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ABSTRACT

Thepurposeof thisreportis three-fold.First,apossiblemotivationfor theallowability conditionsof acurve
is presented;whereas,theusualapproachis often to startfrom the allowability conditions.Secondly, the
basicresultsof the differentialgeometryof curvesaresummarizedandorganized;the resultshaving the
sameassumptionsarecollectedtogetherin onechapter, andthechaptersareorganizedsothatthematerial
in any onechapterwill hold in subsequentchapters.Thisdiffersfrom theusualapproachin thattheresults
arenot often groupedtogetherby their hypotheses.Finally, andmostimportantly, a variety of important
propertiesandresultsinvolving generalhelicesis presented.Generalhelicesprove to beaimportantclassof
curves,becausethey possessaverysimpleproperty:“the ratioof theirtorsionto curvatureis constant.” This
propertygreatlysimplifiesa lot of the morecomplicatedformulasin differentialgeometry. Additionally,
recentworkbybegunbyKonradHeuversdemonstratesthatanassociationbetweengeneralhelicesandplane
curvesexists. This associationallows for thepossibilityof studyinggeneralhelicesby studyingassociated
planecurves,which is amuchsimplertask.
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Notation

1. f: anunderscoreunderneatha letter, indicatesthattheletterrepresentsa function

2.
�
f : representsavector-valuedfunction

3. � � � � : magnitudeof vector
� �

4. � �"!$#%!�&(' : shorthandfor �*) +-,.#/) 01,.& ) 2
5.

� �����
: class � ; a curve of class � hasthe componentsof its allowable representationto be � times

continuouslydifferentiable3 : usuallyusedto indicatearclengthparameter

6. 4 � 5 ! � � ! �617
: theboxproductor triple scalarproductof threevectors

� 5
,
� �

, and
�6

. This is
� 598;:<� ��= �6?>

,
or equivalently,

: � 5 = � � >"8 �6
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Chapter 1

Preliminaries

1.1 Intr oduction

Whatis acurve?To answerthisquestion,weconsiderthepropertiesthatwewishacurve to have,andthen
usetheseto guideoursearchfor anappropriatedefinition.Intuitively, wethink of acurveassome“winding
path” throughspace.If we imagineeachpoint alongthe pathashaving a label, thenidentifying a curve
wouldamountto makinga correspondencebetweenthelabelsandtheactualcoordinatesin spaceassigned
to thepoint. For thispurpose,weconsider“mappings”.

1.2 Mappings

Definition 1.2.1 Let @ and A besets.A rulef whichassociateseverypointof @ to exactlyonecorrespond-
ing pointof A is calleda functionor amappingof @ into A . Wesymbolizethisby

f BC@�DEAGF
In this situation,@ is calledthedomainof f and A is calledthecodomainof f. If f mapsHJI�@ to

� I�A ,
wewrite f

: H > � �
. Wereferto

�
asthe image of H underf and H asthepreimage of

�
.

Remark An underscoreis usedto identify a function,i.e. f. Thisprovesusefulin certainsituations,where
it maybedesirableto give theoutputvariablethesameletternameasthefunction.

Definition 1.2.2 A mappingf is saidto map @ onto A if for every
� IKA thereexistsan H9IK@ suchthat

f
: H > � �

. A mappingf is saidto beone-to-oneif for any HML/!�H(NOIP@ with HQLO�� H(N , f mapsHML and HRN to
differentpointsin A , i.e. f

: HQL > �� f
: H(N > .

Remark If f is a one-to-onemappingof @ onto A , thenf is calleda bijection, andan inversemappingf S L
existsthatmapsA in aone-to-onefashiononto @ .

13



14 CHAPTER1. PRELIMINARIES

1.3 BijectiveMaps

In attemptingto defineanarcof a curve, we couldlet thesetof point “labels” bethesetof numbersin an
interval 4 H%! � 7 , whereHQ! � IUT . Wecouldthentry to describethearcby definingamappingfrom 4 H%! � 7 to the
arc’s spatialpoints. Sincewe desireeachnumberin 4 H%! � 7 to correspondto exactly onearcpoint, andeach
arcpoint to correspondto exactlyonenumberin 4 HQ! � 7 , wenaturallylook to bijective maps.

However, for our purposes,this provesto be inadequate.We do not want to considera two-dimensional
region to bethearcof acurve,but bijective mapsalonedonotdiscountthispossibility.

Theorem 1.3.1 Theinterval 4 � !V
 7 canbemappedin a one-to-onemannerontothesquare 4 � !V
 7 = 4 � !V
 7 .
Proof: Let WXIK4 � !V
 7 . Write W uniquelyasaninfinite decimal,usingrepeating9’s if necessary. Hence,if W is
rational,say W � LY � FZ
V�\[ , write W as FZ
V�;�C]\]\]^F/F/F . For any W , we have W � F`_ L _ N F/F/Fa_*bcF/F/F . Define _*bRd to be
thefirstnonzerodigit in theexpansionof W , andmoreover, for all 2 �e
 , define_ bgf to bethe 2 thnonzerodigit
in the expansionof W . Hencewe canwrite W � F`_hLiF/F/Fj_ b d�_ b dlk"LiF/F/Fa_ bgm _ b\m k"L-F/F/Fj_ bgn _ b;n k"LoF/F/Fj_ bgp _ bgp k"LiF/F/F
Now definef BQ4 � !V
 7 Dq4 � !V
 7 = 4 � !V
 7 by letting

f
: W > � : F`_rL"F/F/Fa_ bCd _ b m k"LoF/F/Fa_ b n _ b p k"LiF/F/FX!sF`_ bRd k"LoF/F/Fa_ b m _ b n k"LoF/F/F*_ b p _ bgt k"LiF/F/F > F

SinceW is writtenuniquely, themappingis well-defined.Wenow show thatthemappingis, in fact,bijective.
Wecando thisby showing thatany point

: �uLV!$�%N > IK4 � !V
 7 = 4 � !V
 7 hasexactlyoneinverseimage.

Let
: �uLV!$�%N > I�4 � !V
 7 = 4 � !V
 7 . Write eachcoordinate�iL and �vN asuniqueinfinite decimals,usingrepeating

9’s if necessary. Hencewehave�iL � F`wMLawCNxF/F/Faw b F/F/F and �%N � Fzy\LjyVNxF/F/Fjy b F/F/FrF
Now for all 2 �e
 , definew bgf andy b\f tobethe 2 thnonzerodigitsin theexpansionsof �uL and�%N respectively.
Thereforewecanwrite� L � F`w L F/F/Faw{bRd�w{bRd k"L F/F/F*w{b m wCb m k"L F/F/Fjw{b n wCb n k"L F/F/FawCb p wCb p k"L F/F/FVF� N � Fzy L F/F/FjyVbCdayVbCd k"L F/F/FjyVb m y/b m k"L F/F/Fjy/b n y/b n k"L F/F/F*y/b p y/b p k"L F/F/FVF
Wethenlet W � F`w|LiF/F/Faw b day\LiF/F/Fjy b d�w b d}k"L-F/F/Fjw b\m y b d}k"LoF/F/F~y b\m w bgm k"LiF/F/F .
Since �iL and �%N areuniquely representedandare infinite decimals,this inversemapproducesa unique
infinite decimal.Thustheinversemapis well-defined.Furthermore,thesequenceof nonzerodigits� _ b f '���/� L is precisely��w bCd !ay bRd !�w b m !ay b m 8/8/8M�

sowehave f
: W > � : �uL~!$�vN > .
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1.4 ContinuousMaps

Sincebijective mapsprove to beinadequate,we look to continuity.

Definition 1.4.1 A mappingf B|@�D�A is saidto becontinuousat a point H�I�@ if for every � � � , there
existsa � � � , suchthat if � �G�KH-�M��� , then � f : � > � f

: H > �M�
� . f is saidto becontinuousif it is continuous
ateverypoint in @ .

Definition 1.4.2 Theimageof acontinuousmappingis calledaPeanocurve.

Thenext sectioninvestigatestheconstructionof a specialPeanocurve. In particular, we will discover that
weencounterthesameproblemasbefore:wecanmapaninterval to anentiretwo-dimensionalregion!

1.5 A SpecialPeanoCurve

Beforegiving theexplicit descriptionof thePeanocurve, we first describea constructive, subdividing pro-
cessof theunit square,whichwewill thenuseto constructthemapping.Theprocessis asfollows:

1. Let � bethesquare4 � !V
 7 = 4 � !V
 7 . Subdivide � into 4 squares� , labelingthemwith theboundariesas� !V
g!a�(!a� .

2. Subdivide eachof thesesquaresinto four subsquares�;� , wherewith theboundariesthey arelabeled� � !���
g!��\�(!��\� .

3. Repeatthesubdivision processindefinitely.

4. Numberthesquaressothatall of thesquaresarepassedthrough,if you passfrom oneto thenext in
increasingorder, wherebyapolygonis generatedhaving nomultiplepoints.

Lemma 1.5.1 Thenumberingprocessdescribedin theconstructionis alwayspossible.

Proof: Let P
: �">

bethepropositionthatsucha numberingis possibleat the
�

th subdivision. P
: 
 > is trueby

thefollowing diagram.

� �
��
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� �

�
�
� �

�� � �

��
� �

��

(i) (ii)

�
��

� �
�

�

� � �

�
��

� �
�

(iii) (iv)

Figure1.1: Diagramsusedin theproofof Lemma1.5.1

Assumethat P
: �">

is true, so that the orderingis possibleat the
�

th subdivision. Let � and � be any
two consecutive squares,so that � is �gL��VN�F/F/Fj� b and � is �gL��VN�F/F/F : � b ,�
 > . Considernow the

: � ,�
 > th
subdivision. Let A betheboundarybetween� and � . Without lossof generality, let usassumethat A is on
theright edgeof � . Fromapossiblesquare� thatprecedes� , onesubsquareof � maybeforcedin advance
to be �\L$�rNxF/F/Fa� b � , andlet uscall this � for convenience.No matterwhere � is, we have a polygonalpath
from � throughthesubsquaresof � , finally crossingA into � . Since � couldbein oneof four locations,
we identify all four possibilitiesby thediagramsin Figure1.1. (Note: thenumbers� in thesubsquaresof �
representthesquares�gL��VN�F/F/Fa� b � .)

Hencetheorderingis possibleat the
: � ,�
 > th subdivision, andP

: � ,�
 > is true. This shows thatsucha
numberingprocessis alwayspossible.

Note that in this construction,oncethe lowest/firstnumberin a new subsquareis identified,thenthesub-
squarethatis assignedthehighestnumberwill beadjacentto it andsittingnext to theboundaryof thenext
square.

Wenow introducesomeusefullemmasthatwill allow usto assembletheprecedingsubdivisionprocessand
useit to formulatethePeanocurve mapping.
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Lemma 1.5.2 Anypoint � of theoriginal square � is a point of everysubsquare in at leastonesequence�gL/!��gL��VN;!/F/F/Fr!��\L$�rNxF/F/F .

Proof: Let ��I�� . Let P
: �">

be the propositionthat � is in somesubsquare�gLoF/F/Fa� b . We show that
a sequencemustexist, by demonstratingthat for all

�
, a term of the sequenceexists, andwe do this by

inductionon
�

.

Since � I�� , � is in at leastonesubsquare� !V
g!a�(! or � . Call onesuchsubsquare�gL , so that �¡I��\L ,
and P

: 
 > is true. Now assumethat P
: �">

is true, so that �¢I£�\L-F/F/F*� b . Hence, � must be in at least
one of �gLoF/F/Fa� b � !��gLiF/F/Fa� b 
g!��gLiF/F/Fj� b �(! or �gLoF/F/F*� b � . Call one suchsubsquare�\L-F/F/Fj� b � b k"L . Therefore,�¤I¥� L F/F/Fa�/bC�Vb k"L and thusP

: � ,¦
 > is true. Hence, � is a point of every subsquarein the sequence�gL/!��gL��VN;!/F/F/Fr!��\L$�rNxF/F/F .
Lemma 1.5.3 If �gL/!��gL��VNg!/F/F/FV!��gLa�rN"F/F/F is a sequenceof subsquaresof � , thenthesequenceconvergesto a
singlepoint in � .

Proof: Let �gL/!��gL��VN;!/F/F/Fr!��gL��VN�F/F/F be a sequenceof subsquaresof � . For all
�

, let subsquare�gLoF/F/Fa� b be
representedby § b =9¨ b . We notethat thereexist H b ! � b !�_ b !�w b I©T with H b�ª � b and _ b�ª w b , so that§«b � 4 HCb%! � b 7

and
¨ b � 4 _*bv!�w{b 7

. Now §«b k"L � 4 HRb k"L ! � b k"L 7 ; by our constructionprocessthis will be
either 4 H b !�H b ,�¬<­ SQ® ­N 7

or 4 H b ,£¬<­ SQ® ­N ! � b 7
. Hence H b k"L is either H b or H b ,£¬<­ SQ® ­N . Thus H b k"L¯�°H b .

Therefore� H b ' �b � L is nondecreasing.Since � H b ' �b � L is boundedabove by 1, � H b ' �b � L convergesto somepointH©I�4 � !V
 7 . Similarly,
� b k"L is either

� b or
� b �¦¬ ­ SQ® ­N (sameas H b ,£¬ ­ SQ® ­N ), so

� b k"L ª � b . Therefore� � b ' �b � L is nonincreasing.Since � � b ' �b � L is boundedbelow by 0, � � b ' �b � L convergesto somepoint
� I�4 � !V
 7 .

Furthermore,sinceHRb ª � b , for all
�

, wehave H ª �
. Soletting § � 4 HQ! � 7 , wehave §«b converging to § .

By thesameargument,we have
¨ b converging to

¨
, where

¨ � 4 _h!�w 7
for some_;!�w�Ie4 � !V
 7 with _ ª w .

Hence§«b =�¨ b convergesto § =¯¨
. However, by construction,wCb?��_*b � � b±��HRb � LN ­ , sotakinglimits

as
� D³² , we have w´�P_ � � �PH �¥� . Thus H � �

and _ � w . Therefore,thesequenceof subsquares
convergesto asinglepoint in � .

Lemma 1.5.4 For anypoint ��Iµ� , there existsa sequenceof subsquaresconverging to it.

Proof: Let ��Iµ� . By Lemma1.5.2,thereexistsasequenceof subsquares� L !�� L � N !/F/F/Fh!�� L � N F/F/F , sothat �
is in every subsquare.By Lemma1.5.3,this sequencemustconverge to a singlepoint in � , say �·¶ , so �·¶
mustalsobe in every subsquare.Now for all

�
, both � and � ¶ lie in subsquare�gLoF/F/Fj� b , so thedistance

betweenthemmustbe lessthanor equalto ¸ NN ­ for all
�

. Hence,thedistancebetween� and � ¶ mustbe
zero.This forces� � �·¶ , sothereexistsasequenceof subsquaresconverging to � .
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Lemma 1.5.5 For all W^IK4 � !V
 7 , andfor all + , there exist HR¹"I�º � !V
g!a�(!a�R» , sothatW � �¼ ¹ � L HR¹� ¹ F
Either this representationis unique, or W hasexactlytwosuch representations,whereW � �¼ ¹ � L HR¹� ¹ � �¼ ¹ � L � ¹� ¹
for HC¹½! � ¹¾I�º � !V
g!a�(!a�R» . If W hastwosuch representations,thenthere exists

� �e
 , sothat HR¹ � � ¹ for +¿� �
,H b ,�
 � � b , and HC¹ � �(! � ¹ ��� for + �P�

(or
� b ,À
 � H b with HR¹ ��� ! � ¹ � � for + ���

).

Proof: By Ross[7, Theorem16.3],this lemmais provedusing
representationsÁ �¹ � LUÂÄÃLlÅ Ã for _*¹¯IÆº � !V
g!a�(!a�(!$�|!a[(!aÇ(!jÈ(!aÉ�!a](» . Only a slight modificationof this proof is
neededto justify thepresentlemma.

Theorem 1.5.1 Theinterval 4 � !V
 7 canbemappedcontinuouslyontothesquare 4 � !V
 7 = 4 � !V
 7 .
Proof: Let W^IK4 � !V
 7 . By Lemma1.5.5,for all + , thereexist �/¹�I�º � !V
g!a�(!a�R» , sothatW � �¼ ¹ � L �/¹� ¹ F
Now definef Bv4 � !V
 7 Dq4 � !V
 7 = 4 � !V
 7 by lettingf

: W > bethesinglepoint in 4 � !V
 7 = 4 � !V
 7 to whichthesequence
of subsquares� L !�� L � N !/F/F/FV!�� L � N F/F/F convergesby Lemma1.5.3.

Firstweshow thatthismappingis well-defined.If therepresentationW � �¼ ¹ � L �/¹� ¹
is unique,thenf

: W > correspondsto a singlepoint. If not, thenby Lemma1.5.5, W hasexactly two repre-
sentationsÁ �¹ � L ® ÃÊ Ã and Á �¹ � L ¬ ÃÊ Ã where,without lossof generality, for some

� �Ë
 , HR¹ � � ¹ for +´� �
,H b ,�
 � � b , and HC¹ � �(! � ¹ ��� for + �P�

. Let

f Ì �¼ ¹ � L HC¹� ¹rÍ � �ÎL
and

f Ì �¼ ¹ � L � ¹� ¹ Í � �"NgF
For all � �P�

, subsquare HQLoF/F/FjH b F/F/FaH � � HMLiF/F/FaH b �^F/F/F~�
is adjacentto subsquare � LiF/F/F � b F/F/F � � � HMLiF/F/FaH b S L : H b ,�
 > � F/F/F �
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Ï«Ð

ÏÒÑ ÐÑrÓ ÐÑrÓ
ÐÑ Ó

Figure1.2: Diagramof maximumdistancebetween�¿L and ��N
by our numberingprocess.So for �¿L and ��N , which lie in HMLiF/F/FjH b F/F/FaH � and

� LiF/F/F � b F/F/F � � respectively,
themaximumdistancebetween�¿L and ��N is the lengthof thediagonalof a rectanglehaving sides LN$Ô andNN$Ô , ascanbeseenby Diagram1.2.

Hence,for all � �P�
, themaximumdistancebetween�¿L and ��N isÕ �� �|Ö N , Õ 
� �(Ö N �Ø× [� � F

In otherwords,for all � �P�
, w ª × [� � F

wherew is themaximumdistancebetween�¿L and �"N . Therefore,w ª¡ÙÛÚZÜ�$Ý � × [� � ��� F
So �¿L � ��N , which shows thattwo differentrepresentationsof W mapto thesamepoint. Thusthemapping
is well-defined.

Secondly, we show that this mappingis onto. Let � be any point in � . By Lemma1.5.4,thereexists a
sequenceof subsquaresconverging to it, say �gL/!��gLa�VN;!/F/F/Fr!��\L$�rN"F/F/F . LetW � �¼ ¹ � L �/¹� ¹ F
Now � ª �¼ ¹ � L �/¹� ¹ ª �¼ ¹ � L �� ¹ � �� �¼ ¹ � Å Õ 
� Ö ¹ � ��
Þ 

X� LÊiß � 
gF
So WsIà4 � !V
 7 , andf

: W > � � . Thusthemappingis onto.

Finally, we show that the mappingis continuous.To do this, we mustshow that for every � � � andfor
every WjL´Ie4 � !V
 7 , thereexistsa � � � , suchthat if � W�N1�àWjL;�"�¦� , thend

: ��N\!��ÎL > �á� , where �¿L � f
: WaL > ,��N � f

: W½N > , andd
: ��Ng!��¿L > representsthedistancebetween�"N and �¿L . Now let � � � and WaLâIK4 � !V
 7 .
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CaseI : � � × �
Since�¿L and �"N lie in theunit square,for every � � � , wehave d

: �"Ng!��¿L > ª × �´��� .

CaseII : � ª × �
Thereexistsan ã	Å´�°
 , sothat × �oä LN{åhæoç ª × �uä LN{åræoç S L

. Choose� � LÊaè ç�é d . Let � W�Nc�àWjLr�o�ê� . Sincef
is well-defined,we maychooserepresentationsfor W L and W N sothatthecorresponding� ¹ ’s do not endwith
repeating3’s. Therefore � W½N1�©WjLr�x� LÊ è ç�é d implies that �ÎL and �"N both lie in the subsquare�gL��VN�F/F/Fa� æ ç .
Sincethissubsquarehasedgelength ä LN{å æ ç , d

: �"Ng!��¿L > ª × � ä LNCå æ ç ª � .

Thusthemappingis continuous.

Remark Themappingdescribedin Theorem1.5.1is notone-to-one.A pointontheboundaryof oneof the
squareshasseveralinverseimages.Hence,while themappingis continuous,it is notbijective.

1.6 TopologicalMaps

Both bijective mapsandcontinuousmapsare, in andby themselves, insufficient to usein the definition
of an arc of a curve, sinceboth allow for the possibility that an interval can be mappedonto an entire
two-dimensionalregion.

Wewill now considermappingsthatarebothbijective andcontinuous.

Definition 1.6.1 A mappingf B"@�D A is saidto be topological if f is a bijective, continuousmapping,
whoseinversemappingis continuous.

In ourcase,all weneedto do is acceptbothbijectivity andcontinuityto considertopologicalmappings,by
thefollowing theorem.

Theorem 1.6.1 If f BQ4 H%! � 7 DEë is a bijective, continuousmap,thenf is topological.

Proof: Let f BX4 H%! � 7 D ë be a bijective, continuousmap. Then,by Gaughan[3, Theorem3.12], f S L is
continuous.Hence,by definition,f is topological.

Definition 1.6.2 Thetopologicalimageof aninterval 4 H%! � 7 is calledaJordanarc.

Thefollowing theoremwill demonstratethattopologicalmappingsarethetypesof mappingsfor whichwe
werelooking.
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Theorem 1.6.2 A topological mappingpreservesdimension.In particular, it is impossiblefor an interval
to betopologically mappedto a two-dimensionalregion.

Proof: This theoremwasprovedby Brouwerin 1911,[1].

GivenTheorem1.6.2,it seemsasif thedefinitionof a Jordanarcis theright oneto usefor thedefinitionof
thearcof acurve. However, sincewedesireto studycurvesusingcalculus,wetightenthedefinitionfurther
by addingdifferentiability. We will chooseour assumptionsaboutderivatives in sucha way asto permit
calculation,while ensuringthatourmappingis topological.
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Chapter 2

CurveConcepts

2.1 Vector Approachto CurveRepresentation

To considerthe definition for the arc of a curve, we considermappingsf Bì4 H%! � 7 D ë , where ë is the
point setof thecurve. Sincewe considercurvesin 3-space,ë will consistof orderedtriples in Cartesian
coordinates.Hencef

: W > � � , where� � : �iLV!$�%Ng!$�ví > . Thusîïð ïñ �uL � f L : W >�vN � f N : W >�ví � f í : W > F
Wecancombinethesethreeparametricequationsinto onevectorequationas� � � � L ) +-,K� N ) 0ò,à� í ) 2 � f L : W > ) +o, f N : W > ) 0ò, f í : W > ) 2 � �

f
: W > F

Hencetheoutput
�
f

: W > is a vector, but we considertheassociatedpoint on thecurve to be thepoint at the

headof thepositionvectorof
�
f

: W > . Thisvectorapproachhastwo obviouseffects.For one,it streamlinesthe
numberof derivedequationsfrom 3 to 1. Secondly, it will make many theoremsaboutcurvesindependent
of their locationsin space,which is desirablesincethegeometryis notaffectedby location.

2.2 AllowableRepresentations

We will restrict the classof representations
�
f

: W > to thosewe considerto be allowable. The allowability
conditionsthatwepresenthereandin thenext sectionfollow thosepresentedby Kreyszig[5].

An allowablerepresentation
�
f

: W > is onein which thefollowing conditionsaremet:

C1
�
f is definedonafinite interval ó � 4 H%! � 7 .

23
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C2 Given
�
f

: W > � f L : W > ) +s, f N : W > ) 0G, f í : W > ) 2 , for all +JIØºC
g!a�(!a�R» , the f ¹ are �ô�õ
 times continuously
differentiablein ó .

C3 For every W^Iöó , thereexistsa 2 I�ºC
g!a�(!a�R» , sothatf ÷� : W > is nonzero.

We will shortlyshow that theallowability conditionscausetheoutput
�
f

: W > to effectively bea specialtype
of Jordanarc,but first weconsiderparametrictransformations.

2.3 Parametric Transformations

We will considerthe possibility of using different parametricrepresentationsas the needarises,so we
considerthetransformationsbetweenparametersandtheconditionsneededsothatthetransformationsare

allowable. The conditionswe will chooseare identical to thosechosenfor the allowability of
�
f

: W > . An
allowableparametrictransformation, W �Àø : W$¶ > , is onein which thefollowing conditionshold:

PT1 ø is at leastdefinedon an interval ó ¶ , where ó ¶ � 4 H ¶ ! � ¶ 7 . Also, ø : H ¶ > � H , ø : � ¶ > � �
, andø : ó ¶ >sù 4 H%! � 7 .

PT2 ø is ���e
 timescontinuouslydifferentiablein óR¶ .
PT3 For all W�¶1Iöó(¶ , ø ÷ : W�¶ > ��ú�ûú$ûýü ��À� .

2.4 Ar c of a Curve and Implications of Allowability Conditions

Wenow defineanarcof acurve.

Definition 2.4.1 An arc of a curveis apointset ë in T í thatis representableby anallowablerepresentation�
f

: W > . If multiple allowablerepresentationsexist, thenthosethataretransformablefrom oneto anothervia
allowableparametrictransformationsareconsideredequivalentandrepresentthesamearc. Thosethatare
not,areconsideredto representdifferentarcs,eventhoughthepoint set ë is thesame.

Wenow considertheimplicationsof theconditionsfor allowablerepresentations
�
f

: W > , andhow they affect
thedefinitionof thearcof acurve.

In particular, conditionsC1andC2werechosenfrom ourpreviousdevelopmentaryideasaboutcurves,and
from thedesireto applycalculusin ourstudy. Now considerconditionC3. If, for aparticularW , thereexists
a 2 I�ºC
g!a�(!a�R» , sothatf ÷� : W > ���� , theneitherf ÷� : W >^� � or f ÷� : W > � � . Fromcalculus,i.e. Ellis andGulick [2,
Theorem7.4],weknow thatf � is one-to-onelocally nearW . Hence,ë will not consistsolelyof onepoint.

If we similarly considerthe allowability conditionson parametrictransformations,we can seethat they

werechosensothat if
�
f

: W > is allowable,then
�
f

: � ø : W ¶ >$> � �
h

: W ¶ > is allowable. Also, asa consequenceof
the conditionPT3, the mapping ø is one-to-one,so the inversetransformationW$¶ �þø S L : W > exists andis
allowable.
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We will now addressthe questionof the relationshipbetweenthe allowability conditionsand the ideas
developedaboutJordanarcsdiscussedin Chapter1.

Theorem 2.4.1 If
� � � �

f
: W > is anallowablerepresentationfor thearc of a curve, then

�
f is continuous.

Proof: Let � � � . By conditionC2, for all +±I
ºC
g!a�(!a�R» , f ¹ is differentiablein ó , so f ¹ is continuousin ó .
Therefore,thereexistsa � � � , suchthatif � W�NX��WjLh�(�ÿ� , then � f ¹ : W�N > � f ¹ : WjL > ����� N . Now

� � f : W½N > � �
f

: WaL > � � ���� í¼ ¹ � L :
f ¹ : W½N > � f ¹ : WjL >$> N � ���� í¼ ¹ � L � N� ��� �g� N� � � � �� ���{F

Hence,
�
f is continuous.

To considerbijectivity, wemustconsiderarcswith no“multiple points”.

Definition 2.4.2 A multiplepointof an arc is a pointof thepoint set ë correspondingto severalvaluesofW .
Definition 2.4.3 A simplearc is an arc having no multiple points. In this case,if

� � � �
f

: W > , then
�
f is

one-to-one.

Theorem 2.4.2 A simplearc is a Jordanarc.

Proof: Assumethatwe have a simplearc. Thenthereexistsanallowablerepresentation
� � � �

f
: W > , where�

f is one-to-oneandmapsó � 4 HQ! � 7 ontothepoint set ë . Hence
�
f is bijective. By Theorem2.4.1,

�
f is

continuous.By Theorem1.6.1,
�
f is topological.By definition,

�
f is aJordanarc.

Remark Not every Jordanarc is thearcof a curve. In particular, the mappingfor a Jordanarcneednot
satisfyany differentiabilityrequirements.Henceour studyhassomewhatmorestringentrequirementsthan
just thatof aJordanarc.

Theprecedingdiscussionshowsthatthe“allowability” criteriaprovideexactlythesettingwedesire,namely
adimension-preservingmapthatcanbestudiedusingcalculus.
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2.5 SomeCurveDefinitions

Wenow definea “curve” andpresenta list of someusefuldefinitionsandnotation.

Definition 2.5.1 A curveis apointset ë in T í thatis representableby oneof asetof equivalentallowable

representationsof the form
�
f

: W > , wherethe domaininterval ó neednot be closedor bounded,but if the
valuesof theparameterarerestrictedto any closedandboundedsubinterval of ó , thenoneobtainsanarcof
acurve.

Definition 2.5.2 A curve is saidto be a closedcurve if thereexists at leastoneallowablerepresentation�
f

: W > suchthat
�
f is periodic,i.e. for all W^Iöó , thereexistsan � � � sothat

�
f

: Wu,�� > � �
f

: W > .
Definition 2.5.3 A planecurveor planearc is acurve or anarcwhosepointsall lie in oneplane.

Definition 2.5.4 A curveof class� , whereclass� cansymbolizedby
� �����

, is acurvethatcanberepresented

by anallowablerepresentation
�
f

: W > � f L : W > ) +o, f N : W > ) 0ò, f í : W > ) 2 , whereat leastoneof f L , f N , or f í is � times
continuouslydifferentiableon ó , andtheothercomponentsare 3G��� timescontinuouslydifferentiableonó .

Notation: For convenience,wewill oftensymbolizetherepresentation
�
f

: W > � f L : W > ) +-, f N : W > ) 0±, f í : W > ) 2 by� f L : W > ! f N : W > ! f í : W > 'jF
2.6 CurveRepresentations

Beforelaunchinginto theactualstudyof curves,it is worthmentioningsomeothercommonrepresentations
of curves.By conditionC3,for every W , thereexistsa 2 I�ºC
g!a�(!a�R» , sothatf ÷� : W > ���� , andhencef � is locally
one-to-onenear W . Thusnear W , f � is locally invertible, so that W � f S L� : � � >

. Thusfor all W´I
	ó ù ó , the
parametercanbeeliminated.For example,supposethatfor some	W , f L is locally invertible,thenW � f S LL : �iL > .
Hence �%N � f N : W > � f N :

f S LL : �uL >$> � f � m : �iL > F
Similarly, �%í � f � n : �iL > . Thusothercommonrepresentationsof curvesare� �%N � f � m : �uL >�%í � f � n : �uL >� �iL � f � d : �vN >� í � f � n : � N >� �iL � f � d : �ví >�%N � f � m : �ví > F
Now undercertainallowability conditionstheequationF

: �iLV!$�%Ng!$�ví > �ô� representsa surfacein T í , sothe
point set �

F
: �iL/!$�%Ng!$�ví > ���

G
: �iLV!$�%N;!$�ví > ���
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couldalsobeusedto representacurve,beingtheintersectionof two surfaces.

For our purposes,we will usethe representation
�
f

: W > , becauseall threecoordinatesplay the samerole.

Furthermore,it is alsomoregeneral,becausea curve representedby
�
f

: W > cannot alwaysbe represented
completelyby theotherrepresentations.SeeKreyszig[5] for details.
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Chapter 3


 �����
curves,where � � �

3.1 Intr oduction

In thechaptersthatfollow, we summarizeall of themajor factsandresultsaboutcurves. Eachsubsequent
chapterwill, in general,addanadditionalrestrictionto thefamily of curvesthatweconsider. Therefore,the
resultsfrom any chapteraretypically applicableto thecurvesstudiedin following chapters.Sincemostof
theresultsin thesechaptersshouldbefamiliar, they areoftenstated,ratherthandeveloped.

3.2 Ar c Length

Theorem 3.2.1 For W?IÀ4 HQ! � 7 , let
� � � �

f
: W > bean allowablerepresentationof an arc

�
of a

� � ���
curve,

where �	�e
 . In thatcase, thearc
�

hasa definedlength 3 givenby

3 ��� ¬®
���� í¼ ¹ � L :

f ÷¹ : W >$> N w{W ��� ¬® � �
f ÷ : W >"8 �

f ÷ : W > wCWjF
Also, 3 is independentof thechoiceof representation

�
f

: W > .
Proof: SeeKreyszig[5, Theorem9.1].

Definition 3.2.1Thearc lengthfunction, s, is definedby letting W Å IK4 H%! � 7 , andthenletting

s
: W > � � ûû ç � �

f ÷ : W >"8 �
f ÷ : W > w{W*F

If W � W�Å , thens
: W >X� � andis equalto thelengthof thearcfrom

�
f

: W�Å > to
�
f

: W > of
�

; if W^�PW�Å , thens
: W > � �

andthelengthof thearcis � s
: W > .

29
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Wenotethatby theFundamentalTheoremof Calculus,

s ÷ : W > � � �
f ÷ : W >�8 �

f ÷ : W > � � �f ÷ : W > ��! (3.1)

so :
s ÷ : W >$> N � �

f ÷ : W >�8 �
f ÷ : W > � í¼ ¹ � L :

f ÷¹ : W >$> N F (3.2)

Definition 3.2.2Theelementof arc or linear elementof
�

is w(3 , whereif 3 � s
: W > and

� � � �
f

: W > , thenby
equation3.2, wR3 N � w � � 8 w � � � í¼ ¹ � L w{�%¹ N !
wherewR3 � s ÷ : W > w{W , w � � � �

f ÷ : W > w{W , and w{�%¹ � f ÷¹ : W > wCW .
By Kreyszig [5], the equation3 � s

: W > is an allowablechangeof parameter. In particular, a
� �����

curve,

with ���e
 , permitsanallowablerepresentation
�
f

: 3 >
, wherethepoint 3 ��� maybechosenarbitrarily. 3 is

thearc lengthparameterandis sometimescalledthenatural parameter. Useof theletter 3 will imply arc
lengthparameter. A curve with anarclengthparameterizationis alsocalledaunit speedcurve.

3.3 Unit TangentVector

Definition 3.3.1 Let
�

bea
� � ���

curve, with ��� 
 . Then,the unit tangent vector,
� W , to

�
at the point� � � �

f
: 3 >

is definedby letting � W � w � �wR3 � �
f ÷ : 3 > � ÙZÚZÜ� Ý Å �

f
: 3X,�� > � �

f
: 3 >� F

Propertiesof theUnit TangentVector

T1
� W is tangentto thecurve

�
at

�
f

: 3 >
.

T2 For all 3 , weknow that
� W exists,because

�
f ÷ : 3 >

exists,sincewehave a
�������

curve,with ���e
 .
T3 For all 3 , weknow that

� W��� � � , since
�
f ÷ : 3 > �� � � by allowability conditionC3of Chapter2.

T4 � � W�� � 
 . This is truesince� W 8 � W � �
f ÷ : 3 >"8 �

f ÷ : 3 > � Õ �
f ÷ : W > wCWw(3 Ö 8 Õ �

f ÷ : W > wCWw(3 Ö � �
f ÷ : W >�8 �

f ÷ : W >:
s ÷ : W >$> N

which is equalto 1 by Equation3.2.
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T5 For ageneralparameterW , � W � �
f ÷ : W >� �f ÷ : W > � � w � �wR3 F

Theorem 3.3.1 Let
�

bea
�������

curve, with �	�e
 . If
� W is constant,thecurveis a straight line.

Proof: Let
� W bea constantunit vector

� H , so
� W � � H . Therefore

�
f ÷ : 3 > � � H , souponintegrating,we have�

f
: 3 > � � Hx3ò, � �

, where
� �

is constantvectorof integration. This is the representationfor a straightline.

3.4 TangentLine and Normal Plane

Definition 3.4.1 Let
�

bea
�������

curve, with ���¥
 . Thenthe tangent line to
�

at thepoint
� � � �

f
: 3 >

is
theline passingthroughtheassociatedunit tangentvectorat thesamepoint.

Definition 3.4.2Let
�

bea
� � ���

curve, with �¯�á
 . Thenthenormalplaneto
�

at thepoint
� � � �

f
: 3 >

is
theplaneperpendicularto theassociatedunit tangentvectorat thesamepoint.

Fromtheabove definitionsof the tangentline andnormalplane,we canreadilyobtaintheir equations.In
particular, theequationfor thetangentline having positionvector

� # û is givenby� # û � � �µ, 5 � Wi! (3.3)

where
5

is aparameter. An equationfor thenormalplanehaving positionvector
� & û is givenby: � & û � � � >"8 � W ��� ! (3.4)

since
� & û � � � lies in thenormalplaneandis perpendicularto

� W .
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Chapter 4


 �����
curves,where � � �

4.1 CurvatureVector

Definition 4.1.1Let
�

bea
� � �$�

curve,with �	�ÿ� . Thecurvature vector,
� 2 , to

�
at thepoint

� � � �
f

: 3 >
is

definedby letting � 2 � w � Ww(3 � ww(3 Õ �
f ÷ : 3 > Ö � �

f ÷ ÷ : 3 > F
Remark Sincewehave a

� �����
curve,with �Ò�
� ,

�
f ÷ ÷ : 3 >

exists.So,in particular,
� 2 will alwaysexist.

4.2 OsculatingPlane

Definition 4.2.1Let
�

bea
� � ���

curve,with ���ÿ� . Theosculatingplaneto
�

at thepoint
� � � �

f
: 3 >

is the

planespannedby
� W and

� 2 at thesamepoint,providedthat
� W and

� 2 arelinearly independent.

Onemayaskthequestionasto what is known if
� W and

� 2 arelinearly dependent.This is answeredby the
following theorem.

Theorem 4.2.1 Let
�

bea
� �����

curve, with �G��� . If theunit tangentvector,
� W , andthecurvature vector,� 2 , for a curve

�
are linearly dependentat everypointof

�
, then

�
is a straight line.

Proof: Kreyszig[5, Problem11.1]

Usingthenotation 4 � 5 ! � � ! � 617
for thetriple scalarproductof vectors

� 5 ! � � ! and
�6

, i.e. 4 � 5 ! � � ! � 617 � � 5�8(: � �©=�6·>~: � 5 = � � >"8 �6
, wecanwrite theequationfor theosculatingplane.

33
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An equationfor theosculatingplanehaving positionvector

� & ¬ is givenby4 � & ¬ � � �ì! � Wi! � 2 7 ��� ! (4.1)

whichcanberewritten in termsof theoriginal functionandageneralparameter, to giveus4 � & ¬ � �
f
: W > ! �f ÷ : W > ! �

f ÷ ÷ : W >l7 ��� F (4.2)

Remark By Kreyszig [5], the osculatingplaneis the limiting positionof a planepassingthroughthree
points � , �¿L , ��N of

�
, if �ÎL and �"N bothtendto � .

4.3 Curvature

Definition 4.3.1 Let
�

bea
� � ���

curve,with ���ÿ� . Thecurvature, � , of
�

at thepoint
� � � �

f
: 3 >

is defined
by letting � � � � 2 � ������� w

� WwR3 ����� � ����
�
f ÷ ÷ : 3 > ���� F

Remark Sincewehavea
�	� �$�

curve,with ���ÿ� , weseethat � existsateverypoint
� � � �

f
: 3 >

. Furthermore,
by definition, ��� � andwill beacontinuousfunctionof 3 .

Theorem 4.3.1 Let
�

bea
� �����

curve, with �«�ô� . Let thecurvature, � , of
�

bezero everywhere. Then
�

is a straight line.

Proof: Let � ��� . Then ���� ú�� ûú! ���� �á� . Therefore ú!� ûú! � � � , andso
� W � � H , where

� H is a constantvector. By

Theorem3.3.1,thecurve is astraightline.
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curves,where � � � and " #$ %

5.1 Unit Principal Normal Vector

Definition 5.1.1Let
�

bea
� �����

curve, with �G�À� and �.���� . Theunit principal normalvector,
� &

, to
�

at thepoint
� � � �

f
: 3 >

is definedby letting� & � � 2���� � 2 ����
� ú � ûú! ���� ú!� ûú! ����

� �
f ÷ ÷ : 3 >����
�
f ÷ ÷ : 3 > ���� F

Propertiesof theUnit Principal NormalVector

P1
� &

existsandis nonzero,because
�
f ÷ ÷ : 3 >

existsandis nonzero,sincewe have a
� � �$�

curve, where � �e�
and ������ .

P2
� &

is perpendicularto
� W .

P3 � � & � � 
 , by definition.

P4
� &

is independentof theorientationof thecurve.

Remark Let
�

bea
�	� �$�

curve,with �«�À� and �K��e� . By Definition5.1.1,at eachpoint
� � � �

f
: 3 >

to
�

,
wehave that w � WwR3 � � � & F (5.1)

35
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5.2 Formulae for Curvature

By Kreyszig[5], wehave thefollowing formulaefor curvature:

� � � �f ÷ : 3 > = �
f ÷ ÷ : 3 > ��F (5.2)

� � � �f ÷ : W > = �
f ÷ ÷ : W > �����

�
f ÷ : W > ���� í F (5.3)

Remark Theseformulaewerederivedundertheassumptionthat
� &

exists,so they areplacedherein this
chapter, ratherthanChapter4.

5.3 Principal Normal Line and Rectifying Plane

Definition 5.3.1 Let
�

bea
�	�����

curve,with �´�
� and �K��À� . Theprincipal normalline to
�

at thepoint� � � �
f

: 3 >
is theline passingthroughtheassociatedunit principalnormalvectorat thesamepoint.

Definition 5.3.2Let
�

be a
� � �$�

curve, with �P� � and �¥��Ë� . The rectifyingplane to
�

at the point� � � �
f

: 3 >
is theplaneperpendicularto theassociatedunit principalnormalvectorat thesamepoint.

Fromtheabove definitionsof theprincipalnormalline andrectifying plane,we canobtaintheir equations.
In particular, theequationfor theprincipalnormalline having positionvector

� #(' is givenby� #(' � � �µ, 5 � & ! (5.4)

where
5

is aparameter. Theequationfor therectifyingplanehaving positionvector
� & ' is givenby: � & ' � � � >"8 � & ��� ! (5.5)

since
� & ' � � � lies in therectifyingplaneandis perpendicularto

� &
.

5.4 Radiusof Curvatureand Center of Curvature

Definition 5.4.1 Let
�

bea
� �����

curve,with ���ÿ� and ������ . Theradiusof curvature, ) , of
�

at thepoint� � � �
f

: 3 >
is definedby letting ) � 
� F
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Definition 5.4.2 Let
�

bea
�	�����

curve, with �U�á� and �
��¥� . Thecenterof curvature of
�

for a point� � � �
f

: 3 >
is thepointon thepositive rayof

� &
at adistance) from thepoint

� � .

By definition,weseethattheequationfor thepositionvector
� #+* to thecenterof curvatureis givenby� #+* � � �µ,,) � & � � �9,,) N � 2 � �
f

: 3 > ,-) N �
f ÷ ÷ : 3 > F (5.6)

5.5 Unit Binormal Vector, Moving Trihedron, Binormal Line

Definition 5.5.1 Let
�

bea
�������

curve, with �U��� and �
��á� . Theunit binormalvector,
� �

, to
�

at the

point
� � � �

f
: 3 >

is definedby letting � � � � W = � & F
Propertiesof theUnit BinormalVector

B1
� �

existsandis nonzero,becauseboth
� W and

� &
exist andarenonzero.

B2
� �

is perpendicularto both
� W and

� &
, by definition.

B3 � � � � � 
 , because � � � � � � � W =ö� & � � � � Wx�/� � & �/. Ú1032 � � 
gF
B4 For ageneralparameterW , � � � �

f ÷ : W > = �
f ÷ ÷ : W >� �f ÷ : W > = �
f ÷ ÷ : W > �

B5 º � W"! � & ! � � » form aright-handedsetof vectors.

Definition 5.5.2 Let
�

bea
� � �$�

curve, with �µ�°� and �ô��Æ� . Themoving trihedron to
�

at thepoint� � � �
f

: 3 >
is thetriple º � Wi! � & ! � � » .

Remark Sincethemoving trihedronis asetof threemutuallyorthogonalunit vectors,themoving trihedron

for apoint
� � � �

f
: 3 >

mayserve asabasisfor T í .

Definition 5.5.3 Let
�

be a
�������

curve, with �
�Ë� and �£�� � . The binormal line to
�

at the point� � � �
f

: 3 >
is theline passingthroughtheassociatedunit binormalvectorat thesamepoint.

Theequationfor thebinormalline having positionvector
� # ¬ is givenby� # ¬ � � �9, 5 � � ! (5.7)

where
5

is aparameter.
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5.6 SomeResultsAbout PlaneCurvesand OsculatingPlanes

Theorem 5.6.1 Let
�

be a
� �����

curve, with �©�Ø� and �¦�� � . Theosculatingplaneto
�

at the point� � � �
f

: 3 >
is theplanespannedby

� W and
� &

. Thenormalplaneto
�

at thepoint
� � � �

f
: 3 >

is theplane

spannedby
� &

and
� �

. Therectifyingplaneto
�

at thepoint
� � � �

f
: 3 >

is theplanespannedby
� W and

� �
.

Proof: By Definition 4.2.1, the osculatingplaneis spannedby
� W and

� 2 . Since
� 2 � � � &

, we have that

the osculatingplaneis spannedby
� W and

� &
. Now the unit vectorsin the moving trihedronaremutually

orthogonal,so by Definitions3.4.2 and 5.3.2, we have the normal planespannedby
� &

and
� �

, and the

rectifyingplanespannedby
� W and

� �
.

By Theorem5.6.1,wecancomeupwith analternatemethodfor findingtheequationof theosculatingplane
thatparallelsthatof Equations3.4 and5.5 for thenormalplaneandtherectifying plane. In particular, the
osculatingplanehaving positionvector

� & ¬ is givenby:<� & ¬ � � � >�8 � � ��� ! (5.8)

since
� & ¬ � � � lies in theosculatingplaneandis perpendicularto

� �
.

Wenow considera few resultsaboutplanecurves.

Theorem 5.6.2 Let
�

bea
�	�����

curve, with �G�À� and �©��e� .
� �

is constanton a curve
�

if andonly if
�

is a planecurve.

Proof: Supposethat
� �

is constanton a curve
�

. By P2,
� � 8 � W ��� . Thus,

� � 8 �
f ÷ : 3 > ��� . Now integrating,

where
� �

is constant,we have
� � 8 �

f
: 3 > � HML , where HQL is a constantof integration.Thus,thecurve

�
lies

in a planeperpendicularto constantunit vector
� �

, andso is a planecurve. Conversely, supposethat
�

is

a planecurve. Then
� _ 8 �

f
: 3 > � H(N , for someconstantunit vector

� _ that is perpendicularto theplanein

which
�

lies,and H(N is aconstant.Differentiating,with
� _ constant,weget

� _ 8 �
f ÷ : 3 > ��� . Hence

� _ 8 � W ��� .

Differentiatingagain,we get
� _ 8 ú!� ûú! �¥� . By Equation5.1, we have

� _ 8 � � & �¥� . Since �
��¦� , we have� _ 8~� & �À� . Thuswehave
� _ perpendicularto both

� W and
� &

, andso
� _ mustlie in thedirectionof

� �
. Hence,

thereis a scalar4 , sothat
� _ � 4 � �

. Now
� _ and

� �
areunit vectors,so 4 �65 
 and

� � �75 � _ is a constant

vector. Thus
� � � L8 � _ , andwehave that

� �
is constant.

Remark Wenoticeherethatif
�

is aplanecurve, then
� �

is perpendicularto theplaneof thecurve.
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Theorem 5.6.3 Let
�

be a
�	� �$�

curve, with ��� � and �°�� � . Theosculatingplaneof a planecurve
coincideswith theplaneof thecurve.

Proof: Supposethat
�

is aplanecurve. By Theorem5.6.2,
� �

is constantand
� �

is perpendicularto theplane

of thecurve. Hence,for everypoint
� � � �

f
: 3 >

,� � 8 �
f

: 3 > � HQ!
where H is a constant.Now by Equation5.8, the positionvector

� & ¬ to the osculatingplanesatisfiesthe

equation
: � & ¬ � � � >"8 � � ��� . Hence, � & ¬ 8 � � � �

f
: 3 >"8 � � ��� F

Therefore, � & ¬ 8 � � � � � 8 �
f

: 3 > � H%F
Thus,any point in theosculatingplanelies in a planeperpendicularto theconstantvector

� �
, but this is the

planein which thecurve
�

lies.

5.7 Determining the Equation of a PlaneCurve fr om Curvature

Let
�

bea
�	� ���

planecurve,with �	�
� and ����À� . Let usassumethattheplanecurve lies in the �Q# plane.

Let theplanecurvehavetheallowablerepresentation
� # � �

f 9 : 3 >
. In thissection,weshow how theequation

of a planecurve canbedeterminedup to locationandorientationby knowing theformulafor curvature.

By Theorem5.6.3,theosculatingplaneis the �Q# plane.Since
� W 9 lies in theosculatingplane,it makesan

angle: with the � -axis.Hence, � W 9 � �<;>=?.@:|!A. ÚB0 :|! � '%F (5.9)

DifferentiatingEquation5.9,weget w � W 9wC: � �½�D. ÚB0 :M!A;>=?.E:|! � 'jF (5.10)

By inspection,weseethat
� W 9 8 ú�� ûGFúAH �À� , sothat ú�� ûGFúAH mustbe 5 � & 9 . Therefore,by Equation5.10,w � W 9w(3 � Ì w � W 9wI: Í Õ wI:wR3 Ö � Õ 5 wC:w(3 Ö � & 9RF (5.11)

By Equation5.1,wehave � 9 � & 9 � Õ 5 wC:wR3 Ö � & 9CF
Hence, � 9 � ���� wC:w(3 ���� F (5.12)
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Since � 9 ���� , andis acontinuousfunctionof 3 , wemaychooseanorientationof theplanecurve,sothat� 9 � wI:wR3 F (5.13)

By Equation5.13,wehave : � : : 3 > � �   ç � 9 :KJo> w J F (5.14)

Now, � W 9 � w � #wR3ML
sowehave � # � �

f 9 : 3 > � �   ç �
t 9 :KJo> w J F (5.15)

SubstitutingEquation5.9 into Equation5.15,weget�
f 9 : 3 > �ON �   ç ;>=?.@: :KJo> w J ! �   ç . ÚB0 : :KJi> w J ! ��P (5.16)

SubstitutingEquation5.14into Equation5.16,weget�
f 9 : 3 > � N �   çRQ ;>=?. Õ ��SS ç � 9 :UTM> w T ÖEV w J ! �   çRQ . Ú10 Õ ��SS ç � 9 :UT|> w T Ö@V w J ! � P F (5.17)

Remark Equation5.17givestherepresentationfor a planecurve in termsof curvature.However, wenote
that orientationand locationneededto be specified. Note that in Equation5.14, we have specifiedthat: : 3hÅ > ��� . Thissetstheorientationof thecurve,becauseby Equations5.9and5.10,wehave that

�
t 9 : 3hÅ > ���
g! � ! � ' and

�
p 9 : 3rÅ > � � � !V
g! � ' . Furthermore,by Equation5.15,we have specifiedthat

�
f 9 : 3rÅ > �á� . This

setsthelocationof thecurve,namely, thatthecurvepassesthroughtheorigin at theinitial parametervalue.
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6.1 Derivativeof X Y and Torsion

Theorem 6.1.1 Let
�

bea
� �����

curve, with �	�ÿ� and ������ . For all points
� � � �

f
: 3 >

on
�

, ú � ¬ú! exists.

Proof: By PropertyB1 from Section5.5, for all points
� � � �

f
: 3 >

,
� �

existsandis nonzero.By definition,� � � � W =U� &
, so

� � � � W = � �* . Thuswehave� � � �
f ÷ : 3 > = �

f ÷ ÷ : 3 >����
�
f ÷ ÷ : 3 > ���� F (6.1)

Sincewehave a
� �����

curve,with ���ÿ� and ������ , by Equation6.1,weseethat ú � ¬ú! exists.

Definition 6.1.1Let
�

be a
�	�����

curve, with �©� � and �¥�� � . Thenthe torsion, � , of
�

at the point� � � �
f

: 3 >
is definedby letting � � � � & 8 w � �w(3 F

Remark Sinceboth
� &

and ú � ¬ú! exist for a
�������

curve, with �J�á� , we canseethat � existsat every point� � � �
f

: 3 >
.

Theorem 6.1.2 Let
�

bea
� �����

curve, with �	�ÿ� and ������ . At each point
� � � �

f
: 3 >

to
�

, wehavethatw � �w(3 � �c� � & F (6.2)

41
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Proof: Since

� � 8 � � � 
 , differentiatingwegetw � �wR3 8 � � , � � 8 w � �wR3 ��� F
Thus � � � 8 w � �wR3 ��� !
or � � 8 w � �w(3 ��� F
Likewise,since

� � 8 � W �À� , differentiatingwegetw � �wR3 8 � W´, � � 8 w � WwR3 ��� F
By Equation5.1,wehave w � �w(3 8 � W�, � � 8 � � & ��� F
Hence, � W 8 w � �w(3 � � � : � � 8 � & > �À� F
Sincethemoving trihedronmaybeusedasabasisfor T í , wemaywritew � �w(3 � H � W�, � � & ,._ � � !
for someconstantsH ,

�
, and _ . Now H � � W 8 ú � ¬ú! �
� , and _ � � � 8 ú � ¬ú� ��� asderived,and

� � � & 8 ú � ¬ú� � � � ,
by Definition6.1.1.Hencewehave w � �w(3 � �c� � & F
6.2 Propertiesof Torsion

Let
�

bea
�	� ���

curve,with ���ÿ� and ����À� . Thefollowing resultscanbeshown to betrue.

1. If � ��� ateverypoint
� � � �

f
: 3 >

of
�

, then
�

is aplanecurve.

2. If � � � ateverypoint
� � � �

f
: 3 >

of
�

, then
�

is a right-handedcurve.

3. If �O� � ateverypoint
� � � �

f
: 3 >

of
�

, then
�

is a left-handedcurve.
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6.3 Formulae for Torsion

By Kreyszig[5], wehave thefollowing formulaefor torsion:

� � 4 �f ÷ : 3 > ! �
f ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ : 3 >l7�
f ÷ ÷ : 3 >"8 �

f ÷ ÷ : 3 > F (6.3)

� � 4 �f ÷ : W > ! �
f ÷ ÷ : W > ! �

f ÷ ÷ ÷ : W >l7����
�
f ÷ : W > = �

f ÷ ÷ : W > ���� N F (6.4)

6.4 Frenet-Serret Formulae

Theorem 6.4.1 Let
�

bea
� �����

curve, with �	�ÿ� and ������ . At each point
� � � �

f
: 3 >

to
�

, wehavethatw � &wR3 � � � � W´,.� � � F (6.5)

Proof: Since
� & 8 � W ��� , differentiatingwegetw � &wR3 8 � W´, � & 8 w � WwR3 ��� F

Thus � W 8 w � &wR3 � � � & 8 w � WwR3 � � � & 8 � � & � � � : � & 8 � & > � � �oF
Since

� & 8 � & � 
 , differentiatingweget w � &wR3 8 � & , � & 8 w � &wR3 ��� F
Thus � � & 8 w � &wR3 ��� !
or � & 8 w � &w(3 ��� F
Since

� & 8 � � �À� , differentiatingweget w � &w(3 � 8 � � , � & 8 w � �w(3 ��� F
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Thus � � 8 w � &wR3 � � � & 8 w � �wR3 � ��F
Sincethemoving trihedronmaybeusedasabasisfor T í , wemaywritew � &wR3 � w � W�,©y � & ,�Z � � F
for someconstantsw , y , and Z . Now w � � W 8 ú � 'ú! � � � , y � � & 8 ú � 'ú! �ô� , and Z � � � 8 ú � 'ú! � � asderived.
Hencewehave w � &wR3 � � � � W´,.� � � F
PuttingtogetherEquation5.1andTheorems6.5and6.2,wecollectively have whatis known astheFrenet-
Serret Formulae.

Definition 6.4.1 Let
�

be a
�������

curve, with �e� � and � �� � . At eachpoint
� � � �

f
: 3 >

to
�

, the
Frenet-Serret Formulaehold. Namely, w � WwR3 � � � & F (6.6)w � &wR3 � � � � W´,.� � � F (6.7)w � �w(3 � �c� � & F (6.8)

Wecanwrite theFrenet-SerretFormulaein matrix form. By writing Equations6.6-6.8,asww(3\[]^ � W� &� �`_bac � [^ � � �� � � �� �c� � _c []^
� W� &� �`_bac F (6.9)

Remark Whenthe moving trihedronis usedasa basisfor T í , and vectorsarewritten in this basis,if
derivativesaretaken, theFrenet-SerretFormulaeallow for an immediatereplacementof thederivativesof� Wu! � & ! and

� �
in termsof thevectorsin themoving trihedron.
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6.5 FundamentalTheoremof Curves

By Equation6.9, we observe that we have a “matrix differentialequation”. It appearsnaively that if one
couldspecifythecurvature,� , andtorsion,� , in this“matrix differentialequation”,andthensolve it, acurve
of interestcouldbeuniquelyidentified.We did a similar thing for planecurvesin Section5.7. In fact,this
is, in essence,trueby thefollowing theorem.

Theorem 6.5.1(FundamentalTheorem of Curves) If � � � : 3 >~:½� � >
and � � � : 3 >

are continuousfunc-
tions of 3 , definedon an interval 4 � !�H 7

for someconstantH , thenthere existsa uniquearc of a curve
�

havingcurvature � andtorsion � , determinedup to locationandorientationin space.

Proof: SeeKreyszig[5, Theorem20.1].

Remark Given that the arc of a curve canbe reconstructedfrom � and � by Theorem6.5.1, the setof
equations � � � � : 3 >~:½� � >� � � : 3 >
arecalledthenatural equationsfor thearcof a curve.
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curves,where � � W , " #$ % , and d #$ % ;

and GeneralHelices

7.1 GeneralHelicesand Lancret’sTheorem

Wenow introducetheconceptof a generalhelix.

Definition 7.1.1Let
�

bea
� �����

curve, with �9�¥� , �ô��°� , and ����£� .
�

is calleda general helix if its
tangentline makesaconstantanglewith afixedline in space.

An easyway to testto seeif acurve is ageneralhelix is by usingLancret’s Theorem.

Theorem 7.1.1(Lancret’s Theorem) Let
�

bea
� � �$�

curve, with �O��� , �P���� , and �.��ê� . Then
�

is a

general helix if andonly if e* is constantfor everypoint
� � � �

f
: 3 >

on
�

,

Proof: Let
�

bea
�	� �$�

curve,with ���
� , ����À� , and ����À� . Let
�

bea generalhelix. Then,by definition,
the tangentline to

�
makesa constantanglewith a fixed line in space.Let

� _ beany unit vectorpointing

alongthefixedline. Therefore
� _ makesaconstantanglef with

� W , sothat
� _ 8 � W � ;>=?.gf . Wenow show thatfÀ���� ! 2 . Assume,by way of contradiction,that f ��� or f � 2 . In thatcase,

� _ 8 � W � 
 or
� _ 8 � W � �·
 .

This implies that
� W � � _ or

� W � � � _ . In eithercase,� � ���� ú � ûú� ���� � � . However, this is a contradiction.

Hence,fÿ���� ! 2 . Wenow alsoshow that fP��ih N . Assumeby wayof contradiction,that f �ih N . In thiscase,� _ 8 � W ��� . Integrating,with
� _ constant,yields

� _ 8 �
f

: 3 > � H , whereH is aconstant.Hence
�

lies in aplane

perpendicularto constantvector
� _ , andthus

�
is a planecurve. By Theorem5.6.2,

� �
is constanton

�
, soú � ¬ú! � � � . Thus � � � � & 8 ú � ¬ú! ��� , acontradiction.Hence,f��� h N . Thus f�I : � ! h N >Cj : h N ! 2 >

. Differentiating� _ 8 � W � ;>=?.gf with
� _ constantyields

� _ 8 ú � ûú! ��� . By Equation6.6,we have
� _ 8 � � & ��� ; sowith �©���� ,

wehave
� _ 8 � & �À� . Thus

� _ is perpendicularto
� &

, andthuslies in therectifyingplane.Sincetherectifying

planeis spannedby
� W and

� �
by Theorem5.6.1,andsincefàI : � ! h N >kj�: h N ! 2 >

,
� _ hasnonzerocomponents

47
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alongboth
� W and

� �
. Hence

� _ 8 � � � � or
� _ 8 � � � � . Now defineavector

� 5
by letting� 5 � îð ñ � _ L if

� _ 8 � � � �� � _ L if
� _ 8 � � � � F

By definition,
� 5

liesalongthegivenfixedline, lies in therectifyingplane,makesaconstantangle4àI : � ! h N >lj´: h N ! 2 >
with

� W , andhasapositivecomponentwith
� �

[Note: if
� 5 � � _ , then 4 � f ; if

� 5 � � � _ ,

then 4 � 2 �mf ]. Hence
� 5�8 � W � ;>=?.n4 , andso

� 5 � : ;>=?.o4 > � W�, � � �
, for some

� � � . Now� � 5 � N � � 5 � _¿� N � 
 � ;>=?. N 4�, � N F
Thus � N � 
X�p;>=?. N 4 � . Ú10 N 4sF
Since

� � � ,
� � . Ú10 4 . Hence � 5 � ;>=?.o4 � W´,,. ÚB0 4 � � F

Now w � 5wR3 � wwR3 : 5 � _ > � � � F
Thus : ;>=?.o4 > w � Ww(3 , : . ÚB0 4 > w � �w(3 � � � F
By Equations6.6and6.8,wehave : ;>=?.q4 > � � & , : . ÚB0 4 >~: �c� � & > � � � F
Hence

: �r;>=?.o4O�ö�s. ÚB0 4 > � & � � � . Therefore�E;>=?.o4 � �r. ÚB0 4 . Since4àI : � ! h N >gj�: h N ! 2 >
, . ÚB0 4
���� , sowe

have �� � ;>=?.o4. Ú10 4 F
Thereforee* is constant.Conversely, let

�
bea

�	�����
curve,with �	�
� , ����
� , �µ��À� , andlet e* beconstant.

Therefore,thereexistsaconstant_ sothat e* � _ . Now defineavector
� 5

by letting� 5 � _× 
¿,©_ N � W´, 
× 
¿,._ N � � F
Wenoticethat � � 5 � N � _ N
¿,._ N , 

^,._ N � 
¿,._ N
¿,._ N � 
g!
so

� 5
is aunit vector. Now w � 5w(3 � _× 
s,._ N w � Ww(3 , 
× 
s,._ N w � �w(3 F

By Equations6.6and6.8,wehavew � 5wR3 � _× 
s,._ N : � � & > , 
× 
¿,._ N : �c� � & > � _/� ���× 
s,._ N � & � : e* > � ���× 
¿,._ N � & �À� � & � � � F
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Since ú � tú! � � � ,
� 5

is constantanddefinesafixedline in space.Now let : betheanglebetween
� 5

and
� W , so

: � CosS L Ì � 5K8 � W� � 5 � � � Wx� Í � CosS L : � 5�8 � W > � CosS L Õ _× 
¿,._ N Ö F
Since_ � e* ���� is constant,and Â¸ L}k Â m I : �·
g!V
 > , thetangentline makesaconstantangle:�I : � ! h N >kj�: h N ! 2 >

with afixedline in space.Therefore
�

is ageneralhelix.

7.2 A Classof GeneralHelices

A specialclassof generalhelicesthat haspropertiesthat areeasyto calculateis given in the following
theorem.This theoremwaspostulatedandprovedby Heuvers[4].

Theorem 7.2.1 Let
�

be a
�������

curve, with ���Ë� , �£�� � , �¥�� � , and let
�

havethe representation� � � �
f

: W > � �~¬ û ­b ! : × � � > û ­ é db k"L ! û ­ é mb k-N ' , where
� � � is a constant,and

� �� � �(!/�·
g! � . Then
�

is a general
helix. Furthermore, � � � � × � �W b S L : W N , � > N F
Proof: Fromthedefinitionof

�
f

: W > , wehavew � �w{W � �
f ÷ : W > � � � W b S L ! × � � W b !$W b k"L 'jF (7.1)

Letting W�Å ��� arbitrarily, wecannow find thearclengthfunctions
: W > , by Definition3.2.1.Namely,

s
: W > ��� ûÅ � �

f ÷ : W >�8 �
f ÷ : W > w{W� � ûÅvu � N W N b S N ,©� � W N b ,àW N b k-N wCW� � ûÅ W b S L u � N ,©� � W N ,.W Ê w{W� � ûÅ W b S L : W N , � > wCW� � ûÅ : W b k"L , � W b S L > w{W*F

Hence,

s
: W > � W b k-N� ,P� , � W b� F (7.2)

Now, by Equation7.1,wehavew N � �w{W N � �
f ÷ ÷ : W > � � � : � ��
 > W b S N ! : × � � >}� W b S L ! : � ,�
 > W b 'jF (7.3)
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Now let ususeEquation5.3to calculatecurvature,� . Wehave

� � � �f ÷ : W > = �
f ÷ ÷ : W > �����

�
f ÷ : W > ���� í� �xw � W b S L ! × � � W b !$W b k"Lxy = w � : � �P
 > W b S N ! : × � � >}� W b S L ! : � ,�
 > W b y ���� w � W b S L ! × � � W b !$W b k"L y ��� í� �xw(W N b × � � !/�1� � W N b S L ! � W N b S N × � � y �: W b k"L , � W b S L > í� W N b S N × � � × W Ê ,©� � W N , � N: W b k"L , � W b S L > í� W N b S N × � � : W N , � >: W b S L : W N , � >$> í F

Hence, � � × � �W b S L : W N , � > N F (7.4)

Now, by Equation7.3,wehavew í � �wCW í � �
f ÷ ÷ ÷ : W > � w � : � ��
 >~: � �K� > W b S í ! : × � � >}�¿: � ��
 > W b S N ! �¿: � ,�
 > W b S L y F (7.5)

Now let ususeEquation6.4to calculatetorsion, � . Wehave

� � 4 �f ÷ : W > ! �
f ÷ ÷ : W > ! �

f ÷ ÷ ÷ : W >l7����
�
f ÷ : W > = �

f ÷ ÷ : W > ���� N� wRW N b × � � !/� � � W N b S L ! � W N b S N × � � y 8 w � : � ��
 >~: � �à� > W b S í ! : × � � >}�¿: � ��
 > W b S N ! �¿: � ,�
 > W b S L y: W N b S N × � � : W N , � >$> N� � � W í b S í × � �� � : W N , � > N W Ê b S Ê
Hence, � � × � �W b S L : W N , � > N F (7.6)

Dividing Equation7.6by Equation7.4,weget e* � 
 , andthusby Lancret’s Theorem,
�

is ageneralhelix.

Wenow examinethecorrespondencebetweengeneralhelicesandspecialassociatedplanecurves,whichcan
beconsideredto begeneratorsof thegeneralhelix. Thematerialin thesubsequentsectionswasdeveloped
by Heuvers[4].
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7.3 The AssociatedGeneratingPlaneCurveFor A GeneralHelix

Let
�

bea
� � ���

curve,with ���ÿ� , ������ , ������ , andlet
�

beageneralhelix.

By definition,andbyLancret’sTheorem,thereexistsaconstantangle4KI : � ! h N >xj±: h N ! 2 >
with

� 5·8 � W � ;>=?.n4
sothat � 5 � : ;>=?.o4 > � W´, : . ÚB0 4 > � � F (7.7)

Now defineacurve
� # � �

f 9 : 3 >
, where�
f 9 : 3 > � �

f
: 3 > � �

f
: 3 Å > � : 3ì�à3 Å >~: ;>=?.n4 > � 5. ÚB0 4 F (7.8)

Wenow show that
�
f 9 : 3 >

is aplanecurve lying in aplaneperpendicularto
� 5

. DifferentiatingEquation7.8,
weget �

f ÷9 : 3 > � �
f ÷ : 3 > � : ;>=?.o4 > � 5. ÚB0 4 � � WG� : ;>=?.n4 > � 5. ÚB0 4 F (7.9)

By Equation7.9,wehave �
f ÷9 : 3 >"8 � 5 � � 5�8 � W � : ;>=?.o4 >. ÚB0 4 � ;>=?.n4J�p;>=?.n4. Ú10 4 ��� F (7.10)

Since
�
f ÷9 : 3 >�8r� 5 ��� , integratingeachsidewith

� 5
constantyields: �

f 9 : 3 > � �
f 9 : 3rÅ >$>�8 � 5 ��� F (7.11)

However, by Equation7.8,
�
f 9 : 3rÅ > � � � , so

�
f 9 : 3 >�8 � 5 ��� . Therefore,

�
f 9 : 3 >

lies in a planeperpendicular

to constantvector
� 5

.

Remark Since
�
f 9 : 3hÅ > � � � , theplanecurve

�
f 9 : 3 >

passesthroughtheorigin.

Now let uscalculatevariousquantitiesrelatedto theassociatedplanecurve.

By Equation7.9,wehave thetangentvectorto
�
f 9 : 3 >

. It is givenby� W 9 � � W � : ;>=?.q4 > � 5. Ú10 4 F (7.12)

Rewriting Equation7.12,wehave � W � : . ÚB0 4 > � W 9 , : ;>=?.o4 > � 5 F
Differentiating,weget w � WwR3 � : . ÚB0 4 > w � W 9wR3 F
By Equation6.6,wehave � � & � : . ÚB0 4 > � 9 � & 9{F
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Hence � & 9 � � &
and � 9 � �. ÚB0 4 F (7.13)

SubstitutingEquation7.7 into Equation7.12,yields� W 9 � � W � : ;>=?.o4 >~:$: ;>=?.z4 > � W�, : . Ú10 4 > � � >. ÚB0 4� : 
â�p;>=?. N 4 > � WG� : . ÚB0 4{;>=?.g4 > � �. ÚB0 4� : . ÚB0 N 4 > � W � : . ÚB0 4{;>=?.n4 > � �. ÚB0 4 F
Hence, � W 9 � : . ÚB0 4 > � WG� : ;>=?.o4 > � � F (7.14)

Now � � 9 � � W 9 =ö� & 9CF
By Equations7.14and7.13,wehave� � 9 � :$: . ÚB0 4 > � WG� : ;>=?.n4 > � � > = � & � : . ÚB0 4 >~: � W = � & > � : ;>=?.n4 >~: � � = � & > � : . ÚB0 4 > � � � : ;>=?.n4 >~: � � W > F
By Equation7.7,wehave � � 9 � � 5 � : ;>=?.n4 > � W�, : . ÚB0 4 > � � F (7.15)

Thus ú � ¬ Fú� � � � , so � 9 ��� . However, wealreadyknew this,since
�
f 9 : 3 >

is aplanecurve.

Remark FromLancret’s Theorem,theconstantangle4 satisfiesthefollowing relationships:�� � ;>=?.n4. ÚB0 4 � _;! where_ is constantF (7.16);>=?.g4 � _× 
s,à_ N F (7.17). ÚB0 4 � 
× 
¿,._ N F (7.18)

Theserelationshipsmaybeusefulif 4 is not immediatelyobviousfrom context.

7.4 Usinga PlaneCurve to Generatea GeneralHelix

Let
�
f 9 : 3 >

beanallowablerepresentationof a
� �����

planecurve,with ���ÿ� and� 9 ���� . Also, let
�
f 9 : 3 Å > ���

sothattheplanecurve passesthroughtheorigin.

Since
�
f 9 : 3 >

is a planecurve, � 9 ��� ,
� � 9 is a constantvector

� 5
, where

� 5
is perpendicularto theplaneof

thecurve [By Theorem5.6.3,theosculatingplaneis theplaneof thecurve,and
� � 9 is perpendicularto it].
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Let 4àI : � ! h N >(j�: h N ! 2 >
. Define�

f
: 3 > � �

f
: 3hÅ > , : . ÚB0 4 > �

f 9 : 3 > , : 3c�K3hÅ >~: ;>=?.n4 > � 5 ! (7.19)

where
�
f

: 3hÅ > is anarbitraryconstantvector.

Wenow show that
�
f

: 3 >
is ageneralhelix. DifferentiatingEquation7.19,yields� W � �

f ÷ : 3 > � : . ÚB0 4 > � W 9 , : ;>=?.o4 >�� 5 F (7.20)

DifferentiatingEquation7.20,weget w � WwR3 � : . ÚB0 4 > w � W 9wR3 F
By Equation6.6,wehave � � & � : . ÚB0 4 > � 9 � & 9{F
Hence � & � � & 9 and � � : . ÚB0 4 > � 9 F (7.21)

Now
� � � � W = � &

, sousingEquations7.20and7.21,wehave� � � � W =ö� & � :$: . ÚB0 4 > � W 9 , : ;>=?.q4 > � 5â> =ö� & 9� : . ÚB0 4 >~: � W 9 =ö� & 9 > , : ;>=?.o4 >~: � � 9 =ö� & 9 >� : . ÚB0 4 > � � 9 � : ;>=?.o4 > � W 9 F
Hence, � � � � : ;>=?.n4 > � W 9 , : . ÚB0 4 > � � 9 � � : ;>=?.o4 > � W 9 , : . ÚB0 4 > � 5 F (7.22)

DifferentiatingEquation7.22,weget w � �w(3 � : �D;>=?.o4 > w � W 9wR3 F
By Equations6.6and6.8,wehave �c� � & � : �|;>=?.n4 > � 9 � & 9
By Equation7.21,wehave � � & � � 9 : ;>=?.o4 > � & F
Hence, � � � 9 ;>=?.n4sF (7.23)

Replacing� 9 with
*}U~�� 8 by Equation7.21in Equation7.23,weget� ��� �. ÚB0 4�� ;>=?.n4s!

or �� � ;>=?.o4. Ú10 4 !
which is constantand nonzero,since 4 I : � ! h N >sjÀ: h N ! 2 >

. Therefore
�
f

: 3 >
is a generalhelix for any4àI : � ! h N >(j�: h N ! 2 >

.

Remark Since � � � 9 ;>=?.n4 , we noticethefollowing. If 4�I : � ! h N >
, thegeneralhelix is right-handed;if4àI : h N ! 2 >

, thehelix is left-handed.
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7.5 Summary of ConversionProcess

To convert fr om the generalhelix to associatedplanecurve

1. Startwith a generalhelix
�

, where
�

is a
�	� �$�

curve, with �G�ô� , �à���� , and �à���� . Let
�

have an
allowablerepresentationof f

: 3 >
.

2. If 4 is notobvious,calculateimportantexpressionsfor 4 by thefollowing method.

(a) Calculate� and � for thegeneralhelix.

(b) Let _ � e* , where_ is known to beconstant.

(c) Let ;>=?.n4 � Â¸ L}k Â m and . ÚB0 4 � L¸ L}k Â m . We note that the vector
� 5

correspondingthe fixed

directionin spacefor thegeneralhelix is givenby
� 5 � : ;>=?.o4 > � W�, : . Ú10 4 > � �

.

3. Definetheplanecurve
� # � �

f 9 : 3 >
, by letting�

f 9 : 3 > � �
f

: 3 > � �
f

: 3 Å > � : 3 �K3 Å >~: ;>=?.n4 > � 5. ÚB0 4 F
4. Usethefollowing equationsto getinformationabouttheplanecurve.� W 9 � : . ÚB0 4 > � W � : ;>=?.n4 > � � F� & 9 � � & F� � 9 � � 5 � : ;>=?.q4 > � W´, : . ÚB0 4 > � � F� 9 � �. Ú10 4 F� 9 �
� F

Remark If therepresentationof thegeneralhelix is givenin termsof ageneralparameterW , theonly change

is thedefinitionof theplanecurve. In thatcase,wehave
� # � �

f 9 : W > , definedby letting�
f 9 : W > � �

f
: W > � �

f
: W½Å > � :

s
: W > � s

: W½Å >$>~: ;>=?.q4 > � 5. ÚB0 4 F
wheres

: W > is givenby Definition3.2.1.
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To convert fr om the associatedplanecurve to the generalhelix

1. Start with a
�������

planecurve, with �e� � and � 9 ���� . Let the planecurve have an allowable

representationof
�
f 9 : 3 >

, where
�
f 9 : 3hÅ > ��� sothattheplanecurve passesthroughtheorigin.

2. If
� � 9 is notobvious(i.e. ) 2 direction),calculateit, whereit is known to beconstant.Let

� 5 � � � 9 .
3. Let 4 beanarbitraryanglein the interval

: � ! h N >�j�: h N ! 2 >
. It is known thatchoosing4
I : � ! h N >

will
producea right-handedgeneralhelix, while choosing4àI : h N ! 2 >

will producea left-handedhelix.

4. Definethegeneralhelix
� � � �

f
: 3 >

by letting�
f

: 3 > � �
f

: 3rÅ > , : . ÚB0 4 > �
f 9 : 3 > , : 3 ��3rÅ >~: ;>=?.o4 >�� 5 !

where
�
f

: 3rÅ > is anarbitraryconstantvector.

5. Usethefollowing equationsto getinformationaboutthegeneralhelix.� W � : . ÚB0 4 > � W 9 , : ;>=?.n4 > � � 9 � : . ÚB0 4 > � W 9 , : ;>=?.o4 > � 5 F� & � � & 9RF� � � � : ;>=?.g4 > � W 9 , : . ÚB0 4 > � � 9 � : . ÚB0 4 > � W 9 , : ;>=?.n4 > � 5 F� � : . ÚB0 4 > � 9 F� � : ;>=?.o4 > � 9 F
Remark If therepresentationof theplanecurve is givenin termsof ageneralparameterW , theonly change

is thedefinitionof thegeneralhelix. In thatcase,wedefinethegeneralhelix
� � � �

f
: W > by letting�

f
: W > � �

f
: W½Å > , : . ÚB0 4 > �

f 9 : W > , :
s
: W > � s

: W�Å >$>~: ;>=?.o4 >�� 5 !
where

�
f

: W Å > is anarbitraryconstantvector.
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7.6 Examplesthat Illustrate the ConversionProcess

Wenow illustratetheconversionprocessfrom Section7.5by anumberof examples.

Example7.6.1 Giventhegeneral (cylindrical) helix
�

, thathasanallowablerepresentation� � � �
f

: 3 > � w H�;>=?. :  ¸ ® m k ¬ m > !�H�. Ú10 :  ¸ ® m k ¬ m > ! : ¬¸ ® m k ¬ m > 3 y , find theassociatedplanecurve

andits properties.

Solution Firstwecalculate� and � for thegeneralhelix. Wehavew � �w(3 � �
f ÷ : 3 > � N � Õ H× H N , � N Ö . ÚB0 Õ 3× H N , � N Ö ! Õ H× H N , � N Ö ;>=?. Õ 3× H N , � N Ö ! Õ �× H N , � N Ö P F

(7.24)

Noticethat � �f ÷ : 3 > � � 
 , so 3 is indeedarclengthparameter, and
� W � ú � �ú! . Now by Equations6.6and7.24,

wehave� � & � w � WwR3 � �
f ÷ ÷ : 3 > �ON � Õ HH N , � N Ö ;>=?. Õ 3× H N , � N Ö !/� Õ HH N , � N Ö . ÚB0 Õ 3× H N , � N Ö ! ��P F (7.25)

By inspectionof Equation7.25,weseethat� & � N �D;>=?. Õ 3× H N , � N Ö !/�D. ÚB0 Õ 3× H N , � N Ö ! � P F (7.26)

and � � HH N , � N F (7.27)

Now
� � � � W = � &

soby Equation7.24and7.26,wehave� � �ON Õ �× H N , � N Ö . Ú10 Õ 3× H N , � N Ö !/� Õ �× H N , � N Ö ;>=?. Õ 3× H N , � N Ö ! Õ H× H N , � N Ö P F (7.28)

Now by Equations6.8and7.28,wehave�c� � & � w � �wR3 � N Õ �H N , � N Ö ;>=?. Õ 3× H N , � N Ö ! Õ �H N , � N Ö . ÚB0 Õ 3× H N , � N Ö ! � P F (7.29)

By inspectionof Equation7.29,weseethat � � �H N , � N F (7.30)

Wehave verifiedthatwedo indeedhave ageneralhelix, since�� � �H � _;! (7.31)

where_ is aconstant.Now let ;>=?.n4 � _× 
¿,©_ N � �× H N , � N (7.32)
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and . ÚB0 4 � 
× 
¿,._ N � H× H N , � N F (7.33)

Since
� 5 � : ;>=?.o4 > � W´, : . ÚB0 4 > � �

, wehave� 5 � Õ �× H N , � N Ö N � Õ H× H N , � N Ö . ÚB0 Õ 3× H N , � N Ö ! Õ H× H N , � N Ö ;>=?. Õ 3× H N , � N Ö ! Õ �× H N , � N Ö P
, Õ H× H N , � N Ö N Õ �× H N , � N Ö . ÚB0 Õ 3× H N , � N Ö !/� Õ �× H N , � N Ö ;>=?. Õ 3× H N , � N Ö ! Õ H× H N , � N Ö P F

Thissimplifiesto � 5 � � � ! � !V
r'iF (7.34)

Wenow definetheplanecurve
� # � �

f 9 : 3 >
, by letting�

f 9 : 3 > � �
f

: 3 > � �
f

: 3 Å > � : 3ì�à3 Å >~: ;>=?.n4 >�� 5. ÚB0 4 F (7.35)

Let usarbitrarilychoose3 Å ��� . SubstitutingEquations7.32,7.33,and7.34into Equation7.35,weget�
f 9 : 3 > � �

f
: 3 > � �

f
: � > ��3 � ¬¸ ® m k ¬ m � � � ! � !V
r'®¸ ® m k ¬ m� Ì × H N , � NH Í �

f
: 3 > �£Ì × H N , � NH Í �

f
: � > �K3 Õ �H Ö � � ! � !V
r'� Ì × H N , � NH Í �

f
: 3 > �£Ì × H N , � NH Í �<HQ! � ! � '", N¾� ! � !/� Õ �H Ö 3 P� Ì × H N , � NH Í �

f
: 3 > , N � u H N , � N ! � !/� Õ �H Ö 3 P� Ì × H N , � NH Í N H�;>=?. Õ 3× H N , � N Ö !�H�. ÚB0 Õ 3× H N , � N Ö ! Õ �× H N , � N Ö 3 P F
, N � u H N , � N ! � !/� Õ �H Ö 3 P F

Hencetheassociatedplanecurve is givenby� # � �
f 9 : 3 > ��N u H N , � N Õ ;>=?. Õ 3× H N , � N Ö ��
 Ö ! u H N , � N . ÚB0 Õ 3× H N , � N Ö ! ��P ! (7.36)

which is acircle
: �¯� × H N , � N > N ,.# N � H N , � N in thexy plane.

Now let usderive someof thepropertiesof theassociatedplanecurve. Weknow that� W 9 � : . ÚB0 4 > � WG� : ;>=?.o4 > � � F (7.37)
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SubstitutingEquations7.33and7.32into Equation7.37,yields� W 9 � Õ H× H N , � N Ö � WG� Õ �× H N , � N Ö � � F (7.38)

Now substitutingEquations7.24and7.28yields,uponsimplification,� W 9 �ON �|. ÚB0 Õ 3× H N , � N Ö !A;>=?. Õ 3× H N , � N Ö ! ��P F (7.39)

Now
� & 9 � � &

, so � & 9 �ON �D;>=?. Õ 3× H N , � N Ö !/�D. ÚB0 Õ 3× H N , � N Ö ! ��P F (7.40)

Wehave
� � 9 � � 5

, whichwasfoundin Equation7.34,so� � 9 � � � ! � !V
r'-F (7.41)

Wehave � 9 � *}K~�� 8 , soby Equations7.27and7.33,wehave� 9 � ®® m k ¬ m®¸ ® m k ¬ m �Ø× H N , � NH N , � N � 
× H N , � N (7.42)

or ) 9 � 
� 9 � u H N , � N (7.43)

andalsoweknow that � 9 ��� F (7.44)

Example7.6.2 Giventhegeneral helix
�

, thathasanallowablerepresentation� � � �
f

: W > � � W*! ¸ NN W N ! û ní ' , find theassociatedplanecurve.

Solution This Exampleis similar to Example7.6.1,exceptthat it differs in that therepresentationfor the
curve is notgivenin termsof thearclengthparameter. However, by theremarksin Section7.5,weseethat
this is not too muchof a difficulty. Furthermore,we alreadyknow thatwe have a generalhelix, sincethe
curveis amemberof classof curvesdiscussedin Theorem7.2.1.Let usjustcitetheresultsof Theorem7.2.1
for thisspecifichelix. w � �w{W � �

f ÷ : W > � w 
g! × �;Wj!$W N y (7.45)w N � �wCW N � �
f ÷ ÷ : W > � w � ! × �(!a�;W y (7.46)w í � �wCW í � �
f ÷ ÷ ÷ : W > � � � ! � !a�{'-F (7.47)

s
: W > � W í� ,.WjF (7.48)
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� � × �: 
s,àW N > N F (7.49)� � × �: 
s,KW N > N F (7.50)

UsingPropertiesT5 andB4 for theUnit TangentVectorandUnit BinormalVector, we canfind
� W and

� �
,

whichwill allow usto find
� &

. Doingso,yields,� W � 
W N ,

 w-
g!$W × �(!$W N y (7.51)� & � 
W N ,À
 wv�ìW × �(!V
â��W N !$W × � y (7.52)� � � 
W N ,�
 wRW N !/�ìW × ��!V
 y (7.53)

Now
� 5 � : ;>=?.n4 > � W�, : . ÚB0 4 > � �

. FromEquations7.51,7.53,7.17,7.18,where_ � 
 , wehave� 5 � 
× � 
W N ,

 w-
g!$W × �(!$W N y , 
× � 
W N ,�
 wRW N !/�ìW × ��!V
 y � N 
× � ! � ! 
× � P F (7.54)

Wenow definetheplanecurve
� # � �

f 9 : W > , by letting�
f 9 : W > � �

f
: W > � �

f
: W Å > � :

s
: W > � s

: W Å >$>~: ;>=?.q4 > � 5. ÚB0 4 F (7.55)

With W�Å ��� , s
: W�Å > ��� ,

�
f

: W�Å > �
� , and ;>=?.n4 � . ÚB0 4 � L¸ N , Equation7.55becomes�
f 9 : W > � �

f
: W > � s

: W >~: L¸ N > � 5L¸ N � × � �
f

: W > � s
: W > � 5 F (7.56)

Now substitutingEquations7.48and7.54into Equation7.56,alongwith thedefinitionof
�
f

: W > yields�
f 9 : W > � × �M�¿W*! × �� W N ! W í�{� � Õ W í� ,àW Ö N 
× � ! � ! 
× � P F

Uponsimplification,wehave �
f 9 : W > � � �;W × �1��W í × �Ç !$W N ! W í × �ò���;W × �Ç �� × �Ç w��;Wx��W í !a�;W × �(!$W í �K�;W y

or �
f 9 : W > � W N 
× � !V
g!/� 
× � P , 
� W í �ô� 
× � ! � ! 
× � � F (7.57)
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Example7.6.3 Giventheplanecurve
�

, that hasanallowablerepresentation� # � �
f 9 : W > � � W�. ÚB0 Wo,�;>=?.|W"�ÿ
g!/�ìW�;>=?.%Wi,,. ÚB0 W*! � ' , finda general helixgeneratedby this planecurve.

Solution In this example,it is obviousthat
� � 9 � ) 2 � � � ! � !V
r' , andlet

� 5 � � � 9 � ) 2 . Sincewe areusinga
generalparameterW , weneedto calculatethearclengthfunctions

: W > . Noww � #w{W � �
f ÷9 : W > � � W�;>=?.MW*!$W�. ÚB0 W*! � 'vF (7.58)

Letting W Å ��� arbitrarily, wecannow find thearclengthfunctions
: W > , by Definition3.2.1.Namely,

s
: W > � � ûÅ � �

f ÷ : W >x8 �
f ÷ : W > w{W� � ûÅ u W N ;>=?. N Wi,àW N . ÚB0 N W�w{W� � ûÅ W(wCWjF

Hence,

s
: W > � W N� F (7.59)

Let 4 beany arbitraryangle,where 4�I : � ! h N >�j�: h N ! 2 >
. As before,we definethegeneralhelix

� � � �
f

: W >
by letting �

f
: W > � �

f
: � > , : . ÚB0 4 > �

f 9 : W > , s
: W >~: ;>=?.q4 >�� 5 !

where
�
f

: � >
is anarbitraryconstantvector. Hence,�
f

: W > � �
f

: � > , : . ÚB0 4 > � W�. ÚB0 Wi,,;>=?.MW���
g!/�ìW�;>=?.MWi,,. Ú10 Wj! � 'i, W N� : ;>=?.q4 > � � ! � !V
r'� �
f

: � > , N : W�. Ú10 Wo,,;>=?.QW"�ÿ
 >~: . ÚB0 4 > ! : �ìW�;>=?.QWi,,. ÚB0 W >~: . ÚB0 4 > ! W N� : ;>=?.n4 > P F
Remark If 4
I : � ! h N >

, thehelix is right-handed;if 4�I : h N ! 2 >
, thehelix is left-handed.Pick a specific 4

and
�
f

: � >
to identify a particulargeneralhelix.

A plot containingboththeplanecurve, andanassociatedgeneralhelix for 4 �
h Ê , is shown is Figure7.6.
Note:Thegeneralhelix wasscaledupby factorof . ÚB0 h Ê , sothattheplanecurvewill betheactualprojection
of thehelix in theplane,andthegeneralhelix will lie on thecylinderdefinedby theplanecurve.

7.7 Solving the Natural Equationsof a GeneralHelix

Let usstartfrom asetof naturalequationsfor ageneralhelix� � � � : 3 >~:½� � >� � _o� : 3 >
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Figure7.1: GeneralHelix With AssociatedPlaneCurve

where_ is aconstant,andfind thegeneralsolutionto thenaturalequations.Themethodweuseis to consider
theassociatedplanecurve,becausethenwemayusethemethodoutlinedin Section5.7.

For ageneralhelix, asin Section7.5,wemayidentify theangle4 , by letting;>=?.o4 � _× 
s,._ N (7.60)

and . ÚB0 4 � 
× 
¿,._ N F (7.61)

FromSection7.5,wehave thatthecurvature � 9 of theassociatedplanecurve is givenby� 9 � �. ÚB0 4 F (7.62)

SubstitutingEquation7.61into Equation7.62yields� 9 � � u 
¿,©_ N � � � 
¿, � N� N � � � � N ,.� N� N � u � N ,.� N F (7.63)

Using Equation5.17 from Section5.7, we canfind the equationof the planecurve having curvature � 9 .
Namely, �

f 9 : 3 > � N �   ç Q ;>=?. Õ ��SS ç � 9 :UTM> w T ÖEV w J ! �   ç Q . Ú10 Õ ��SS ç � 9 :UT|> w T Ö@V w J ! � P F (7.64)

SubstitutingEquation7.63 into Equation7.64, we get the equationof the associatedplanecurve to the
generalhelix:�
f 9 : 3 > � N �   ç�Q ;>=?. Õ ��SS ç u : � :UT|>$> N , : � :UT|>$> N w T ÖrV w J ! �   ç�Q . ÚB0 Õ ��SS ç u : � :UT|>$> N , : � :UT|>$> N w T ÖEV w J ! � P F

(7.65)
Wecannow write down theexpressionfor thegeneralhelix, sinceSection7.5demonstratedhow to find the

generalhelix from theassociatedplanecurve. In particular, thegeneralhelix
� � � �

f
: 3 >

is givenby�
f

: 3 > � �
f

: 3hÅ > , : . ÚB0 4 > �
f 9 : 3 > , : 3c�K3hÅ >~: ;>=?.n4 > � 5 ! (7.66)
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where
�
f

: 3hÅ > is anarbitraryconstantvector, and
� 5 � � � 9 � ) 2 .

Remark Whenwedeterminedtheassociatedplanecurve,wespecifiedits locationandorientation.Seethe
remarkat theendof Section5.7. In particular, by Equations7.20,and7.21,we have theorientationof the

generalhelix specifiedby
�
t
: 3hÅ > � ��. ÚB0 4s! � !A;>=?.z4 �

and
�
p

: 3hÅ > � � � !V
g! � �
. If a differentorientationis

desiredfor thegeneralhelix, wewrite�
f

: 3 > � �
f

: 3rÅ > ,.� � Õ : . ÚB0 4 > �
f 9 : 3 > , : 3 �K3hÅ >~: ;>=?.n4 > ) 2 Ö ! (7.67)

where� � is a rotationmatrix.
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curves,where � � � , " #$ % , and d #$ % ,

and GeneralHelices

8.1 A Fourth DerivativeTheorem

Theorem 8.1.1 Let
�

bea
�������

curve, with �	�P� , ������ , and �µ���� . For all points
� � � �

f
: 3 >

on
�

,4 �f ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ ÷ : 3 >l7 � �g� wwR3 � � � � F
Proof: Wehave �

f ÷ : 3 > � w � �wR3 � � Wu! (8.1)

andby Equation6.6,wehave �
f ÷ ÷ : 3 > � w N � �w(3 N � w � WwR3 � � � & F (8.2)

Now differentiatingEquation8.2,weget�
f ÷ ÷ ÷ : 3 > � ww(3 � � � & � � wR�wR3 � & ,©� w � &w(3 F (8.3)

SubstitutingEquation6.7 into Equation8.3,weget�
f ÷ ÷ ÷ : 3 > � w(�w(3 � & ,P� : � � � W	,.� � � > F (8.4)

Hence, �
f ÷ ÷ ÷ : 3 > � �1� N � W	, w(�w(3 � & ,P�M� � � F (8.5)

Now differentiatingEquation8.5,weget�
f ÷ ÷ ÷ ÷ : 3 > � wwR3 Õ �1� N � W�, w(�w(3 � & ,©�Q� � � Ö !

63
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whichwhenexpandedis�
f ÷ ÷ ÷ ÷ : 3 > � � wwR3 : � N > � W �K� N w � WwR3 , w N �wR3 N � & , wR�wR3 w � &w(3 , w(�w(3 � � � ,P� wC�wR3 � � ,©�M� w � �w(3 F (8.6)

SubstitutingEquations6.6through6.8into Equation8.6,yields�
f ÷ ÷ ÷ ÷ : 3 > � � �\� w(�w(3 � W �à� í � & , w N �w(3 N � & , w(�w(3 : �1� � W�,.� � � > , wR�wR3 � � � ,©� wR�w(3 � � �K�Q� N � & F (8.7)

Hence, �
f ÷ ÷ ÷ ÷ : 3 > � � �\� wR�wR3 � W�, Õ w N �w(3 N �à� í ���M� N Ö � & , Õ �g� wR�wR3 ,©� wR�wR3 Ö � � F (8.8)

Now by Equation8.2and8.5,wehave�
f ÷ ÷ : 3 > = �

f ÷ ÷ ÷ : 3 > � : � � & > = : � � N � WÒ, wR�wR3 � & ,.�M� � � > � � � í : � &
= � W > ,.� wR�wR3 : � &�= � & > ,.� N � : � &�= � � > F (8.9)

Hence, �
f ÷ ÷ : 3 > = �

f ÷ ÷ ÷ : 3 > � � N � � W�,.� í � � F (8.10)

Formingthedotproductof Equations8.10and8.8,weget4 �f ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ ÷ : 3 >l7 � : � N � � W�,©� í � � >�8 Q �1�\� wR�wR3 � W�, Õ w N �wR3 N �K� í �K�Q� N Ö � & , Õ �g� wR�wR3 ,©� wC�w(3 Ö � � V� �1�\� í � wR�wR3 ,©� í Õ �g� wR�wR3 ,©� wC�w(3 Ö� � Ê wC�wR3 �K� í � wR�wR3� � í : � wR�wR3 ��� wR�wR3 >
� � �	Ì � ú eú! ��� ú *ú! � N Í F

Hence, 4 �f ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ ÷ : 3 >l7 � � � wwR3 � � ��� F (8.11)
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8.2 A GeneralHelix Test

Theorem 8.2.1 Let
�

bea
� � ���

curve, with ���P� , ������ , and �µ���� .
�

is a general helix if andonly if for

all points
� � � �

f
: 3 >

on
�

, 4 �f ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ ÷ : 3 >l7 ��� F
Proof: Let

�
be a

� �����
curve, with �K��� , �á�� � , and �ê�� � . Let

�
be a generalhelix. By Lancret’s

Theorem,e * � _ , where_ is a constant.Hence,by Theorem8.1.1,wehave4 �f ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ ÷ : 3 >l7 � � � ww(3 � �� � � � � ww(3 : _ > ��� F
Conversely, let

�
bea

� �����
curve,with �	�P� , ������ , and �µ���� . Also let4 �f ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ ÷ : 3 >l7 ��� F

By Theorem8.1.1,wehave 4 �f ÷ ÷ : 3 > ! �
f ÷ ÷ ÷ : 3 > ! �

f ÷ ÷ ÷ ÷ : 3 >l7 � � � wwR3 � � � � !
so �g� ww(3 � �� � ��� F
However, ����À� , so ww(3 � �� � �À� F
Hence, e * is constant.By Lancret’s Theorem,

�
is ageneralhelix.
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M
mapping,13
moving trihedron,37
multiplepointof anarc,25

N
naturalequations,45
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naturalparameter, 30
normalplane,31,38
normalvector, 35

O
one-to-one,13
onto,13
osculatingplane,33,38,39

P
Peanocurve,15
planearc,26
planecurve,26,38
planecurve of generalhelix, 51,54
preimage,13
principalnormalline, 36
principalnormalvector, 35

R
radiusof curvature,36
rectifyingplane,36,38

S
simplearc,25

T
tangentline, 31
tangentvector, 30
topological,20
torsion,41
triple scalarproduct,11,33

U
unit binormalvector, 37
unit principalnormalvector, 35
unit tangentvector, 30


