
MTH 235 Ordinary Differential Equations

Review for Final Exam
1. Find the general solution to the following second order ODE

y′′ − 8y′ + 16y =
−3e4t

t2
.

Answer: y(t) = c1e
4t

+ c2te
4t

+ 3 ln(t)e
4t

2. Find the solution to the following second order IVP, using Laplace Transform

y′′ + 6y′ + 10y = 0, y(0) = −5, y′(0) = −4.

Answer: Y (s) =
−5(s + 3)− 19

(s + 3)2 + 1
, y(t) = −5e

−3t
cos(t)− 19e

−3t
sin(t)

3. Find the solution to the following IVP

y′ = 2y + 2te2t, y(0) = 5.

Answer: y(t) = 5e
2t

+ t
2
e
2t

4. Find the general solution to the following ODE

y′ − 8y2 cos(t)− 7y2 sin(4t) = 0.

Answer: y(t) =

(
−8 sin(t) +

7

4
cos(4t) + c

)−1

5. Find the solution to the following second order IVP, using Laplace Transform

y′′ − 8y′ + 16y = 5δ(t− 3), y(0) = 0, y′(0) = 0.

Answer: y(t) = 5u(t− 3) · (t− 3)e
4(t−3)

6. Find the solution to the following second order IVP

y′′ − 5y′ + 4y = 0, y(0) = −5, y′(0) = 3.

Answer: y(t) =
8

3
e
4t −

23

3
e
t

7. Find the solution to the following second order IVP

y′′ − 8y′ + 32y = 0, y(0) = −2, y′(0) = −4.

Answer: y(t) = −2e
4t

cos(4t) + e
4t

sin(4t)

8. Find the solution to the following second order IVP

y′′ − 8y′ + 15y = 4et, y(0) = 5, y′(0) = 1.

Answer: y(t) = −
13

2
e
5t

+ 11e
3t

+
4

8
e
t
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9. Find the general solution to the following second order ODE

y′′ − 6y′ + 8y = 3e2t.

Answer: y(t) = c1e
4t

+ c2e
2t −

3

2
te

2t

10. Find the solution to the following initial value problem

y′ + 8y3 cos(7t) = 0, y(0) = 2.

Answer: y(t) =

(
16

7
sin(7t) +

1

4

)−1/2

11. Find the general solution to the following second order ODE

y′′ − 10y′ + 24y = −3 sin(2t).

Answer: y(t) = c1e
4t

+ c2e
6t −

3

40
(cos(2t) + sin(2t)))

12. Consider the following second order IVP with an arbitrary force term, g(t)

y′′ − 4y′ + 20y = g(t), y(0) = 0, y′(0) = 0.

Let G(s) = L[g] and Y (s) = L[y]. Find H(s), such that Y (s) = H(s)G(s) and h(t) such that
y(t) = h ? g(t). Answer: H(s) =

1

(s− 2)2 + 42
, h(t) = e

2t sin(4t)

4

13. Find the solution to the following IVP

ty′ = 2y − 3t3 cos(4t), y(π/8) = 0.

Answer: y(t) =
3

4
t
2 −

3

4
t
3
sin(4t)

14. Find the Laplace Transform of the following function.

f(t) =

{
0, t < 3
t2 − 6t+ 7, t ≥ 3.

Answer: L[f ](s) = e
−3s

(
2

s3
−

2

s

)

15. Find the solution to the following IVP

y′ = tan(t)y − 5t, t ∈ [0,
π

2
), y(0) = 3.

Answer: y(t) =
8

cos(t)
− 5t tan(t)− 5

16. Find the solution to the following second order IVP, using Laplace Transform

y′′ − 7y′ + 12y = 5u(t− 3)e−3(t−3), y(0) = 0, y′(0) = 0.

Answer: Y (s) =
5e−3s

(s + 3)(s2 − 7s + 12)
, y(t) = 5u(t− 3)

(
−

1

6
e
3(t−3)

+
1

42
e
−3(t−3)

+
1

7
e
4(t−3)

)

17. Find the general solution to the following second order ODE

y′′ − 8y′ + 16y = 0.

Answer: y(t) = c1e
4t

+ c2te
4t
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18. Consider the matrix
A =

[
−2 2
−4 4

]
.

Find an invertible matrix P and a diagonal matrix D such that A = PDP−1.
Answer: A =

[
1 1
2 1

] [
2 0
0 0

] [
−1 1
2 −1

]

19. Find the solution to the system x′ = Ax of ODEs with the given initial condition and where A is the
given below.

(a) A =

[
1 −1
2 4

]
, x(0) =

[
−2
−5

]
, Answer: x(t) = 7

[
1
−2

]
e
3t − 9

[
1
−1

]
e
2t

(b) A =

[
2 −1
1 2

]
, x(0) =

[
1
−4

]
, Answer: x(t) =

[
cos(t)
sin(t)

]
e
2t

+ 4

[
sin(t)
− cos(t)

]
e
2t

(c) A =

[
4 1
−1 2

]
, x(0) =

[
−5
−3

]
, Answer: x(t) = 3

[
1
−1

]
e
3t − 8

([
1
−1

]
te

3t
+

[
1
0

]
e
3t
)

20. Consider the following second order IVP y′′ + y′ + 5y = −4 cos(5t), y(0) = −3, y′(0) = 2.

Write it as a first order system of the form x′ = Ax+ b, where x =

[
y
y′

]
.

Answer: A =

[
0 1
−5 −1

]
,b =

[
0

−4 cos(5t)

]
,x(0) =

[
−3
2

]

21. Consider the following system of ODEs.

u′ = −u+ 2v
v′ = 2u− v,

with initial conditions u(0) = 3, v(0) = 2. Find a second order IVP for the function u.
Answer: u′′ + 2u

′ − 3u = 0, u(0) = 3, u′(0) = 1.

22. Consider the following nonlinear system. Find all equilibrium points, find the matrix of the linearization
around this equilibrium, and determine their type and stability.

x′ = 4y − y3
y′ = −9x− y2.

Answer: x0 =

[
0
0

]
, A0 =

[
0 4
−9 0

]
, x0 is a center; x1 =

[
− 4

9
2

]
, A1 =

[
0 −8
−9 −4

]
, x1 is a saddle; x2 =

[
− 4

9
−2

]
, A2 =

[
0 −8
−9 4

]
, x2 is a saddle;

23. Find the eigenvalues λn and corresponding (nonzero) eigenfunctions yn, which solve

y′′ + λy = 0, y(0) = 0, y′(4) = 0.

Answer: λn =

(
(2n− 1)π

8

)2

, yn(x) = sin

(
(2n− 1)π

8
x

)
.

24. Find the Fourier series of the following function

f(x) = 2x+ 5, x ∈ [−3, 3].

Answer: 5 +
∞∑
n=1

(
−12

cos(nπ)

nπ

)
sin

(
nπx

3

)
.
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25. Let u be the solution to the following initial boundary value problem for the Heat Equation

∂tu(t, x) = 3∂2xu(t, x), t > 0, x ∈ (0, 3),

with an initial condition u(0, x) = f(x) and with boundary conditions ∂xu(t, 0) = 0 and ∂xu(t, 3) = 0.

Let the functions vn(t) and wn(x) in the expansion u(t, x) =
∞∑
n=1

cnvn(t)wn(x).

Answer: vn(t) = e
−3
(
nπ
3

)2
t
, wn(x) = cos

(
nπx

3

)
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