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ABSTRACT

Thepurposeof thisreportis three-fold.First, a possiblemotivationfor theallowability conditionsof acurve
is presentedwhereasthe usualapproachis oftento startfrom the allowability conditions. Secondlythe
basicresultsof the differentialgeometryof curves are summarizedand organized;the resultshaving the
sameassumptionarecollectedtogethelin onechapterandthe chaptersareorganizedsothatthe material
in any onechaptemwill holdin subsequenthaptersThis differsfrom the usualapproachn thattheresults
arenot often groupedtogetherby their hypothesesFinally, and mostimportantly a variety of important
propertiesaandresultsnvolving generahelicesis presentedGenerahelicesprove to beaimportantclassof

cunes,becausehey possesavery simpleproperty:“the ratio of theirtorsionto cunatureis constant. This
propertygreatly simplifiesa lot of the more complicatedformulasin differentialgeometry Additionally,

recentwork by begunby KonradHeuwversdemonstratethatanassociatiometweergenerahelicesandplane

cunesexists. This associatiorallows for the possibility of studyinggenerahelicesby studyingassociated
planecurves,whichis amuchsimplertask.
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Notation

1. f: anunderscoreinderneatta letter, indicateghattheletterrepresentsa function

N

f : representavectorvaluedfunction
. |v]: magnitudeof vector v

(z,y, z): shorthandor zi + yj + zk

g A W N

. C("): classr; a cune of classr hasthe componentf its allowable representatioro be r times
continuoushydifferentiables: usuallyusedto indicatearclengthparameter

N

6. [17, ?, 5]: theboxproductor triple scalarproductof threevectorsu, v, andw. Thisis u - (? X w),
orequialently (u x v) - w

11
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Chapter 1

Preliminaries

1.1 Intr oduction

Whatis a curve? To answetthis questionwe consideithe propertieshatwe wish a curve to have, andthen
usetheseto guideour searctor anappropriataefinition. Intuitively, we think of a curve assome'winding
path” throughspace.If we imagineeachpoint alongthe pathashaving a label, thenidentifying a curve
would amountto makinga correspondendeetweerthelabelsandthe actualcoordinatesn spaceassigned
to the point. For this purposewe consider‘mappings”.

1.2 Mappings

Definition 1.2.1 Let A andB besets.A rulef whichassociatesvery pointof A to exactly onecorrespond-
ing pointof B is calledafunctionor amappingof A into B. We symbolizethis by

f:A— B.

In this situation, A is calledthedomainof f and B is calledthe codomainof f. If f mapse € Atob € B,
we write f(a) = b. Wereferto b astheimage of a underf anda asthe preimage of b.

Remark An underscoréds usedto identify afunction,i.e. f. This provesusefulin certainsituationswhere
it maybedesirableo give the outputvariablethe sameetternameasthefunction.

Definition 1.2.2 A mappindf is saidto map A onto B if for everyb € B thereexistsana € A suchthat
f(a) = b. A mappindf is saidto be one-to-ondf for ary a;,as € A with a; # as, f mapsa; anda, to
differentpointsin B, i.e. f(a1) # f(a2).

Remark If f is aone-to-one@nappingof A onto B, thenf is calleda bijection andaninversemappingf —*
existsthatmapsB in a one-to-ondashiononto A.

13



14 CHAPTERI1. PRELIMINARIES

1.3 Bijective Maps

In attemptingto defineanarc of a curve, we couldlet the setof point “labels” be the setof numberdn an
intenal [a, b], wherea, b € R. We couldthentry to describehearcby definingamappingfrom [a, b] to the
arc’s spatialpoints. Sincewe desireeachnumberin [q, b] to correspondo exactly onearc point, andeach
arcpointto correspondo exactly onenumberin [a, b], we naturallylook to bijective maps.

However, for our purposesthis provesto be inadequate We do not wantto considera two-dimensional
regionto bethearcof acurwe, but bijective mapsalonedo not discountthis possibility

Theorem 1.3.1 Theinterval [0, 1] canbemappedn a one-to-onenannerontothesquae [0, 1] x [0, 1].

Proof: Lett € [0, 1]. Write ¢ uniquelyasaninfinite decimal,usingrepeating@’s if necessaryHence,if ¢ is

rational,sayt = % = .125, write t @s.124999... . Forary t, wehavet = .cic2 ... ¢, . ... Definec,, tobe

thefirstnonzeradigit in theexpansiorof ¢, andmorewer, for all £ > 1, definec,, to bethekth nonzeradigit
in the expansionof t. Hencewe canwrite ¢ = .ci...¢p Cny4+1--- CnoCno+1 - - - CngCng+1 - - - CngCng+1 - - -
Now definef : [0,1] — [0, 1] x [0, 1] by letting

f(t) =(.c1..-CnyCnogt1---CngCnyti--- 5 Cngt1---CnoCng+1---CnyCngtl - - - )-
Sincet is written uniquely themappingis well-defined We now shav thatthemappings, in fact, bijective.
We cando this by shawing thatary point(z1,z2) € [0, 1] x [0, 1] hasexactly oneinverseimage.

Let (z1,z2) € [0,1] x [0, 1]. Write eachcoordinater; andz, asuniqueinfinite decimalsusingrepeating
9'sif necessaryHencewe have

1 =.didy...dy,... and$2:.6162...6n....

Now for all £ > 1, defined,,, ande,, tobethekthnonzeraligitsin theexpansion®fz; andz, respectiely.
Thereforewe canwrite

Ir1 — .d1 e dnldnl—l—l . andn2_|_1 e d’nsdn3+1 e dn4dn4_|_1 e

T2 = .€1...€n1€ni41---€nyCnogt1---Cng€pgz41---€nyCnst1.-.-

Wethenlett = .d; ... dn1 €1... enldn1+1 . dn2€n1+1 ce 6n2dn2+1 e

Sincez; andzy areuniquelyrepresentedndare infinite decimals,this inversemap producesa unique
infinite decimal. Thustheinversemapis well-defined.Furthermorethe sequencef nonzeradigits

{Cny 32, is precisely< dp,, en,,dn,, en, - -+ > sowehavef(t) = (z1, z2). |



1.4. CONTINUOUSMAPS 15

1.4 Continuous Maps

Sincebijective mapsprove to beinadequateywe look to continuity

Definition 1.4.1 A mappingf : A — B is saidto be continuousat a pointa € A if for everye > 0, there
existsad > 0, suchthatif |z — a| < §, then|f(z) — f(a)| < €. f is saidto be continuousf it is continuous
ateverypointin A.

Definition 1.4.2 Theimageof a continuousmappingis calleda Peanocurve

The next sectioninvestigateghe constructiorof a specialPeanccune. In particular we will discover that
we encountethe sameproblemasbefore:we canmapanintenal to anentiretwo-dimensionategion!

1.5 A SpecialPeanoCurve

Beforegiving the explicit descriptionof the Peanccurve, we first describea constructie, subdviding pro-
cessof theunit squarewhichwe will thenuseto constructhe mapping.Theprocesss asfollows:

1. Let @ bethesquard0, 1] x [0, 1]. Subdvide @ into 4 squareg, labelingthemwith theboundariesis
0,1,2,3.

2. Subdvide eachof thesesquaresnto four subsquaregr, wherewith theboundarieghey arelabeled
40,491,492, ¢3.

3. Repeathesubdvision processndefinitely

4. Numberthe squaresothatall of the squaresarepassedhrough,if you passfrom oneto thenext in
increasingorder wherebya polygonis generatedhaving no multiple points.

Lemma 1.5.1 Thenumberingprocessdescribedn the constructionis alwayspossible

Proof: Let P(n) bethepropositionthatsucha numberings possibleat thenth subdvision. P(1) is true by
thefollowing diagram.
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B B
1 2 0 3
U
0 3 1 2
U
S T S T
0) (ii)
B B
1 (Yo 2 3
2 3 1 0
U
S T S T
(iii) (iv)

Figurel.1: Diagramsusedin theproofof Lemmal.5.1

Assumethat P(n) is true, so that the orderingis possibleat the nth subdvision. Let S andT" be ary
two consecutie squaressothat S is qiga ... gn, andT is q1gz - .. (g, + 1). Considemow the (n + 1)th
subdvision. Let B betheboundarybetweenS and?'. Withoutlossof generalitylet usassumehat B is on
theright edgeof S. FromapossiblesquareR thatprecedes, onesubsquaref S maybeforcedin advance
tobeqigs ... ¢,0, andlet uscall this U for corvenience.No matterwhereU is, we have a polygonalpath
from U throughthe subsquaresf S, finally crossingB into T'. SinceU couldbein oneof four locations,
we identify all four possibilitiesby the diagramsn Figurel.1. (Note: thenumberse in thesubsquaresf S
representhesquaresqs . .. gpz.)

Hencethe orderingis possibleat the (n + 1)th subdvision, andP(n + 1) is true. This shavs thatsucha
numberingprocesss alwayspossible. i

Notethatin this constructiononcethe lowest/firstnumberin a nev subsquarés identified,thenthe sub-
squarethatis assignedhe highestnumberwill be adjacento it andsitting next to the boundaryof the next
square.

We now introducesomeusefullemmaghatwill allow usto assembl¢he precedingsubdvision processand
useit to formulatethe Peanacurve mapping.
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Lemma 1.5.2 Anypoint P of the original squae @ is a point of every subsquag in at leastonesequence
q1,9192,---,49192 - . . .

Proof: Let P € Q. Let P(n) be the propositionthat P is in somesubsquarey; ...¢g,. We shav that
a sequencenustexist, by demonstratinghat for all n, a term of the sequencexists, andwe do this by
inductiononn.

SinceP € @, P isin atleastonesubsquar®), 1,2, or3. Call onesuchsubsquare;, sothat P € g1,

andP(1) is true. Now assumethat P(n) is true, sothat P € ¢ ...q,. Hence,P mustbein at least
oneof ¢1...¢,0,q1-..q1,q1-.-¢n2, Orgq;...q,3. Call onesuchsubsquarey ...q,q,+1. Therefore,
P € q...qnq9n+1 andthusP(n + 1) is true. Hence,P is a point of every subsquarén the sequence

91,9192, ---,9192 - - - - 1

Lemmalb5.31If ¢1,q199,---,91q2 - .. IS asequencef subsquagsof @), thenthe sequenceornvergesto a
singlepointin Q.

Proof: Let g1,q91¢2,---,q192 - .. beasequencef subsquaresf ). For all n, let subsquarey; . ..q, be
representetty K,, x L,. We notethatthereexist a,, b, ¢,,d, € R with a,, < b, andc¢, < d,, sothat
K, = [ap,by] and L, = [cn,dy]. Now K11 = [an+1,bny1]; DY Our constructionprocesshis will be
either(an, a, + 5% or [a, + 5% b,]. Hencea,1 is eithera, or a, + 5%, Thusapi1 > ap.
Thereforefa,) 2 ; is nondecreasingsince,)>2 ; is boundedabore by 1, (@), cornvergesto somepoint
a € [0,1]. Similarly, b, is eitherb,, or b, — ”"‘T“" (sameasa, + b“;“" ), SObp+1 < by,. Therefore
br)5; is nonincreasingSince )22, is boundedoelon by 0, ()52 ; corvergesto somepointb € [0, 1].
Furthermoresincea,, < by, for all n, wehave ¢ < b. Soletting K = [a, b], we have K, convergingto K.
By the sameamgument,we have L,, converging to L, whereL = [c, d] for somec,d € [0,1] with ¢ < d.
HenceK, x L, corvergesto K x L. However, by constructiond,, — ¢, = b, — a, = 2% sotakinglimits
asn — oo, wehaved —c = b—a = 0. Thusa = b andc = d. Therefore the sequencef subsquares

convergesto asinglepointin Q. i

Lemma 1.5.4 For anypoint P € @, ther existsa sequencef subsquagsconveming to it.

Proof: Let P € (). By Lemmal.5.2,thereexistsa sequencef subsquares, q1g2, - --,49192 . . ., Sothat P
is in every subsquareBy Lemmal.5.3,this sequencenustcorverge to a singlepointin @, say P*, so P*
mustalsobein every subsquareNow for all n, both P and P* lie in subsquare; ... g,, sothedistance
betweenthemmustbelessthanor equalto % for all n. Hence,the distancebetweenP and P* mustbe
zero.ThisforcesP = P*, sothereexistsa sequencef subsquaresorvergingto P. |
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Lemma1.5.5 For all t € [0, 1], andfor all 7, there exista; € {0, 1,2, 3}, sothat

o0
=5
%
=1

Eitherthis representations unique or ¢ hasexactlytwo sud representationsyhee

for a;,b; € {0,1,2,3}. If t hastwo sud representationsthenthere existsn > 1, sothata; = b; fori < n,
an +1=b,,anda; =3,b; =0fori > n (orb, + 1 = a, witha; = 0,b; = 3 fori > n).

Proof: By Ross[7, Theoreml6.3],thislemmais proved using

representationd >, 1 fore; € {0,1,2,3,4,5,6,7,8,9}. Only a slight modificationof this proof is

neededo justify the presentemma. i

Theorem 1.5.1 Theinterval [0, 1] canbe mappecdontinuouslyontothesquae [0, 1] x [0, 1].
Proof: Lett € [0, 1]. By Lemmal.5.5,for all i, thereexist g; € {0, 1,2, 3}, sothat

o
=3
=1

Now definef : [0,1] — [0, 1] x [0, 1] by lettingf(¢) bethesinglepointin [0, 1] x [0, 1] to whichthesequence
of subsquareg, q1qo, ...,q192 ... corvergesby Lemmal.5.3.

| Q

4
i

W

Firstwe shav thatthis mappingis well-defined.If therepresentation

is unique,thenf(¢) correspondso a single point. If not, thenby Lemmal.5.5,¢ hasexactly two repre-

sentationsy 52, % and > 2, % where,without lossof generality for somen > 1, a; = b; for i < n,

an +1="by,anda; = 3,b; = 0fori > n. Let

f —Z) =P
(i_l 4
7
=1

al...Qp...0r =Q1...0p3...3

and

Forall » > n, subsquare

is adjacento subsquare
bi...b,...b, :al...an_l(an+1)0...0
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P

P

Figurel.2: Diagramof maximumdistancebetweenP; and P,

by our numberingprocess.Sofor P, and P,, whichlieina; ...ay ...a, andb; ... b, ...b, respeciiely,
the maximumdistancebetweenP; and P, is the lengthof the diagonalof a rectanglehaving sides% and

2%, ascanbeseerby Diagraml.2.

Hencefor all r > n, themaximumdistancebetweenP; andP; is

JE (@) -2

In otherwords,for all » > n,

a< Vo,
27‘
whered is the maximumdistancebetweenP; andP,. Therefore,
i< 1im Y2 o
r—oo 27

So P, = P,, whichshaws thattwo differentrepresentationsf ¢ mapto the samepoint. Thusthe mapping
is well-defined.

Secondly we shav thatthis mappingis onto. Let P beary pointin Q. By Lemmal.5.4,thereexists a

sequencef subsquaresorvergingto it, sayqi, 192, - - -, 9192 - - - . Let
o0
t=Y" %.
=1
Now i
g w=3 3 /1 3| 1
Ofgﬂfgzzzg@ =1 ll—i:| =1

Sot € [0,1], andf(¢) = P. Thusthemappingis onto.

Finally, we shav that the mappingis continuous.To do this, we mustshav thatfor every e > 0 andfor
everyt; € [0,1], thereexistsad > 0, suchthatif |t2 —¢1| < 4, thend(P», P1) < ¢, whereP; = f(t1),
P, = f(t2), andd(Ps, Py ) representthedistancebetweenP, andP;. Now lete > 0 andt; € [0, 1].
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Casel: e > /2
SinceP;, andP, lie in theunit squarefor every § > 0, we haved(P;, P1) < V2 < e.
Casell: e < /2

Thereexistsan Ny > 1, sothatv2(3)™ < v2(1)™™". Chooses = pxier. Let[t, — t1| < 6. Sincef
is well-defined we may chooserepresentationfor ¢; andt, sothatthe corresponding;’s do not endwith
repeatingd’s. Therefore|ty — t1] < 4%% impliesthat P, and P, bothlie in the subsquargigs . .. gn,-

Sincethissubsquardaasedgelength(%)NO, d(P, Py) < ﬁ(%)NO <e.

Thusthemappingis continuous. |

Remark Themappingdescribedn Theoreml.5.1is notone-to-oneA pointontheboundaryf oneof the
squarehasseveralinverseimages.Hence while the mappingis continuousit is not bijective.

1.6 TopologicalMaps

Both bijective mapsand continuousmapsare, in and by themseles, insuficient to usein the definition
of an arc of a curve, sinceboth allow for the possibility that an intenal can be mappedonto an entire
two-dimensionategion.

We will now considemappingghatarebothbijective and continuous.

Definition 1.6.1 A mappingf : A — B is saidto betopolajical if f is a bijective, continuousmapping,
whoseinversemappingis continuous.

In our caseall we needto do is acceptoth bijectivity andcontinuityto considettopologicalmappingsby
thefollowing theorem.

Theorem1.6.1 If f: [a,b] — M is a bijective continuousmap,thenf is topolaical.

Proof: Letf : [a,b] — M be a bijective, continuousmap. Then,by Gaughar{3, Theorem3.12],f ! is
continuousHence by definition,f is topological. |

Definition 1.6.2 Thetopologicalimageof anintenal [a, b] is calleda Jordanarc.

Thefollowing theoremwill demonstratéhattopologicalmappingsarethetypesof mappingsor whichwe
werelooking.
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Theorem 1.6.2 A topolaical mappingpreservesiimension.In particular, it is impossiblefor aninterval
to betopolajically mappedo a two-dimensionategion.

Proof: Thistheoremwasproved by Brouwerin 1911,[1]. |

GivenTheoreml.6.2,it seemsasif thedefinitionof a Jordararcis theright oneto usefor the definition of
thearcof acurve. However, sincewe desireto studycurvesusingcalculuswe tightenthe definitionfurther
by addingdifferentiability We will chooseour assumptionsiboutderivativesin sucha way asto permit
calculationwhile ensuringhatour mappingis topological.
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Chapter 2

Curve Concepts

2.1 Vector Approachto Curve Representation

To considerthe definition for the arc of a curve, we considermappingd : [a,b] — M, whereM is the
point setof the cure. Sincewe considercurvesin 3-space M will consistof orderedtriplesin Cartesian
coordinatesHencef(t) = P, whereP = (z1, z2, z3). Thus

z1 = (2)
zo = fo(t)
z3 = f53(¢)

We cancombinethesethreeparametricequationsnto onevectorequationas
@ = @i+ 22) + a3k = £ (0 + 1,07 + 0 = £(2).

Hencethe output f (¢) is a vector but we considerthe associategboint on the curve to be the point at the

headof thepositionvectorof f (¢). Thisvectorapproachhastwo obviouseffects.For one,it streamlineshe
numberof derived equationgrom 3 to 1. Secondlyit will make mary theoremsaboutcurvesindependent
of theirlocationsin spacewhichis desirablesincethe geometryis not affectedby location.

2.2 Allowable Representations

We will restrictthe classof representationd (¢) to thosewe considerto be allowable The allowability
conditionsthatwe presenhereandin the next sectionfollow thosepresentedby Kreyszig[5].

N

An allowablerepresentationf (¢) is onein which thefollowing conditionsaremet:

C1 f is definedon afinite intenal I = [a, b].

23
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C2 Given ?(t) = f,(t)i + f,()] + f3(t)%, for all i € {1,2,3}, thef, arer > 1 timescontinuously
differentiablein I.

C3 Foreveryt € I, thereexistsak € {1, 2, 3}, sothatf/(¢) is nonzero.

We will shortlyshav thatthe allowability conditionscausethe output f (¢) to effectively be a specialtype
of Jordanarc, but first we considemparametridransformations.

2.3 Parametric Transformations

We will considerthe possibility of using different parametricrepresentationas the needarises,so we
considerthetransformationbetweerparametersndthe conditionsneededsothatthe transformationsire

allowable. The conditionswe will chooseareidenticalto thosechosenfor the allowability of f (¢). An
allowableparametrictransformationt = v(¢*), is onein whichthefollowing conditionshold:

PT1 v is at leastdefinedon an intenal I*, whereI* = [a*,b*]. Also, v(a*) = a, v(b*) = b, and
v(I*) C [a,b)].

PT2 visr > 1 timescontinuouslydifferentiablen 7*.

_ dt
PT3 Forall t* € I*, v'(t*) = 3= # 0.

2.4 Arcof aCurveand Implications of Allowability Conditions

We now defineanarcof acurwe.

Definition 2.4.1 An arc of a curveis apointsetM in R? thatis representabley anallowablerepresentation

f (¢). If multiple allowablerepresentationexist, thenthosethataretransformabldrom oneto anotherwia
allowable parametridransformationsre considerecgquivalentandrepresenthe samearc. Thosethatare
not, areconsideredo representlifferentarcs,eventhoughthe pointsetM is thesame.

We now considettheimplicationsof the conditionsfor allowablerepresentation$ (¢), andhow they affect
thedefinitionof thearcof acune.

In particulay conditionsC1 andC2 werechoserfrom our previous developmentarydeasaboutcurves,and
from the desireto applycalculusin our study Now considerconditionC3. If, for aparticulart, thereexists
ak € {1,2,3}, sothatf/ (¢) # 0, theneitherf; (t) > 0 or f/(¢) < 0. Fromcalculusj.e. Ellis andGulick [2,
Theorem?.4], we know thatf, is one-to-ondocally neart. Hence,M will notconsistsolelyof onepoint.

If we similarly considerthe allowability conditionson parametrictransformationsyve can seethat they

werechosensothatif f (¢) is allowable,then f (Z(t*)) = h(t*) is allowable. Also, asa consequencef
the conditionPT3, the mappingy is one-to-oneso the inversetransformationt* = v~1(¢) exists andis
allowable.
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We will now addresghe questionof the relationshipbetweenthe allowability conditionsand the ideas
developedaboutJordanarcsdiscussedn Chapterl.

N

Theorem2.4.11f z = f (t) isanallowablerepresentatiorfor thearc of a curve then f is continuous.

Proof: Lete > 0. By conditionC2, for all i € {1,2,3}, f; is differentiablein I, sof; is continuousn I.
Thereforethereexistsad > 0, suchthatif |t, — ¢,| < 6, then|f;(t2) — f;(t1)| < 5. Now

3 g2 3e? 3
(f;(t2) = £;(¢1))% < Zz_; il \/ o= 8\/2 <e.

Hence,f is continuous. |

RN

1T (t2) —  (t)] =

3
1=

1

To considemijectivity, we mustconsiderarcswith no “multiple points”.

Definition 2.4.2 A multiple point of an arc is a point of the pointsetM correspondingo several valuesof
t.

N

Definition 2.4.3 A simplearc is an arc having no multiple points. In this case,if z = f(t), thenf is
one-to-one.

Theorem 2.4.2 A simplearc is a Jordanarc.

Proof: Assumethatwe have a simplearc. Thenthereexistsanallowablerepresentation = f (t), where
f is one-to-oneandmapsI = [a, b] ontothe pointsetM. Hencef is bijective. By Theorem2.4.1, f is
continuousBy Theoreml.6.1, f is topological.By definition, f is aJordamarc. i

Remark Not every Jordanarcis thearcof a curve. In particular the mappingfor a Jordanarc neednot
satisfyary differentiability requirementsHenceour studyhassomevhatmorestringentrequirementshan
justthatof a Jordararc.

Theprecedingliscussiorshavsthatthe“allowability” criteriaprovide exactly thesettingwe desire namely
adimension-preservinghapthatcanbe studiedusingcalculus.
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2.5 SomeCurve Definitions

We now definea“curve” andpresentlist of someusefuldefinitionsandnotation.

Definition 2.5.1 A curveis apointsetM in R? thatis representablby oneof asetof equivalentallowable

representationsf the form f (¢), wherethe domainintenal I neednot be closedor boundedbut if the
valuesof the parametearerestrictedo ary closedandboundedsubinteral of I, thenoneobtainsanarcof
acune.

Deflnltlon 2.5. 2 A curwe is saidto be a closedcurveif thereexists at Ieastoneallowablerepresentatlon
f (t) suchthatf is periodic,i.e. for all ¢ € I, thereexistsanw > 0 sothat f (¢ + w) = f (¢).

Definition 2.5.3 A planecurveor planearc is acurve or anarcwhosepointsall lie in oneplane.

Definition 2.5.4 A curveof classr, whereclassr cansymbolizecoy C") isacure thatcanberepresented
by anallowablerepresentatiorf (¢) = f, (£)i + f,(¢)7 + f5(t)k, whereatleastoneof f,, f,, or f, is r times
continuouslydifferentiableon I, andthe othercomponentares > r timescontinuouslydifferentiableon
1.

Notation: For corveniencewe will oftensymbolizetherepresentatiorf (¢) = f, (¢)i + f,(t)7 + f5(t)% by

{£1(),£2(2), £3(2))-

2.6 Curve Representations

Beforelaunchinginto theactualstudyof curves,it is worth mentioningsomeothercommornrepresentations
of curves.By conditionC3, for everyt, thereexistsak € {1, 2,3}, sothatf; (t) # 0, andhencef,, is locally
one-to-oneneart. Thusneart, f, is locally invertible, sothatt = f, l(xk) Thusforallt € I C I, the
parametecanbeeliminated.For example supposehatfor somer, f, |slocally|nvert|ble thent = Yzy).
Hence

2y = (1) = f(f7 " (21)) = £, (21)-

Similarly, zz = f (z1). Thusothercommonrepresentationsf curesare

Now undercertainallowability conditionsthe equationF(z1, z2, z3) = 0 representasurfacein R?, sothe
pointset

{E(xla Z2, .’L'3) =0

Q('Tla $27$3) =0
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couldalsobeusedto represena curve, beingtheintersectiorof two surfaces.

For our purposeswe will usethe representatiorf (¢), becauseall threecoordinateplay the samerole.

Furthermoreijt is alsomore general because curve representetby f (¢) cannot alwaysbe represented
completelyby the otherrepresentationsSeeKreyszig[5] for details.
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Chapter 3

C(") curves,where r > 1

3.1 Intr oduction

In the chapterghatfollow, we summarizeall of the majorfactsandresultsaboutcurves. Eachsubsequent
chaptemwill, in generaladdanadditionalrestrictionto the family of curvesthatwe consider Thereforethe
resultsfrom ary chapteraretypically applicableto the curvesstudiedin following chapters Sincemostof
theresultsin thesechaptershouldbefamiliar, they areoftenstatedratherthandeveloped.

3.2 ArcLlength

Theorem3.2.1 For t € [a, b], letz = f (t) beanallowablerepresentatiorof anarc C of a c(r) curve
wheer > 1. In thatcase thearc C hasa definedengths givenby

/r /F

Also, s is independentf the choiceof representahonf

Proof: SeeKreyszig[5, Theorend.1]. |

Definition 3.2.1Thearc lengthfunction s, is definedby letting ¢y € [a, b], andthenletting
o= [V

If ¢ > 9, thens(¢) > 0 andis equalto thelengthof thearcfrom f(to) to f (t) of C; if t < o, thens(t) < 0
andthelengthof thearcis —s(t).

—

I—h L
|—h

dt.

29
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We notethatby the Fundamentarheorenof Calculus,
s'(e) =\ ') - £'(2) = |t'(2)], (3.1)

(f1 (). (3.2)

SO

Definition 3.2.2Theelemenbf arc or linear elemenbf C is ds, whereif s = s(t) andz = f (t), thenby
equations.2,

3
ds* =dz -dz = du,
=1

whereds = s'(t) dt, dz = f'(t) dt, anddz; = f!(t) dt.

By Kreyszig [5], the equations = s(t) is an allowable changeof parameter In particular a C(") cune,

with » > 1, permitsanallowablerepresentatiorf (s), wherethepoints = 0 maybe choserarbitrarily s is
thearc lengthparameterandis sometimegalledthe natural parameter Useof theletter s will imply arc
lengthparameterA cune with anarclengthparameterizatiors alsocalleda unit speeccune.

3.3 Unit TangentVector

Definition 3.3.1 Let C bea C(") curwe, with r > 1. Then,the unit tangent vector, ? to C atthe point
z = f(s) is definedby letting

Propertiesof the Unit Tangent \Vector

T1 tis tangento thecurve C at f (s).

T2 Forall s, weknow that ¢ exists,becausd’(s) exists,sincewe haveaC(") curwe,with r» > 1.

RN

T3 Forall s, we know that # 6 sincef’(s) # 6 by allowability conditionC3 of Chapter2.

T4 | ¢t| = 1. Thisis truesince

=

t-1t=

0t = (fo) (foL) - 1010

whichis equalto 1 by Equation3.2.
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T5 Forageneraparametet,

Theorem 3.3.1 LetC bea C(") curve withr > 1. If ¢ is constantthecurveis a straightline.

N

Proof: Let ¢ bea constanunitvectora, sot = a. Thereforef’(s) = a, S0 uponintegrating,we have

f(s) = as+ b, whereb is constanvectorof integration. This is the representatioffior a straightline.
|

3.4 TangentLine and Normal Plane

Definition 3.4.1 Let C bea C(") curwe, with ~ > 1. Thenthetangentline to C atthe point? = f(s)is
theline passinghroughthe associatednit tangentvectorat the samepoint.

Definition 3.4.2Let C bea C") cune, with r > 1. Thenthenormalplaneto C atthe point z = f(s)is
the planeperpendiculato theassociatedinit tangentvectorat the samepoint.

Fromthe above definitionsof the tangentine andnormalplane,we canreadily obtaintheir equations.In
particular theequatiorfor thetangentine having positionvector y, is givenby

Y, =1z +ut, (3.3)
whereu is a parameterAn equatiorfor thenormalplanehaving positionvector?t is givenby

(zt—x)-?zﬂ, (3.4)

sincez; — z liesin thenormalplaneandis perpendiculato ¢ .
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Chapter 4

C(") curves,where r > 2

4.1 Curvature Vector

Definition 4.1.1Let C beaC(") curwe, with r > 2. Thecurvatue vector, k,to C atthepoint? = f(s) is
definedby letting

- dt _d (g o

b= ds  ds (t (S)> =17).

—

Remark Sincewe have aC(") curwe, with r > 2, " (s) exists.So,in particular k& will alwaysexist.

4.2 OsculatingPlane

Definition 4.2. 1LetC beaC(’") cune,with r > 2. Theosculatlngplaneto C atthepomtx = f (s) isthe
planespannedy t andk atthe samepoint, prmdedthat t andk arelinearlyindependent.

Onemay askthe questionasto whatis known if ? and k arelinearly dependentThis is answeredy the
following theorem.

Theorem4.2.1 LetC bea C") curve with » > 2. If theunit tangentvector ¢, andthe curvatue vector
k, for acurveC arelinearly dependenat everypointof C, thenC'is a straightline.

Proof: Kreyszig[5, Problem11.1] |

Usingthenotation[ﬂ,?,@] for thetriple scalarproductof vectorsﬂ, U, anduw, i.e. [U, F, E] =u- (? X
w)(u X v) - w, we canwrite the equatiorfor the osculatingplane.

33
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An equatiorfor the osculatingplanehaving positionvector?b is givenby

—

(Zp— 7, ¢, k] =0, (4.1)

which canberewrittenin termsof the original functionanda generalparametero give us

— =

(20— £(2), £(6),£7(8)] = 0. (4.2)

Remark By Kreyszig [5], the osculatingplaneis the limiting position of a plane passingthroughthree
pointsP, Py, P, of C, if P, andP, bothtendto P.

4.3 Curvature

Definition 4.3.1 LetC beaC(™) curve,with r > 2. Thecurvatue, x, of C atthepointz = f (s) is defined
by letting

-

Remark SincewehaveaC(") curve,with r > 2, weseethat existsateverypointz = f (s). Furthermore,
by definition,x > 0 andwill bea continuoudunctionof s.

Theorem4.3.1 LetC bea C(") curve with r > 2. Letthecurvatue, x, of C bezeo everywhee. ThenC
is a straightline.

Proof: Letx = 0. Then“fi—z =0. Therefore‘fi—z = (0,andsot = E, whereq is a constanwector By

Theorem3.3.1,thecurwe is astraightline. |



Chapter 5

C") curves,where r > 2 and % ()

5.1 Unit Principal Normal Vector

Definition 5.1.1Let C bea C(") curwe, with r > 2 andk # 0. Theunit principal normalvector, E, toC
atthepoint? = f(s) is definedby letting

p:

Propertiesof the Unit Principal NormalVector

P1 p existsandis nonzerobecausd” (s) existsandis nonzerosincewe have a C") curve, wherer > 2
andk # 0.

P2 f)\ is perpendiculato ?
P3 |p| = 1, by definition.

P4 1_9\ is independenof theorientationof thecurve.

Remark Let C beaC() curwe,with r > 2 andx # 0. By Definition 5.1.1,ateachpoint§ = f(s)to C,
we have that
dt —
— kD 5.1
75 = P (5.1)

35
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5.2 Formulae for Curvature

By Kreyszig[5], we have thefollowing formulaefor curvature:

h= I (s) x £(5)]. (5.2)

K = —_3 . (53)

Remark Theseformulaewerederived underthe assumptiorthat? exists, sothey areplacedherein this
chapterratherthanChapterd.

5.3 Principal Normal Line and Rectifying Plane

Definition 5.3.1 Let C' beaC™) cure, with » > 2 andk # 0. Theprincipal normalline to C atthe point
z = f (s) is theline passinghroughtheassociatednit principalnormalvectoratthe samepoint.

Definition 5.3.2Let C bea C(™) cure, with r > 2 andx # 0. Therectifyingplaneto C at the point
z = f (s) is the planeperpendiculato theassociatednit principalnormalvectorat the samepoint.

Fromthe abore definitionsof the principal normalline andrectifying plane,we canobtaintheir equations.
In particular theequatiorfor the principalnormalline having positionvector y ,, is givenby

-

Yp = 7+ ug, (5.4)
whereu is a parameterThe equationfor therectifying planehaving positionvector?p is givenby

(zp—)-p =0, (5.5)

since?p — 7 liesin therectifying planeandis perpendiculato 5\.

5.4 Radiusof Curvature and Center of Curvature

Definition 5.4.1 Let C beaC™) curve,with r > 2 andx # 0. Theradiusof curvatue, p, of C atthepoint
z = f(s) is definedby letting
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Definition 5.4.2 Let C bea C(") curve, with » > 2 andx # 0. The centerof curvatue of C' for a point
z = f (s) is the pointonthepositive ray of E atadistancep fromthepoint]:\.

By definition,we seethatthe equatiorfor the positionvectorj,C to thecenterof curvatureis givenby

RN

Yp =1 +pp =z +p°k = f(s)+ p’t"(s). (5.6)

5.5 Unit Binormal Vector, Moving Trihedron, Binormal Line

Definition 5.5.1 Let C bea C(") curwe, with » > 2 andx # 0. Theunit binormalvector, b, to C atthe
pointz = f (s) is definedby letting
b=1x E\

Propertiesof the Unit Binormal\Vector

Bl b existsandis nonzeropecauséoth ¢ and? exist andarenonzero.
B2 b is perpendiculato both ¢ andﬁ, by definition.

B3 |b| =1, because
— —_ . — A i
bl =[x p| =[¢|[p|sing = 1.

B4 Forageneraparametet,

B5 {?, P, b} form aright-handedsetof vectors.

Definition 5.5.2 Let C' bea C(") curve, with » > 2 andx # 0. The moving trihedron to C at the point
z= f(s) isthetriple{t,fa\, b}.

Remark Sincethemoving trihedronis asetof threemutuallyorthogonalnit vectors themoving trihedron
for apointz = f (s) maysene asa basisfor R3.

Definition 5.5.3 Let C bea C(™ curwe, with » > 2 andx # 0. Thebinormalline to C at the point
z = f (s) is theline passinghroughthe associatednit binormalvectoratthe samepoint.

Theequatiorfor thebinormalline having positionvector?b is givenby

N

Yy=7T +ub, (5.7)

whereu is a parameter



38 CHAPTER5. C") CURVES,WHEREr > 2AND k # 0

5.6 SomeResultsAbout Plane Curvesand Osculating Planes

Theorem5 6.1LetC bea C™ curve withr > 2 andk # 0. Theosculatlngplaneto C at the point
z = f( ) is the planespanne(byt andp. ThenormalplanetoC at the pomtac = f(s) |s the plane
spannedJyp and b. Therectifyingplaneto C' at thepomt T = t( ) istheplanespannedy t andb.

Proof: By Definition 4.2.1,the osculatlngplanels spannedy t and k Slncek = Hp we have that
the osculatingplaneis spannedy ¢ and p p. Now the unit vectorsin the moving trlhedronare mutually
orthogonal,so by Definitions 3.4.2and5.3.2, we have the normal plane spannedoy p and b, andthe
rectifying planespannedy ? and;. |

By Theorenb.6.1,we cancomeupwith analternatenethodfor finding theequatiorof theosculatingplane
thatparallelsthatof Equations3.4 and5.5for the normalplaneandthe rectifying plane. In particulay the
osculatingolanehaving positionvector z is givenby

(zb—x)-E\:O, (5.8)

sincez, — x liesin theosculatingplaneandis perpendiculato b .

We now considerafew resultsaboutplanecures.

Theorem5.6.2 LetC bea C(™) curve withr > 2 andx # 0. b is constanbna curveC if andonlyif C
is a planecurve

Proof: Supposethatb is constan'on acuneC. By P2, b t = 0. Thus,; . E’(s) = 0. Now integrating,
Whereb is constantwe have b f (s) = a1, whereaq; is a constanbf integration. Thus,thecure C lies
in a planeperpendiculato constantunit vectorz andsois aplanecur\,e Corversely supposehatC' is
aplanecure. Thenc - ?(s) = ay, for someconstanunit vector ¢ thatis perpendlculato the planeln
which C lies,andas is aconstantDifferentiating with c constantwegetc -f/(s) = 0. Hencec - t =0.
Differentiatingagain we getE\ . % = 0. By Equation5 1,we have ¢ np = 0. Sincek # O we have
c- p = 0. Thuswe have ¢ perpendlculato botht andp andso ¢ mustlie in thedlrectlonof b Hence,

thereis a scalara, sothatc = ab. Now ¢ and b areunit vectors,soa = £+1 and b — + ¢ isaconstant
vector Thusb = é? andwe have that b is constant. |

Remark We noticeherethatif C is aplanecurwe,then b is perpendiculato the planeof the cune.
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Theorem5.6.3 Let C bea C(™) curve withr > 2 andx # 0. Theosculatingplane of a plane curve
coincideswith theplaneofthecurve

Proof: SupposehatC is aplanecure. By Theorenb.6.2, b is constanand b is perpendiculato theplane
of thecurve. Hence for every point z = f (s),

b-f(s)=a,

wherea is a constant. Now by Equation5.8, the position vector?b to the osculatingplanesatisfiesthe
equation(z, — z) - b = 0. Hence,

RN

zb-b—f\(s)-b:().

Therefore,

—

Zp :;-E\(s):a.

o |

Thus,ary pointin the osculatingplaneliesin a planeperpendiculato the constantector b, but thisis the
planein whichthecure C lies. 1

5.7 Determining the Equation of a Plane Curve from Curvature

Let C beaC(") planecurve, with > 2 andx # 0. Let usassumehatthe planecunwe liesin the zy plane.

Lettheplanecurve ha/ethealIowablerepresentatio@ = f,(s). Inthissectionwe shav how theequation
of aplanecune canbe determinedip to locationandorientationby knowing the formulafor curvature.

By Theoremb.6.3,the osculatingplaneis the zy plane.Since ¢, liesin the osculatingplane,it makesan
anglef with the z-axis. Hence,

N

ty = (cos 0,sin 6,0) . (5.9)
DifferentiatingEquation5.9,we get
dt, .
= (—sin @, cos 6,0). (5.10)
D diy

By inspectionwe seethat?y : %ﬂ = 0, sothat mustbe:l:ﬁy. Thereforepy Equation5.10,

dt, (dty) (do\ (. do)\—

IR do\
KyPy = (i£> Py

do
ds|’

By Equation5.1,we have

Hence,
(5.12)

Hy:
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Sincex, # 0, andis acontinuoudunctionof s, we maychooseanorientationof the planecurwe, sothat

de
= — 5.13
Ky ds ( )
By Equation5.13,we have
S
0=0() = [ 5,00 (5.14)
S0
Now, R
ty = a5
sowe have R s
V=)= [ 1,0 dn (5.15)
S0
Substitutingequation5.9 into Equation5.15,we get
- S 8
£, = ( [ oos 80 . [ sin 607) .0 (5.16)
0 0

Substitutingequation5.14into Equation5.16,we get

fy(S) = </s: [cos (/7:@1,(71) dn)] dv, /s: [sin (LZEy(n) dn)] d%0>- (5.17)

Remark Equation5.17givestherepresentatiofor a planecurve in termsof curvature. However, we note
that orientationand location neededo be specified. Note thatin Equation5.14, we have specifiedthat

0(s0) = 0. Thissetstheorientationof thecurve, becausdy Equationss.9and5.10,we havethat t , (so) =

(1,0,0) andﬁy(so) = (0,1, 0). Furthermorepy Equation5.15,we have specifiedthat f , (so) = 0. This
setsthelocationof thecurve, namely thatthe curve passeshroughtheorigin attheinitial parametevalue.
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C(") curves,where r > 3 and % ()

6.1 Derivativeof b and Torsion

Theorem6.1.1 LetC bea C(™) curve withr > 3 andx + 0. For all pointsz = f(s)onC, % exists.

—

Proof: By PropertyB1 from Section5.5, for all points? = f(s), b existsandis nonzero.By definition,
b=1txp,s0b =t x £ Thuswehave

K

(6.1)

Sincewe have aC™ curwe, with > 3 andx # 0, by Equation6.1,we seethat 4% exists. |

Definition 6.1.1Let C bea C™) curwe, with r > 3 andx # 0. Thenthetorsion 7, of C at the point
z = E\(s) is definedby letting
@
=—p

Remark Sinceboth p and 2% exist for aC(") curve, with r > 2, we canseethat existsat every point

N

z = f(s).

Theorem6.1.2 LetC bea C() curve withr > 3 andx # 0. Atead pointz = f (s) to C, wehavethat

N

=~ — _7p. 6.2
I TP (6.2)

41
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Proof: Sincebd - b = 1, differentiatingwe get

db — - db
Thus N
— db
2b . — =
b I 0,
or N
- db
b-g =0
Likewise,sinceb - ? = 0, differentiatingwe get
db —~ = dt
— . b . — =
ds + ds 0
By Equation5.1,we have
db - - =
Ts t+b-kp=0
Hence, R
= db -
t-— =—k(b-p)=0.
5, = r(bp)=0

Sincethe moving trihedronmaybe usedasa basisfor R?, we maywrite

—

ﬁ:a?+b5‘+cb,

ds
for someconstants, b, ande. Now a = 7 - db — 0, andc = b - 45 = 0 asderived,andb = p - 4& = —r,
by Definition 6.1.1.Hencewe have
Q — _7'_\
ds P

6.2 Propertiesof Torsion

Let C beaC(™) curve,with r > 3 andx # 0. Thefollowing resultscanbe shavn to betrue.

1.If7=0 ateverypoint? = f(s) of C, thenC is aplanecune.

2. If 7> 0 atevery point? f(s) of C, thenC is aright-handecturve.

3. If 7 < 0 ateverypointz = f(s) of C, thenC is aleft-handectune.



6.3. FORMULAE FORTORSION
6.3 Formulae for Torsion

By Kreyszig[5], we have thefollowing formulaefor torsion:

6.4 Frenet-Seriet Formulae

Theorem6.4.1 LetC bea C") curve withr > 3 andx # 0. At ead point

RN

d -
P _ _t+rb.

ds

Proof: SinceB : ? = 0, differentiatingwe get

dp - _ dt
ht =0
ds tp ds
Thus R
U e e
s =P = mpokp=—k(p-p

Since? . E\ = 1, differentiatingwe get

ds tr ds
Thus R
—~ dp
2p - — =20
p ds b
or N
hal
p ds

Sinceﬁ- b = 0, differentiatingwe get

43

(6.3)

(6.4)

z = f(s) to C, wehavethat

(6.5)
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Thus N

p.dp s b
ds ds

Sincethe moving trihedronmaybe usedasa basisfor R?, we maywrite

T.

dg\ N N —
P _ gt +ep+fb.
ds
for someconstantsl, e, andf. Nowd = t - %2 = —x,e = p - 42 = 0,andf = b - %2 =  asderived.
Hencewe have N
dp - -
il ———_—
s kKt +T

PuttingtogetherEquation5.1andTheorems.5and6.2, we collectively have whatis knovn asthe Frenet-
Seret Formulae

Definition 6.4.1Let C bea C(™) cure, with r > 3 andx # 0. At eachpointz = f(s) to C, the
Frenet-Semet Formulaehold. Namely

dt -
et _ . 6.6
2 1P (6.6)
Pt b, 6.7)
ds
db -
@b _ 5. 6.8
Is TP (6.8)

We canwrite the Frenet-Serrgtormulaein matrix form. By writing Equations6.6-6.8,as

d i |_ 0 k 0 i
—|p|=j- 0 71 p |- (6.9)
ds | = |_ 0 i

b mUBRY I

Remark Whenthe moving trinedronis usedas a basisfor R?, and vectorsare written in this basis, if
derivativesaretaken, the Frenet-Serrefformulaeallow for animmediatereplacemenof the derivatives of

t, 5, and b in termsof thevectorsin themaving trihedron.
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6.5 Fundamental Theorem of Curves

By Equation6.9, we obsenre thatwe have a “matrix differentialequation”. It appearsaiely thatif one
couldspecifythecunature x, andtorsion,r, in this“matrix differentialequation” andthensole it, acurve
of interestcould be uniquelyidentified. We did a similar thing for planecurvesin Section5.7. In fact, this
is, in essencerue by thefollowing theorem.

Theorem 6.5.1(Fundamental Theorem of Curves) If k = k(s)(> 0) andT = z(s) are continuoudunc-
tions of s, definedon an interval [0, a] for someconstanta, thenthere existsa uniquearc of a curve C
havingcurvatue x andtorsionr, determinedip to locationandorientationin space

Proof: SeeKreyszig[5, Theoren20.1]. |

Remark Giventhatthe arc of a curve canbe reconstructedrom x and+ by Theorem6.5.1,the setof
(s)(>0)

equations
K =
T =1(s)

arecalledthe natural equationdor thearcof acune.

N =
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Chapter 7

C") curves,where r > 3, # 0,and 7 # 0;
and GeneralHelices

7.1 GeneralHelicesand Lancret’s Theorem

We now introducethe concepbf agenerahelix.

Definition 7.1.1Let C bea C") curve,with r > 3, k # 0, andr # 0. C is calleda geneal helix if its
tangentine makesa constantinglewith afixedline in space.

An easywayto testto seeif acurwe is agenerahelix is by usingLancrets Theorem.

Theorem7.1.1(Lancret’s Theorem) LetC bea C(™) curve withr > 3,  # 0, andr # 0. ThenC isa
geneal helixif andonlyif 7 is constanfor everypoint?:\ = f(s)onC,

Proof: Let C beaC") curve,with r > 3, k # 0, andr # 0. LetC beagenerahellx Then,by definition,
thetangentine to C makesa constantanglewith afixedline in n space. Let < be ary unit vectorpointing

alongthefixedline. Thereforec malkesa constantingles with t sothatc - t = cosB WenoN sh0/vthat
8 #0,r. Assumebywayof contradictionthat = 0 or g8 = «. In thatcase,c - ¢t = 10r ¢ - t = -1

This impliesthat t = cor t = —c. In eithercases = di | _ 0. However, thisis a contradiction.

ds
Henceﬂ # 0, 7. We nowv alsoshcwthatﬁ 5 Assumebywayof contradictionthat3 = Z. In this case,

< t = 0. Integrating,with < constanty|eld3c f( ) = a, wherea is aconstantHenceC liesin aplane
perpendlculato constamvectorc andthusC is aplanecure. By Theoremb.6.2, b is constanon C, so
db _ . Thusr — —5\ %z = 0, acontradictionHence;8 # 7. Thusg € (0, 7) U (%, n). Differentiating

?- t = cosﬂ with ¢ constanly|elds c - d—ﬁ = 0 By Equation6.6,we have ¢ m? = 0; sowith x # 0,

we have ¢ p =0. Thus cl is perpendlculato p, andthusliesin therectlfylng plane.Sincetherectifying
planeis spannedy ¢ and b by Theoremb.6.1,andsinceg € (0, %) U (4, m), ¢ hasnonzerccomponents

a7
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alongboth ¢t andb. Hencec - b > 0orc - b < 0. Now defineavectoru by letting
- ?; if ¢c-b>0
u = N L =
—c; ife-b<0

By definition, u Ilesalongtheglvenflxedllne liesin therectlfylng plane, malesaconstanangle

) with t andhasapostecomponenwlth b [Note if w = c,thena = G if u=—c,

a€(0,5)u(F,
n = cosa, andsou = (cosa)t +bb for someb > 0. Now

thena =7 —f31]. Hencew -
2 2
|u|" =]+ ¢| =1=cos’a+ b’

2

Thus
b? =1 — cos®a = sin’a.
Sinceb > 0, b = sina. Hence R
u=cosat +sinab.
Now N
du d, -~ =
_— = — :l: = .
ds ds( ¢c)=0
Thus R R
dt b =
(cosa)g + (sma)% =0.
By Equations5.6 and6.8,we have
(cos @)k p + (sina)(—7p) = 0.
Hence(k cos a — T sin ) Therefores cos o = 7sina. Sincea € (0, §) U (5, m), sina # 0, sowe
T cosa

have
K sina’
Thereforel is constantCornverselylet C beaC() cure,withr > 3,k # 0,7 # 0, andlet £ beconstant

.
K
Thereforethereexistsa constant sothat L = c. Now defineavectoru by letting
N 1 N

C

U= t+ b
V142 V14 c?

2 1 1 2
+c —1,

We noticethat
=t —— =
ety e "1y T 1xe2

du c dt 1 db

ds \/1+c2E-I—\/1-I-c2 ds’

SO w is aunit vector Now

(@r-1o_ o2

By Equations6.6 and6.8,we have
p=0p=

1 N c#c—’r—\

du c N
— = (K 4+ — (- —
s~ ira Pt et = et T v e
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—

Since‘fi—z = 0, u is constananddefinesafixedline in spaceNow letd betheanglebetweenﬁ andt, so

u-t Lo c
6 = Cos! — | =Cos! (u-t)=Cos ( ) :
Qmu& Vit
Sincec= 7 #01is constantandﬁ € (—1,1), thetangentine makesa constanaingle
8 € (0, %) U (5, ) with afixedline in space ThereforeC is agenerahelix. |

7.2 A Classof GeneralHelices

A specialclassof generalhelicesthat haspropertiesthat are easyto calculateis givenin the following
theorem.This theoremwaspostulatecandproved by Heuvers[4].

Theorem7.2.1 Let C bea C") curve withr > 3, & # 0, 7 # 0, andlet C havethe representation
z = () = (%, (vV2b) 2 ) whee b > 0 is a constantandn # —2,—1,0. ThenC is a geneal

. n o n+1’ n+2
helix. Furthermoe,

V2b
T=————s.
t"=1(t2 + b)?

K =

Proof: Fromthedefinitionof f(t), we have

iz_f = t'(t) = (bt" ", V2bt", " T1), (7.1)

Lettingty = 0 arbitrarily we cannow find thearclengthfunctions(t), by Definition 3.2.1.Namely

gwa[vﬂwimw

t
— / \/b2t2”_2 + 2ht2n + $2n+2 ¢
0

t
= [ " b2+ 2682+t dt
0
t
:/ "Lt 4+ b) dt
0

t
:/ @t + bt dt.
0

Hence, \
Tt bt"
= — 7.2
§(t) n—+ 2 + n (7.2)
Now, by Equation7.1,we have
d25\ _\l n—2 n—1 n
— =f"() = (b(n — D)t" %, (V2b)nt" *, (n + 1)t"). (7.3)

dt?
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Now let ususeEquation5.3to calculatecurvature,x. We have

- N

_ I x 1)
()

| <bt"*1, \/%t",t"+1> X <b(n — 1)t 2, (V2b)nt" L, (n + 1)t”> |
3
‘<btn—1’ \/%t”, tn+1> ‘
| (2V/2b, ~2b21, bi2n=2 /2 ) |
- (7 pn1)3
2220Vt + 2682 + D2
B (tn+1 + btn—1)3

B t2n_2\/2_b(t2 + b)
(24 b))3

Hence,
k= V2 (7.4)
n=1(2 1 b)2
Now, by Equation7.3,we have
37 N
% =1"(t) = <b(n —1)(n—2)t"3, (V2b)n(n — 1)t" 2, n(n + 1)t"—1> : (7.5)

Now let ususeEquation6.4to calculatetorsion,r. We have

- N N

[£(2), £"(®), "' (2)]

T= 5

N N

£(t) x £(t)

<t2”\/2_b, _opg2n1, bt2”_2\/2_b> : <b(n —1)(n — 2", (V2B)n(n — 1)t 2, n(n + 1)tn—1>
(t2n—2\/%(t2 +b))2

2632
2b(t2 + b)2eAn—t

Hence,

T = i (7.6)
tn=1(t? + b)?

Dividing Equation7.6 by Equation7.4,we get ;- = 1, andthusby Lancrets Theorem(' is agenerahelix.

|

We now examinethecorrespondendeetweergenerahelicesandspeciabssociateglanecurves,whichcan
be consideredo be generatoref the generahelix. The materialin the subsequerdgectionsvasdeveloped
by Heuvers[4].
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7.3 The AssociatedGenerating Plane Curve For A General Helix

LetC beaC") curve,with r > 3, k # 0, 7 # 0, andlet C beagenerahelix.

By definition,andby Lancrets Theoremthereexistsaconstantanglea € (0, §)U(Z, ) with u-t =cosa
sothat

RN —

u = (cosa)t + (sina);. (7.7)

Now defineacure y = f,(s), where

£,(5) = f(s) = £ (s0) — (s — so)(cos @) u_ 7.8)

sin o

We now shaw that f , (s) is aplanecune lying in aplaneperpendiculato u. Differentiatingequation?.8,
we get

N

'(s) = (cosa)u _ ¢ (cos a)ﬂ\.

L
|—h

f!(s) = 7.9
fy(s) sin « sin « (7.9)
By Equation7.9,we have

i - ﬂ\-?—(cosa) COS @@ — COS

fy(s)-u= . = . = 0. (7.10)

sSin & sSin &
Sincefy (s) - u =0, integratingeachsidewith u constanyields
(fy(s) = fy(s0) - u =0. (7.11)

However, by Equation7.8, f ,(so) = 0,s0 f(s) - u=0. Therefore,f , (s) liesin aplaneperpendicular
to constantector .

Remark Sincef\y(so) = 6 theplanecurve fy(s) passeshroughtheorigin.

Now let uscalculatevariousquantitiesrelatedto the associategllanecurve.

By Equation7.9,we have thetangentvectorto f , (s). It is givenby

?y = M_ (7.12)

sin «

Rewriting Equation7.12,we have

— -

¢ = (sina)ty + (cosa)u.
Differentiatingwe get
dt . diy
% = (Sln Oé)%
By Equation6.6,we have R R
kp = (sina)kyp,.
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Hence p
py = p andry = —. (7.13)
sina
Substitutingequation7.7 into Equation7.12,yields
T t — (cosa)((cosa)t + (sina) b)
v sin o
(1 —cos®a)t — (sinacosa) b
N sin «
(sin®a) t — (sinacosa) b
N sin« )
Hence,
ty = (sina)t — (cosa)b. (7.14)
Now

by= 14X Ey
By Equations7.14and7.13,we have

\ RN \ RN —

Zy = ((sina) t — (cosa) b) x p= (sina)(t x p) — (cosa)(b x ;) = (sina) b — (cosa)(—?).

By Equation7.7,we have

— —_

by=1u = (cosa)t + (sina)b. (7.15)

db,

7+ = 0,sor, = 0. However, we alreadyknew this, since f , (s) is aplanecurve.

Thus

Remark FromLancrets Theoremthe constantinglea satisfieghefollowing relationships:

T COS ¢

— = === — ¢, wherec is constant (7.16)
k  sina
cosa = ¢ (7.17)
Vit .
1
sina = . 7.18
V1+c? (748

Theserelationshipsnaybe usefulif « is notimmediatelyobviousfrom context.

7.4 UsingaPlaneCurveto Generatea General Helix
Letfy(s) beanallowablerepresentationf aC(") planecurve,with r > 3 ands, # 0. Also, Ietfy(so) =0
sothattheplanecurve passeshroughtheorigin.

Sincef ,(s) isaplanecure, 7, = 0, by is aconstantectoru, whereu is perpendiculato the planeof

thecurwe [By Theorenb.6.3,theosculatingplaneis theplaneof thecurwe, and b, is perpendiculato it].
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Leta € (0, ) U (§, 7). Define

-
N

f(s) = f(so) + (sin a)?y(s) + (s — so)(cos a)u,
Wheref(so) is anarbitraryconstanwector

We now shaw that f (s) is agenerahelix. DifferentiatingEquation7.19,yields

—
N N

'(s) = (sina) t + (cos @) u.

t =

|=—h

DifferentiatingeEquation?7.20,we get

By Equation6.6,we have
kp = (sina)kyp,.
Hence L
p = py andk = (sin a)ky.

Now b = ? X 5, sousingEquations/.20and7.21,we have

—
RN N

b=txp=(sina)ty+(cosa)u)x p,

- N

— (sina)(ty X py) + (cosa)(by X P,)
)

= (sina) by — (cosa) ty.

Hence, R R
b=—(cosa)ty+ (sina)b, = —(cosa)ty, + (sina)u.
DifferentiatingEquation7.22,we get
db dt,
% = (— COS a)g

By Equations6.6 and6.8,we have R R
—7p = (—cosa)kyp,
By Equation7.21,we have R R
Tp = Ky(cosa)p.

Hence,
T = Ky COS Q1.
Replacings, with 7~ by Equation7.21in Equation7.23,we get
T = ( - )cos a,
sin &«

or

T _ COS @

k sina’

53

(7.19)

(7.20)

(7.21)

(7.22)

(7.23)

which is constantand nonzero,sincea € (0,5) U (5, m). Thereforef (s) is a generalhelix for ary

a € (0,%)U(F,n).

Remark Sincer = &, cos o, we noticethefollowing. If « € (0, g), the generalelix is right-handedif

a € (§,7), thehelixis left-handed.
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7.5 Summary of ConversionProcess

To cornvert from the generalhelix to associatecplane curve
1. Startwith agenerahelix C, whereC is aC") curve,with r > 3, k # 0, andr # 0. Let C have an

allowablerepresentatioof f(s).
2. If ais notobvious,calculateémportantexpressiongor a by thefollowing method.

(a) Calculatex andr for thegenerahelix.
(b) Letc = 7, wherec is known to beconstant.
. We notethatthe vector u correspondinghe fixed

1

— c o —
(c) Letcosa = T andsina = NiF
directionin spaceor thegenerahelix is givenby u = (cosa)t + (sina)b.

3. Definetheplanecune y = fy(s), by letting
?y(s) _ f(s)— f(so) - (s —sp)(cosa)u ‘
s o

4. Usethefollowing equationgo getinformationaboutthe planecure.

— —

?y = (sina)t — (cosa) b.

py=1p
by = u = (cosa)t + (sina)b.
K
K prnd
Y sina
Ty =0

Remark If therepresentationf thegenerahelixis givenin termsof ageneraparametet, theonly change

is thedefinitionof the planecure. In thatcase we have Z = f,(t), definedby letting
f(t) — f (fo) — (S(t) — S(to)) (cos ) u

()=
ty(®) sin «

wheres(t) is givenby Definition 3.2.1.
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To corvert from the associatedlane curve to the generalhelix

1. Startwith a (") planecurwe, with » > 3 and ky # 0. Let the planecurwe have an allowable
representatioof f, (s), wheref (so) = 0 sothattheplanecurve passeshroughtheorigin.

2. If b, isnotobvious(i.e. k direction),calculateit, whereit is known to beconstantLet u = by.

3. Leta beanarbitraryanglein theintenal (0, 5) U (5, 7). It is known thatchoosingx € (0, 5) will

producearight-handedyenerahelix, while choosingx € (7, ) will producea left-handechelix.

4. Definethegenerahelix? = E\(s) by letting

N

(s) = f(so) + (sina)fy(s) + (s — so)(cos @) u,

= |

wheref (so) is anarbitraryconstantector

5. Usethefollowing equationgo getinformationaboutthe generahelix.

— —

b= (sina)ty + (cosa) by = (sina) ty + (cosa)u.

Py-

N
-
— N

b = —(cosa)?y + (sina) by = (sina) t, + (cosa)u.
Kk = (sina)ky.

T = (cos a)ky.

Remark If therepresentationf the planecurwe is givenin termsof ageneraparametet, theonly change
is the definitionof thegenerahelix. In thatcasewe definethegenerahelix? = f (¢) by letting

—

T(t) = 1 (to) + (sina) T, (t) + (s(t) — S(to))(cos @) u,

where f (¢y) is anarbitraryconstantvector
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7.6 Examplesthat lllustrate the ConversionProcess

We now illustratethe conversionprocesdgrom Section?7.5by a numberof examples.

Exanlple7.6.1 Giventhegeneal (cylindrical) helix C, thathasan allowablerepresentation

T = f(s) = <a cos(ﬁ),asin(\/ﬁibz), (\/a2b+b2)s> , find theassociateglanecurve
andits properties.

Solution Firstwe calculatex andr for thegenerahelix. We have

£ 0= (gt (55). () ). (o))

Noticethat|f'(s)| = 1, sos is indeedarcIengthparameterand? = %. Now by Equations6.6and7.24,
we have

Lodt o a s e i
_dt e[ s in [ —— . (7.25
P =g~ ) < (a2+b2>cos<\/m)’ (a2+b2>51n(¢m>’0> (729

By inspectiornof Equation7.25,we seethat

— S S
=(—cos| ——),—sin| ——),0). 7.26
b < (\/a2+b2) (\/a2+b2> > (7.20)
and
a
ﬁ:m_ (7.27)

Now b = ? X E soby Equation7.24and7.26,we have

- b s b S a
b=(|—)sin| —),— | —— , . 7.28
<(\/a2+b2>sm(\/a2+b2> (\/a2+b2)cos(\/a2+b2) (\/a2+b2>> (7:28)
Now by Equations.8and7.28,we have

—rp = @ = b cos 5 b sin [ ———— )0 (7.29)
p = ds - G,2 + b2 /a2—+ b2 ’ a2 n b2 ,7012 T b2 ) - .

By inspectionof Equation7.29,we seethat

b

T= e (7.30)
We have verifiedthatwe do indeedhave a generahelix, since
T_b_. (7.31)
K a
wherec is aconstantNow let . b
cosa = (7.32)

Vite Vi +p
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and
1 a

Vite Vot

(7.33)

sinaq =

RN

Sinceu = (cos a)? + (sina) b, we have

= () (em) o (oew) () = () (8em)

) () o () - (V) = () ()
This simplifiesto R
u = (0,0,1). (7.34)

We now deflnetheplanecurve ? (s), by letting

N

£(5) — f(s0) = (s — s0)(cos @)u (7.35)
sin « ' .

=

y(s) =

Let usarbitrarily choosesy = 0. Substitutingequationsr.32,7.33,and7.34into Equation7.35,we get

()=~ 10) — s (ke ) (0,0,1)

—

() = —
:<1§§E ﬂg—(ﬁzz?)ﬂm—sG)&mn
:<@ (s) ( a +b2) (a,0,0) + <0,0,—<§>s>
(Y (o))
() o g ) ()

(v ())

Hencethe associateglanecune is givenby
= _ _ S22 S _ SoZ 1 b2 S
y="f,(s)= < a?+b (cos( a2+b2> 1), a’+b sm(\/m),()>, (7.36)

whichis acircle (z — va2 + b2)? + y2 = a® + b? in thexy plane.

Now let usderive someof the propertiesf theassociategllanecurve. We know that

N LN —

ty=(sina)t — (cosa)b. (7.37)
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Substitutingequations7.33and7.32into Equation7.37,yields

Now substitutingequationsr.24and7.28yields,uponsimplification,
?y = <—sin <;> , COS (;> ,0> . (7.39)
Va? + b2 Va? + b2
Now E\y = p, SO
Ey = <—cos (ﬁ) ,—sin (ﬁ) ,O> . (7.40)

Wehave b, = u, whichwasfoundin Equation7.34,s0

RN

by = (0,0,1). (7.41)

We have ky = ﬁ, soby Equations7.27and7.33,we have

L e _ VAP 1 (7.42)
! \/a2a—|—b2‘ a2 + b2 \/m
or
1
py=-—=V a? + b? (7.43)
Y
andalsowe know that
Ty = 0. (7.44)

Example 7.6.2 Giventhegeneal helix C, thathasan allowablerepresentation
z = f(t) = (¢, @ﬁ, g), findtheassociateglanecurve

Solution This Exampleis similarto Example7.6.1,exceptthatit differsin thatthe representatiofor the
curwe is notgivenin termsof thearclengthparameterHowever, by theremarksin Section7.5, we seethat
this is nottoo muchof adifficulty. Furthermorewe alreadyknow thatwe have a generalhelix, sincethe
cuneis amembeiof classof curvesdiscussedh Theoreni’.2.1.Letusjustcitetheresultsof Theoreni’.2.1
for this specifichelix.

dz 2
=t = <1,\/§t,t2> (7.45)
2; —
627 —"(t) = <0, V2, 2t> (7.46)
&x o
s =17(t) =(0,0,2). (7.47)
t3
s(t) = = +1. (7.48)
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V2
V2

Using Propertiesl'5 and Bifor the Unit TangentVectorand Unit Binormal Vector we canfind ? andb,
whichwill allow usto find p. Doing so,yields,

b= ﬁ <1,t\/§, t2> (7.51)
P =T < 2,1 - t2,t\/§> (7.52)
b= ﬁ <t2, 12, 1> (7.53)

Now v = (cos a)? + (sinea) b. FromEquations?.51,7.53,7.17,7.18,wherec = 1, we have

<1 2, t2> + TW <t2,—t\/§,1> - <%,o, %> (7.54)

1 1
V2t +1

—
u =

We now definetheplanecurne Yy = ?y(t), by letting

£, (1) = 110 = Lllo) = (fg)a_ slto)) (cos@)u (7.55)
With ¢y = 0, s(tg) = 0, ?(to) =0, andcosa = sina = f, Equation7.55becomes

_ ? D \u R R

£ - O HGRY ) - s 756

V2

Now substitutingequations7.48and7.54into Equation7.56,alongwith thedefinitionof f (¢) yields

?y(t) = x/§<t, ?t2,§> <t3 +t> <\1[ ;_>

Uponsimplification,we have

[0

3t\/§—t3\/_ 2 $3v/2 — 3t\/_>
6

- % <3t — 13, 3tv/2, 1% — 3t>
or

Tl LN 1 L1
fy(t)—t<\/§,1, f>+ ¢ \/5’0’\/5>' (7.57)
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Example 7.6.3 Giventheplanecurve(C, thathasan allowablerepresentation
5 = f,(t) = (tsint + cost — 1, —tcost +sint, 0), find a geneal helix geneatedby this planecurve

Solution In this example,it is obviousthat b, = k= (0,0,1), andlet = by = %. Sincewe areusinga
generaparametet, we needto calculatethearclengthfunctions(t). Now

@ = p(t) = (tcost,tsint,0) (7.58)
da Y ’ T '

Lettingty = 0 arbitrarily we cannow find thearclengthfunctions(t), by Definition 3.2.1.Namely

t
:/ V12 cos? t + 12 sin? ¢ di
0
t
:/ tdt.
0
t2

s(t) = - (7.59)

Hence,

Leta beary arbitraryangle,wherea € (0, %) U (5, 7). As before,we definethe generahelix z = E\(t)
by letting

-

£(2) = 1(0) + (sina) £, (£) + s{t)(cos @),

where f (0) is anarbitraryconstanvector Hence,

f(t) = f(0)+ (sine) (tsint + cost — 1, —tcost + sint, 0) + E(cos «)(0,0,1)

— 2
=f(0)+ <(tsint + cost — 1)(sina), (—t cost + sint)(sin a), %(cosa)> .

Remark If o € (0, §), the helix is right-handedif a € (§,«), thehelix is left-handed Pick a specifica
and f (0) to identify a particulargenerahelix.

A plot containingboththe planecurve, andanassociategenerahelix for o = %, is shavn is Figure7.6.

Note: Thegenerahelix wasscaledup by factorof sin 7, sothattheplanecurve will betheactualprojection
of thehelix in the plane,andthe generahelix will lie onthecylinder definedby the planecurwve.

7.7 Solvingthe Natural Equations of a General Helix

Let usstartfrom a setof naturalequationdor a generahelix

(s)(>0)

{r (s)

Il
o =
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Figure7.1: GeneraHelix With Associated?laneCurve

wherec is aconstantandfind thegenerakolutionto thenaturalequationsThemethodwe useis to consider
theassociateglanecurve, becausehenwe may usethe methodoutlinedin Section5.7.

For agenerahelix, asin Section7.5,we mayidentify theanglec, by letting

cosa = 7.60
Vite (7:60)
and )
sina = . 7.61
V1+¢? (7.61)
FromSection7.5,we have thatthe cunatures,, of theassociateglanecurwe is givenby
Ky = ——. (7.62)
Sin &

Substitutingequation7.61into Equation7.62yields

2 24 2
ny:m/1+02:m\/1+7——2:ﬁ\/% +2T = VK2 + 12 (7.63)
K K

Using Equation5.17 from Section5.7, we canfind the equationof the planecurve having cunatures,,.

Namely
fy(S) = </s: [cos (/mjﬁy(n) dn)] dv, /s: [sin (/y;yﬁy(n) dn)] d%0>- (7.64)

SubstitutingEquation7.63 into Equation7.64, we get the equationof the associateglanecune to the
generahelix:

f,6=( oos ( V7 @ dn) | ar [ s VT G dn) | ano).
(7.65)

We cannow write down theexpressiorfor thegenerahelix, sinceSection7.5demonstratedow to find the

generahelix from theassociategllanecune. In particularthegenerahelix? = f (s) isgivenby

—

?(s) = f(so) + (sin a)?y(s) + (s — s¢)(cos @) u, (7.66)
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where f (so) is anarbitraryconstanvectoy andu = by = k.

Remark Whenwe determinedheassociateglanecurwe, we specifiedts locationandorientation.Seethe
remarkatthe endof Section5.7. In particular by Equations7.20,and7.21,we have the orientationof the

generahelix specifiedby I\(so) =< sina, 0, cos a > andﬁ(so) =< 0,1,0 >. If adifferentorientationis
desiredfor thegenerahelix, we write

E\(s) = E\(So) +P ((sin a)fy(s) + (s — s9)(cos a)is\) ) (7.67)

whereP is arotationmatrix.



Chapter 8

C") curves,where r > 4, k # 0,and 7 # 0,

and General Helices

8.1 A Fourth Derivative Theorem

Theorem8.1.1 LetC bea C() curve withr > 4, k # 0, andr # 0. For all pointsz = f (s) onC,

N N -

[£"(s),£"(s),£""(s)] = 59

i ()

Proof: We have

- dx —
fl = — =
= (8) ds t 7
andby Equation6.6,we have
” Pz dt
f"(s) = = =
() ds? ds P

Now differentiatingequation8.2, we get

()= < (wp) = 25 dp.

Substitutingequation6.7 into Equation8.3,we get
Hence,

Now differentiatingequation8.5,we get

g d = dk- -
f7(s) = o (—5275 + d—':p —I—m’b),

(8.1)

(8.2)

(8.3)

(8.4)

(8.5)
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whichwhenexpandeds
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- d .~ .dt &k~ dedp ds —~ dr—  db
fIIII - _ 2 27 hadidd v hatld i ey 8.6
() ds(ﬁ)t Moas Tas2? T s ds+dsTb+deb+HTds (8.6)
Substitutingequationss.6through6.8into Equation8.6, yields
’» dk— ~ d?k—~ dk - - ds — dr— N
frm — 9kt — 3 haliidd v hatld haldly NN 2 . 8.7
£(s) det fﬁp+ds2p+ds( mt+7b)+d87b+/$dsb KT D (8.7)
Hence, )
T dk— d°k 5 2\ = dk dr\ —
£ (s) = —3f§£ t+ (@ — K° — KT ) p+ (27% + H@) b. (8.8)
Now by Equation8.2and8.5,we have
i i - 9, Ak - 3> 0 de — - 2 =
fis) x17(s) = (sp) x (=r"t + —=p +r7b) = —"(p X 1) +r_-(p X p) + £°7(p x D). (8.9)
Hence, R R
£7(s) x " (s) = k*1t + K>b. (8.10)

Formingthedot productof Equations8.10and8.8,we get

Hence,

(8.11)
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8.2 A GeneralHelix Test

Theorem8.2.1 LetC bea C") curve withr > 4, k # 0, andr # 0. C is a geneal helixif andonlyf for

-

all pointsz = f (s) onC,

N N -

[i”(s),f”’(s),flm(s)] —0.

Proof: Let C' bea C") cure, with r > 4, k # 0, andr # 0. Let C be ageneralhelix. By Lancrets
Theorem,- = ¢, wherec is a constantHence by Theorenm8.1.1,we have

JEEN

(61,17, 1" )] = w0 (D) = w0 0 (e =0

Corversely let C beaC") curve,with r > 4, k # 0, andr # 0. Also let

— — —

[£”(s),£"(s),f""(s)] = 0.

By TheoremB.1.1,we have

o T I d (T
" m nn I et
[£(),£"(),£" ()] = 5" ().
SO p
52 (T) _
ds (,ka) 0
However, k #£ 0, SO
d (7
(o) =0

Hence, . is constantBy Lancrets Theorem(' is agenerahelix. |
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