" =8y +16y =56(t—3), y(0)=0, ¥'(0)=0.
Answer: y(t) = Su(t — 3) - (t — 3)e™(

6. Find the solution to the following second order IVP

y' =5y +4y=0,  y(0)=-5 ¢ (0)=3.
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Answer: y(t) = %(
7. Find the solution to the following second order IVP

y' =8y +32y=0, y(0)=-2, y'(0)=—-4

Answer: y(t) = —2e?t cos(4t) + et sin(4t)

8. Find the solution to the following second order IVP

y' —8y' + 15y =4e',  y(0) =5, ¢'(0)=1.

5 13 54
Answer: y(t) = —€ + 11e
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Find the general solution to the following second order ODE

y' — 6y + 8y = 3e*.

At 2t 3, 2t

Answer: y(t) = e1e*’ + e’ —
Find the solution to the following initial value problem
y' + 8y3 cos(7t) = 0, y(0) = 2.
Find the general solution to the following second order ODE
y" — 10y’ + 24y = —3sin(2t).
Answer: y(t) = e1ed? § eze® — > (cos(2t) + sin(2t)))

10

Consider the following second order IVP with an arbitrary force term, g(t)

y' =4y’ +20y =g(t), y(0)=0, ¥'(0)=0.
Let G(s) = L[g] and Y (s) = L[y]. Find H(s), such that Y(s) = H(s)G(s) and h(t) such that
y(t) =h *g(t). Answer: H (s) = %} h(t) = (2t Sinlt)

(s — 2)2 + 42 4

Find the solution to the following IVP
ty' = 2y — 3t3 cos(4t), y(m/8) = 0.
3, 3.,
Answer: y(t) = Tr* - 711“ sin(4t)

Find the Laplace Transform of the following function.

0, t<3
f(t)_{ t2—6t+7, t>3.
Answer: L[f](s) = e (i - f)
Find the solution to the following IVP

y = tan(t)y —5t, telo, g), y(0) = 3.

3

Answer: y(t) = — Sttan(t) — 5

cos(t)

Find the solution to the following second order IVP, using Laplace Transform

y' =Ty + 12y = 5u(t - 3)e 78 y(0) =0, y/(0)=0.
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y(t) = 5u(t 3) (

Answer: Y (s) = —(5 n »W.J T st 12) s
Find the general solution to the following second order ODE
y" — 8y’ + 16y = 0.

Answer: y(t) = cje + cote
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Consider the matrix
-2 2
A_L4J.
Find an invertible matrix P and a diagonal matrix D such that A = PDP~!.
Answer: A = E) ” LX’ ::7 {721 7]]}

Find the solution to the system x’ = Ax of ODEs with the given initial condition and where A is the
given below.

(a) A= i 4 ] , X(O) = -75- , Answer: x(t) = 7 {JJ et 9 {7]] 2!

(b) A= :1 ;1: L x(0) = :_14: , s () = [s20] 2 4 00 ] 2
4 1] [—5]

@A=1_1 5> xO=]_3) smves () =3[ ] 2 = ([ e+ [g] )

Consider the following second order IVP ¢ + ¢/ + 5y = —4cos(5t), y(0) = =3, ¥ (0) = 2.

Write it as a first order system of the form x’ = Ax + b, where x = 5,] .

0 1 0 , -3
Answer: A = {73 71} , b= {7 A (:(,J\(-’)J{)} ,x(0) = { 9 }

Consider the following system of ODEs.

v = —u-+2v

v o=2u — v,

with initial conditions u(0) = 3, v(0) = 2. Find a second order IVP for the function w.
Answer: u'’ 4+ 2u’ 3u = 0,u(0) = 3, u/{lJ) = 1.

Consider the following nonlinear system. Find all equilibrium points, find the matrix of the linearization
around this equilibrium, and determine their type and stability.

=4y —y°

x/
Yy = -9z — >

8 — 4 3]
Answer: xg = {Eﬂ , Ag = { Ug ﬂ , X0 isacenter; x; = 2‘ } , Al = { ()E) 1} , X1 isasaddle; xo = {73} , Ay = { ”” IX , X9 is a saddle;

Find the eigenvalues A, and corresponding (nonzero) eigenfunctions y,,, which solve
y'+Ay=0, y(0)=0, y'(4)=0.

(2n — )7\ 2 (2n — )=
Answer: A\, = , Yn(x) =sin x| .

Find the Fourier series of the following function

f(z)=2x+5, =ze€[-3,3]

> cos(nm) nmwx
er: 5 —12 si .
Answer: 5 + g : < 1 )sm( 3 >
n

nm



25. Let u be the solution to the following initial boundary value problem for the Heat Equation
Owu(t, x) = 30%u(t,x), t>0, z¢€(0,3),
with an initial condition u(0, z) = f(x) and with boundary conditions du(t,0) = 0 and dyu(t,3) = 0.
[e9]

Let the functions vy, (¢) and w, (x) in the expansion u(t, z) = Z Cnn (t)wn ().
n=1

, > , \
) 3(2m) 7y nmwa
Answer: vy, (t) = € v 3 , wnp(x) = cos ( )
3
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