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Abstract
On a closed Riemannian manifold (M, g), the geodesic heat flow deforms loops through an energy-
decreasing homotopy u(t). It is known that there is a sequence t,, — 00 so that u(t,) converges in C°
to a closed geodesic, but it is also known that convergence fails in general. We show that for a generic
set of metrics on M, the heat flow converges for all initial loops. We also show that convergence,
when it holds, is in C®. The proofs are based on a Morse theory approach using the Palais-Smale
condition.

Geometric heat flows have been extensively studied, yet one of the simplest examples is not yet fully
understood. This note clarifies several issues concerning the convergence as t — oo for the heat flow
associated with maps from S! to a closed Riemannian manifold (M, g).

It is well-known that every map ug : S* — M into a closed Riemannian manifold (M, g) is homotopic
to a closed geodesic. Intuitively, this can be proven by deforming ug along the flow of the downward
gradient vector field of the energy function

B(u) — %L \dul? db (0.1)

on the space of maps u : S' — M. There are two standard ways of directly realizing this intuition. In
the “Morse theory” approach, one works on the infinite-dimensional manifold £, of finite-energy loops
in M and uses the gradient of E defined by the Sobolev W2 metric; this approach provides techniques
for showing that the flow paths converge (cf. Section 3). Alternatively, one can use the gradient of E
defined by the L? metric. The resulting downward gradient flow is a solution of the “geodesic heat flow
equation”

o = V*du u(8,0) = up(6). (0.2)

This equation, which is the 1-dimensional harmonic map heat flow equation, is typically studied using
parabolic techniques, without reference to the manifold £3;. Our main purpose here is to show that
Morse theory methods can be productively applied to the heat flow.

It is known that the geodesic heat flow exists and is smooth for all ¢ > 0. Thus central issue is
convergence as t — o0. Specifically, do all solutions of (0.2) converge to closed geodesics as t — o0, and
in which norms does one have convergence?

The subtleties of this problem have been repeatedly underestimated. In 1965 Eells and Sampson
[ES2] asserted that the geodesic heat flow converges to a closed geodesic at ¢t — oo (see also [Sa] and ([J]).
Ottarsson [O] rigorously proved the long-time existence of the heat flow with smooth initial data. Very
recently, L. Lin and L. Wang [LW], building on arguments of Struwe [St], extended Ottarsson’s theorem
to W2 initial data, proving that the heat flow exists for all time and is unique. Ottarsson also showed
that there is a sequence t,, — 00 so that u(t,) converges in C° to a closed geodesic. On the other hand,
the flow itself does not necessarily converge: an elegant construction of Topping yields the following fact:
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Theorem (Topping). There is a closed Riemannian manifold (M, g) and a smooth loop ug in M such
that the geodesic heat flow (0.2) does not converge in C° ast — .

This is proved by taking M = S! x S! and replacing S? by S! in Section 5 of [T].

In Sections 1-3 we obtain some partial convergence results by viewing the heat flow as a path in
the loop space and applying Morse theory methods. The key points are the finiteness of the “action
integral” proved in Section 2, and the simple but surprising observation (Lemma 3.1) that the Palais-Smale
compactness condition applies to the heat flow. The Palais-Smale condition does not imply convergence;
rather it implies that the flow is asymptotic to a critical set K of the energy function. The flow can
“orbit” around K, as occurs in Topping’s example. The results of Sections 3 can be summarized as
follows.

Theorem A. Let (M,g) be a closed Riemannian manifold and let u(t) be a geodesic heat flow. Then as
t— o0,
(a) u(t) = 0 in C™.

(b) u(t) is asymptotic in C* to a compact component K of the critical set of E.

In fact, we can ensure convergence by making a mild assumption about the Riemannian metric. Morse
Theory points to an appropriate condition: the energy function F : £j; — R should be a Morse or Morse-
Bott function. This is true for a generic set of metrics, the so-called bumpy metrics. In Section 4 we
prove that on manifolds with bumpy metrics all heat flows paths converge in the W12 topology of L.
The bootstrap arguments given in Section 5 then show that this convergence is actually in C®. This
gives our main result:

Theorem B. Let M be a closed Riemannian manifold. There is a Baire set B in the space of all metrics
on M such that if g € B, then every heat flow path u(t) on (M,g) converges in C® to a smooth closed
geodesic vy homotopic to u(0).

Finally, we return to the case of a general Riemannian metric, but now restrict attention to those flow
lines u(t) that are asymptotic, as in Theorem A to a stable critical set K as t — oo. With our definitions,
there are two cases of stability. In the first, K is a single orbit of the circle action on L£j; on which the
energy function E is non-zero that the Hessian of E' is non-degenerate on the normal bundle to K. The
second is the simple case when K is the manifold of geodesics with energy E = 0, i.e. maps to a single
point. In Section 6 we use this stability condition to prove that wu(t) converges at an exponential rate.
The argument for trivial geodesics, given in Section 7, is different, but the conclusion is the same. Thus:

Theorem C. Let (M,g) be a closed Riemannian manifold and let u(t) be a geodesic heat flow that is
asymptotic to a stable critical set K ast — o0. Then u(t) converges in C* at an exponential rate to a
smooth closed geodesic 7y that is homotopic to u(0).

Theorem B is related to L. Simon’s theorems [?] on the convergence of gradient flows of real analytic
functionals, which apply to the energy function (0.1) on a analytic Riemannian manifold. This implies
the convergence of Theorem B for a dense set of metrics because Whitney showed that analytic structures
are C* dense in space of metrics on a compact Riemannian manifold.

Simon’s proof is based on a gradient inequality of Lojasiewicz, which requires analyticity. But Whitney
showed that a compact Riemannian manifold is C* arbitrarily close to an analytic Riemannian manifold.

These theorems highlight two themes that may also pertain to other heat flow problems. First,
convergence issues can be approached by “Morse theory” methods rather than relying entirely on parabolic
estimates. Second, one should expect convergence as t — oo only in generic situations, not in general.



1 Gradient flows for geodesics

Solutions of the heat flow equation (0.2) can be viewed as paths in the Hilbert manifold £s of finite-
energy loops that decrease the energy function. This is the context for the well-known Morse theory
developed by Palais and others in the 1960s. In this section we review the analytic setup; detailed proofs
can be found in [P]. We then make some initial observations about the heat flow on £jy.

Fix an isometric embedding M < R” and let £); be the space of all L2 maps u : S — M. Then
Ly is a smooth, closed Hilbert submanifold of the Hilbert space L':2(S',R"), the tangent space T, L
is the space of W12 sections of the pullback bundle u*T'M, and E : £3; — R is a smooth function. The
first variation of F is

@E)X) = = | (V%) (11)

where T' = dgu, and the Hessian of E at a geodesic u is given by the bilinear form
Bu.(X,X) = J Vo X2+ (X, R,(T, X)T). (1.2)
Sl

The restriction of the inner product on W2(S!,R") defines a Riemannian metric on £ys; the corre-
sponding norm is given at each u € Ly; by

i =IO X as
Sl
= (X,(I+A)X)2 XeT, Ly (1.3)
where V is the Levi-Civita connection on M and A is the Laplacian V*V = —V7Vr on sections of

w*T M. With this metric, £L3s is a complete Riemannian Hilbert manifold. Using (1.1) and noting that
I + A extends to an invertible bounded linear map T'Ly; — T* L)y, the gradient of E for this metric is

VE = (I+A)'VyT. (1.4)
This is a smooth vector field on L£j; and satisfies the following Palais-Smale Condition.

P-S Every sequence {ux} in Ly with E(u) < C and ||[VE(ug)|| — 0 has a convergence
subsequence.

Most of Morse theory carries over to this infinite-dimensional context. For our purposes, the most
important conclusions are the following statements about the long-time convergence of the downward
gradient flow paths.

Proposition 1.1. For a closed Riemannian manifold (M, g), the energy function E : Ly — R is smooth
and satisfies the P-S condition. Consequently, each downward gradient flow u(t) exists for allt = 0, and

a) u(t) is asymptotic to one component of the critical set of E as t — o0, and there is a sequence
t, — o0 such that u(t,) converges to a closed geodesic.

b) If E is a Morse or Morse-Bott function, then u(t) converges to a closed geodesic as t — o0.

Proposition 1.1 can be deduced from results in [P] using arguments like those in Sections 5 and 6
below. As explained in Section 6, the Morse-Bott condition on E is actually a condition on the Riemannian
metric g on M.

Notice the distinction, which is seldom emphasized in the literature, between statements (a) and (b)
above: the asymptotic statement holds in general, while the convergence statement requires a condition
on the Riemannian metric. The next several sections show that the same distinction holds for geodesic
heat flows.



2 The heat flow and the action integral

On the space L3 of W2 loops, we can also consider the gradient of the energy function E with respect
to the (weak) L? Riemannian metric. By (1.1), this gradient is given at a loop u by

(VE), = -V7T
(we use boldface VE for the W2 gradient (1.4) and VE for the L? gradient). The Morse theory of

the previous section does not apply because this L? gradient VE is not a continuous vector field on L.
However, the associated downward gradient flow lines are solutions of the heat equation

U = VTT u(9,0) = u0(9) (21)
and parabolic theory gives the following strong existence theorem.

Proposition 2.1. For each ug € Ly, the heat flow (2.1) exists and is unique for all t = 0, is smooth for
all t > 0, and the map [0,00) — Lps by t — u(t) is uniformly continuous in t with a constant depending
only on E(ugp).

Proof. Existence and uniqueness were proven for smooth initial data in [O] and for W2 initial data
in [LW]. The uniform continuity of the flow is proved as Lemma 2.4 in [LW]; the following alternative
argument is more in keeping with the approach we will take in subsequent sections.

Consider the length of the path u(t) for s < ¢t < T, measured in the W2 Riemannian metric on £;.
By Holder’s inequality,

T
Length(s,T) = f le()|| dr < VT —s+/A(s,T) (2.2)
where A(s,T) is the action integral, defined as the time integral of the square of the W12 norm of :

T
A(s.T) = j a(o))? d. (2.3)

S

(In physics language, this is the action of a free particle moving in the Riemannian manifold £y;.) By
Lemma 2.3 below, the action is finite and bounded by a constant depending only on E(ug). Then (2.2)
shows that the path ¢ — w(t) is uniformly continuous. O

The rest of this section is devoted to proving that the action (2.3) is finite. To that end, we review some
basic facts about the heat flow. By Proposition 2.1 the flow defines a smooth map u(6,t) : S1x(0,0) — M
and vector fields T' = u*(%) and 4 = u*(%) To a considerable extent, the behavior of the flow is
controlled by the evolution of two functions: the energy density e = %\du\ and |u|?. These satisfy the
following equations.

Lemma 2.2. Suppose that u(t) is a solution of the geodesic heat flow (2.1). Then fort > 0

a) (0 + A)e = —|ul?, and

b) oul?> = —2(u, V¥V + R(T,w)T)
where A and V*V are the Laplacians on functions and sections of u*T M respectively.
Proof. Noting that [T, 4] = ux[5, £] = 0, we have Vi = V;T. Then e = 1|T|? satisfies

(0 + A)e = (T,ViT)y+d*{T,V7T)
= (T,Vruy— ((T,VrV7rT)+|VrT|?)
Using (2.1), this reduces to a). Next, noting that d;|u|? = 2(i, Vi) where, again using (2.1),
Vo = Vi VT = VoV T + R(u, T)T

with Vo VT = VpVrpu = —V*#Va. This gives b). O



Integrating the equation of Lemma 2.2a) immediately shows that the function E(t) = F(u(t)) satisfies

e R (2.4)
Sl
Thus E(t) is non-increasing and
t
[vae = £6) - B (2.5)

Differentiating again and using Lemma 2.2b) then gives
E'(t) = 2 J IVal? + (i, R(T, )T (2.6)
Sl

These formulas, in turn, can be used to bound the action.

Lemma 2.3. There is a constant C depending only on Ey = E(u(0)) such that, whenever u(t) is a
solution of the geodesic heat flow (2.1) and 0 < s < s+ o < t, the action satisfies

A(s +0,t) < (c + i) (E(s) - E(t)>. (2.7)

In particular, A(1,0) < (C + 2)Ey is finite.
Proof. Start by writing (2.6) as
IVa|? = LE" + (i, Ry(4,T)T ) pz.

Since the curvature is bounded and |T|? = 2E(t) is decreasing with initial value 2E(s) < E(0), interpo-
lation using the compact embedding W12 c C° gives an inequality

|Gty Ru(i0, T)T) 2| < | T [lal3,
< cB(0) (3|

t2+ CO)]ul?)

for any 6 > 0. We can now bound [|4]|? = |V4|? + [1]? by combining the last two displayed equations,
taking § = (2cEp)~! and rearranging, and noting that E’ = —|u[? by (2.4). The result is

lall* < 3 (B" = CE) (2.8)

where the constant C' depends only on the geometry of M and on E(uy).
Now for fixed ¢t > s, the function A(s,t) is a non-increasing function of s, hence

s+o

1
A t) < —
(s + o,t) OJ

S

1 s+o pt ]
Apitydp = — [ [ ot drdp.
s P

Applying (2.8) and evaluating the integrals gives

A < [ [EO- 0] - B0 - B d

0 Js

< E(t)+ 1 [E(s) —E(s+ o)] —CE(t) + % f” E(0) do.

g

But E’(t) < 0 and F(o) is decreasing, so this inequality implies (2.7). O

Alternatively, one can use Lemma 2.2a) and the parabolic maximum principle to obtain the pointwise
bound |du| < ¢. Then (2.8) follows easily, but with a constant that does not depend continuously on the
initial map ug € L.



3 Asymptotics

The next step is to examine the behavior of the geodesic heat flow paths as ¢ — oo. This is usually done
using parabolic estimates. In this section we take a different approach, showing how information about
the long-time behavior of the flow follows from the Palais-Smale condition. The key observation is the
following reformulation of the Palais-Smale lemma.

Lemma 3.1(L? Palais-Smale). Every sequence {uy} in Ly with E(ux) < C such that the L? norm of
the L? gradient satisfies |[VE(u)| — 0 has a subsequence that converges in the W12 topology of Ls.

Proof. The L? gradient VE = V7T and the W2 gradient (1.4) are related by VE = (I + A)"'VE.
Hence

IVEI? = ((I+A)VE,VEy: — (VE(I+A)'VE):

IVE|. (3.1)

N

Thus the hypothesis |[VE(ug)| — 0 implies that ||[VE(ug)|| — 0. The lemma then follows from the
standard P-S condition. O

Now for any initial map ug € Ly, the heat flow u(t) exists for all time by Proposition 2.1, and the
energy is non-increasing along the flow. Because the integral (2.5) is finite, there is a sequence t; — o0
such that maps ur = u(ty) satisfy |ug| = |[VE(ug)| — 0. Lemma 5.1 then implies that the flow is
adherent to a critical point uy of the energy.

One must next ask whether uy, is actually the limit of the flow as ¢ — c. Observe that Lemma 5.1
implies that, for each energy level a > 0, the set K («) of all critical points in Lyr(a) = {u € Ly | E(u) <
a} is compact, and hence is the disjoint union of finitely many compact connected components K;(«).

Proposition 3.2. For each ug € Ly(a), the heat flow (2.1) is asymptotic to one component K; of the
critical set of E as t — 0. In particular, there is a sequence t, — o0 so that u(t,) converges to some
Uy € KZ

Proof. For each ¢ > 0 let N denote the e-neighborhood of K («) in the W2 topology of £y;. Then there
is a & > 0 such that ||[VE|| = § on Ly(a)\N;: otherwise, there would be a sequence {ug} in the closed
set Ly (a)\N: with [[(VE),, || — 0; the P-S condition would then provide a subsequence converging to
a critical point in £ys(a)\Nz, which does not exist.

For each T' > 0, let Ry = {t > T |u(t) ¢ N-}. Then for each t € Ry we have |[(VE),u | = 9, so
[VE| = 6 by (3.1) and hence [|4]| = |4 = |[VE| = 6. The total length of the part of the path w(t),
t > T, that lies outside N is therefore bounded by

. 1 - 1™
R N T T
Rt Rt T

The last integral is finite by Lemma 2.3. Thus there is a T' = T'(¢) such that u(¢) lies in one component
of Ny, for all £ > T. The lemma follows because, for small €, N3, is the disjoint union of neighborhoods
N, of the components K; of the compact set K (a). O

Topping’s theorem shows that Proposition 3.2 is the optimal statement that holds for general Rie-
mannian metrics on M. In his example the flow, regarded as a path in £/, spirals around as it converges
to a circle C © L), consisting of minimal closed geodesics. The results of the next section show that this
spiraling behavior does not occur for generic metrics.



4 Convergence for generic metrics

Morse theory for the energy fuction E : Lj; — R is complicated by the fact that E is invariant under
the S' action defined by rotations of the domain of loops u : S' — p € M. As a result, all critical points
are degenerate for all Riemannian metrics on M. These critical points are geodesics in (M, g), and the
degeneracy occurs for two reasons:

e At a non-trivial geodesic, the tangent to the S! orbit is a non-zero null vector for the Hessian of E.

e The trivial loops u : S* — p € M form a critical submanifold My = E~1(0) = £ diffeomorphic to
M:; these are the absolute minima of E and are fixed by the S!-action.

Both cases fit into the context of Morse-Bott functions. Recall that a smooth function f : M — R on a
manifold, a submanifold K < M is a called a non-degenerate critical submanifold if each point p € K is
a critical point of f and T, K is precisely the kernel of the Hessian, that is,

(Hf),(X,Y)=0VY e T,M < XeT,K.

A function f is called a Morse-Bott if its critical set is a union of non-degenerate critical submanifolds.
For the energy function, the Hessian of E is non-degenerate on the normal bundle to My in Ly (the
curvature term in (1.2) vanishes). But F is not Morse-Bott for general metrics on M.

A bumpy metric is a Riemannian metric without degenerate periodic geodesics; this implies that the
energy function F on L), is a Morse-Bott function whose critical set is a disjoint union of My and
embedded circles. The Bumpy Metric Theorem asserts that on a closed manifold M, the set of bumpy
metrics are generic (i.e. are a Baire set) in the space of metrics with the C*-topology, 2 < k < 0. The
proof was outlined by R. Abraham [Ab] and a completed by D. Anosov [An].

Our proof of the convergence of the geodesic heat flow on closed manifolds with bumpy metrics is
based on a well-known equivariant Morse-Bott Lemma for the energy function on the space Lys (see [K]
or the more general version in [GM]).

Let (M, g) be a closed Riemannian manifold with a bumpy metric. Suppose that K, = E~!(a) is a
non-degenerate critical set in L3;. Then K, is a submanifold isometric to a circle, and the normal bundle
N to K, is equivariantly trivial. For each v € K, let D,(¢) denote the e-disk in the fiber of N at .

Morse-Bott Lemma. Let K, be a non-degenerate critical submanifold. Then there is a D.,(¢) as
above, a neighborhood U of K4 in Ly, and an equivariant diffeomorphism ¢ : S' x D,(e) = U so that
¢ 1(K,) = S x {0} and

(0" E)(@,6) = a+ |PEJ3 5 — Q8] - (4.1)

where P: N — N and Q = I — P are smooth equivariant orthonormal bundle projections.

Lemma 4.1. Each non-degenerate critical set K, has a neighborhood in which the L? norm of the L?
gradient satisfies E < a + k|VE|? for some k > 0.

Proof. By the Morse-Bott Lemma, we can identify a neighborhood U of K, with S* x D, (g). Then U
has two W12 metrics: the product metric go (whose norm appears in (4.1)) and the ambient metric g of
L. Fixing x € K, and sections &, 7 of the fiber N, we can differentiate (4.1) to obtain

(dE>(ac,£)77 = 2<Pa:£a Pacn> - 2<Qx£a an> = 2<Pz§ - Qw§7 77>
after noting that P*P = P. Consequently, the go-norm of the 1-form dE satisfies

% ”dE(:v,E) H2—1,2 = szf - ngHiQ = HPISH%,2 - ”sz|

Furthermore, still using go-norms, [dE, ¢)[ 1,2 is equal to ||[VE]|. But E and the metrics are smooth
and K, is compact, so is a neighborhood of K, on which the g-gradient of E satisfies k|| VE||?> > E — a.
The lemma then follows from inequality (3.1). O

%,2 = E(l’,f) - Q.



Proposition 4.2. Let (M, g) be a closed Riemannian manifold with a bumpy metric. Then for each
ug € Ly, the heat flow (0.2) converges in W2 as t — o0 to a smooth geodesic v € Ly that is homotopic
to u(0).

Proof. By Lemma 3.2 the flow u(t) is asymptotic to a component K;(a) of a critical set E~!(c) for some
a. Thus for all sufficiently large ¢, u(t) lies in a neighborhood of K;(«) in which Lemma 4.1 applies.
Noting that |||l = |¢[ and applying (2.8)

. [/ 1/E" CF
o)l < "= < 2 — — ) (4.2)
[ 2\ fal
Rewriting the denominator of the E” term using (2.4), and bounding the denominator || = [VE| of

the £’ term using the inequality of Lemma 4.1, this becomes
7|El|/ B C’El
2/|E'|  A(E-—a)

Integrating and again noting that |E’| = |[u]? = 0, we see that the length of the path u(t) in the W12
Riemannian metric satisfies

el

Length(t,s) = j il dr < Jice)] + 20 (VIE®D = a) - V(EG) - a)). (43)

Thus Length(t, o) is finite for each ¢. But if the path u(t) were adherent to two different points in Ly,
this length would be infinite.

We conclude that «(0) converges in L; to a critical point ug, of E. This is an W12 weak solution
to the geodesic equation V1T = 0, so by standard elliptic theory is a smooth closed geodesic. Finally,
observe that each u(t) is homotopic to u(0) because the heat flow is continuous for ¢ > 0, and wu(t) is
homotopic to v because convergence in W12 implies convergence in C°. O

5 (% convergence

The convergence statements in both Proposition 3.2 and Proposition 4.2 refer to the W12 topology of
L. We can now use a bootstrap argument to show that, in both cases, the convergence is actually C®
convergence. The proof is largely a matter of extending of Lemma 2.2 to higher derivatives and applying
the parabolic maximum principle. Accordingly, we begin by deriving some pointwise estimates on the
derivatives of . We then show that certain combinations of these derivatives — the functions fj of
Lemma 5.4 and their integrals F}, — are monotone under the geodesic heat flow. With these functions,
it is straightforward to show that W12 convergence implies C* convergence. The result is the following
theorem.

Theorem 5.1. Let u(t) be a geodesic heat flow on a closed Riemannian manifold (M, g). Then ast — oo,
(a) u(t) — 0 in C* and u(t) is asymptotic in C* to a component of the critical set of E.
(b) If g is a bumpy metric then u(t) converges in C* to a closed geodesic uy homotopic to u(0).

All of the lemmas of this section hold for arbitrary Riemannian metrics. The assumption about bumpy
metrics appears only in the last few lines of the section when we invoke Proposition 4.2.



Lemma 5.2. If VT =4, then for each k = 0 we have
VAR = Vo VEG + Ry
where Ry, is a tensor that is a specific linear combination of terms of the form
either R(T,VEW)T or (V'R)(X1,Xz,... Xor2)Xers (5.1)
for £ < k where each X; is one of the vectors T,u,Vru,..., v’g;lu.

Proof. This holds for £ = 0 because V%,nl — Vyu is, as in Lemma 2.2, equal to VoV, T — V, VT =
R(T,u)T. Assuming inductively that (5.1) holds for k, we have

Vr(VE ) Vr (VaVhi+ Re)
= VuVrVEa+ R(T,u)VEi + VrRy.

Write this as v’;“’u = mv?la + Ri+1- One then sees, after repeatedly applying the product rule and
using the equation u = V7T when appropriate, that Ry41 is a sum of terms of the form (5.1) where each

X, is one of the vectors T,u, Vru,..., va‘u and the term R(T, V’;fl?l)T occur only when the product
rule is applied to a term VA (R(T,4)T). O

Now let H = (0, + A) be (half) the heat operator and let e = $|T|? be the energy density. For
k > 0, define functions g; on S* x [0, 0) by

g = 5|Vial
and define functions e (t) and hg(¢t) by
eo(t) = sup e and hi(t) = sup (e+go+-~-+gk).
Stx{t} Stx{t}
Lemma 5.3. There are constants cy depending only on eq such that
He = —%|1l|2 = —qo and Hgy < —g1+¢o9o- (5.2)
For each k = 1 constants ciy depending only on ey and hi_1 such that
Hg, < —ges1+ ) crege (5-3)
<k
Proof. The equation for He holds by Lemma 2.2. To find Hgy for k > 0, differentiate and use Lemma 5.2:
2Hg, = H(|Viilf') = (ViVii, Vid) —T- (Vi Vi)
= (VoVha — VE20, Vha)y — |[VEFLg)?
= —|VERL2 — (VEa, Ry). (5.4)

For k = 0 we have Ry = R(T,4)T, so the last term in (5.4) is bounded by [{i, Ro)| < 2¢pgo where
¢p = 2€|R|«. For k = 1, Ry, is a sum of terms of the form (5.1). For terms of the first type we have
|R(T, Vi) T1* < |RI% T [VEal* = 265 g

For the remaining terms in (5.1), note that each vector X; is either equal to T or satisfies | X;| < 1/2¢¢
for some ¢ < k. Furthermore, the tensor V/R is bounded and is skew in two of its entries, so not all of
the X; are equal to T'. Thus, altogether,

|Rk|2 < Qngk + 2 Z Cke ge-
I<k—1

for some constants ci, depending only on eg and hy_1. Then (5.3) follows from (5.4) after noting that
the last term in (5.4) is bounded by 2gx, + |R|? and renaming the constants. O



Lemma 5.4. If u(0) € C® then for each k = 0 there are constants axe, b, and Cy depending only on
e0(0) and hi(0) such that the functions

k—1
fe = gk + D) ange + bre (5.5)
=0
satisfy sup | fx| < Cx and
Hfy < =gt (5.6)

Proof. By Lemma 5.3 the energy density e satisfies He < 0. The parabolic maximum principle shows
that e < supgi oy |e| = €(0). Hence e and ¢o are uniformly bounded in spacetime. Now let

fo = g0 + coe.

Using (5.2), we have
Hf() = Hgy + coHe < —¢g1 < 0. (57)

Hence the maximum principle implies that fj is pointwise bounded by the constant

Co = supf0(~70) < h0(0)+00€0(0).
s

Now suppose inductively that Lemma 5.4 holds for / =0,1,...,k — 1 and let

fe = gk + Z crefe-1 + croe. (5.8)

1<t<k

Using (5.2)-(5.3) and (5.6), we have
Hfy, < —gikyi1-

Moreover, substituting for the f,—; (1 < ¢ < k), one can find the coefficients axe and by in the form
(5.5) such that ags and by depend on eg(0) and hg—1(0). The maximum principle now implies that
sup | fx| < Ck where Cj depends on eg(0) and hy(0). O

Notice that (5.8) can be rearranged to express g in terms of the f; and e:

g = fr — Z ckefe-1 — ckoe. (5.9)

1<t<k
Lemma 5.5. Ast — o0, we have u(t) — 0 in C* for all k.

Proof. Let Ey = limy_,o E(t). Then the function Go(t) = L|u(t)|> = —3E'(t) satisfies

-
J 2Go(s) ds — E(t)— By — 0.
t
In particular, Gy is integrable on (0, 00). We proceed inductively for k > 0 using the functions

Gr(t) = Ll gr(0,t) do

Fy(t) = fe(0,t) dO — bpEy
Sl

where by, is the constant in (5.5). Integrating (5.6) over the domain shows that each Fj, is non-increasing:

Fl(t) = Ll 2 = e < —Ll gis1 = —Graa(t) < 0. (5.10)

10



Integrating (5.10) gives

f Grei(s) ds < —J Fl(s) ds = Fi(t) — Fu(T). (5.11)

Our induction step will show that if Gy is integrable on (0, 00) for all 0 < ¢ < k, then
(i) Ge(t) > 0 and Fy(t) > 0 as t — oo for all £ < k, and
(ii) Gy is integrable for all £ < k + 1.

Under this hypothesis, we can choose a sequence {t,} — o0 so that Gy(t,) — 0 for all £ < k. Integrating
formula (5.5) over S and using the definition of F}, then shows that

k—1
Fy = Gy + ) agm Gm + bi(E — Ey) (5.12)

m=0

satisfies Fy(t,) — 0 for all £ < k. But each Fp is smooth and non-increasing, so we conclude that
Fy(t) — 0 for £ < k. Then (5.11) implies that Gy is integrable for all £ < k + 1. Finally, integrating (5.9)
over S! shows that we also have G(t) — 0 for all 0 < ¢ < k + 1. This completes the induction.

We now have |VA1,|? = 2Gx(t) — 0 as t — oo for all k. Consequently, & — 0 in the Sobolev W52
norm for all k and therefore, applying the Sobolev embedding W*?2 < C*~1, in C* for all k. O

To complete our analysis we need the following estimate in the Hélder spaces CF.

Lemma 5.6. For each k > 0 there is a constant ¢, such that whenever ||[u(t) — v[o,o < 1 for some
geodesic vy, we have

ko + [u(t) =7

0,0z) . (513)
Proof. Using the isometric embedding M < R", we can regard u(t) as an R"-valued function and write

the heat equation as @ = Au + A(du, du) where A is the second fundamental form. Then the Schauder
estimate for the Laplacian A = —d3 on the circle give a bound
O,oz) .

lu(®) =Ylk420 < @ (Iﬂ(t)k,a + [@(du(t), dy)ka + lult) =~

[ul®) = Alksza < o (uu(t)

[u(t) = Ylosza < e (Auu)—m v+ Tu(t) =]

Substituting the heat equation and é+ = 0, this becomes

()$a> (5.14)

where ®(du, dv) = A,(du,du) — A,(dv,dv). By expanding
®(du,dv) = (Ay — Ay)(du,du) + Ay (du — dv, du) + A, (dv, du — dv)

|k,a(||du| |)

where the constants depend on |v||x+1,o and on the second fundamental form. Furthermore, there is an
interpolation inequality

and noting that ||du

lk.a < ldVllk.a + [du — dy|k,a, We see that

| (du, dy)

i’a + c3|du — dy

koo - |du ko + [ dy

ko < cafu—1]

< calu—Alrrtra - (T4 Ju=7751.0)

v =Allk+1,0 < €lu—Alks2.a + cs(e)lu —7]o,a

11



for each € > 0. Substituting the last two displayed equations into (5.14) and taking ¢ = (4cicq) ™! shows
that whenever |u(t) — v[k+1,a < cs we have
O,a) .

The lemma follows by induction. O

lu(t) = V42,0 < e (I?l(t)k,a + Ju(®) =~

Using the Sobolev embedding W2 < C%% and the inclusions C*¥*1 < C** < C*, we can recast
Lemma 5.6 in terms of the W2 distance in £ as follows.

Corollary 5.7. For k > 0 there are constants cj, such that if dist(u(t),7y) < 1 for some geodesic ~y then
() = lern < d (JiOlo + disu.n). O (5.15)

Theorem 5.1 follows readily. Given € > 0 we know from Lemma 5.5 that there is an 77 so that
|ullcr < e/2¢), for all ¢ > Ty. For a general metric, we also know from Proposition 3.2 that there is a
T, such that, for each ¢ > T5, there is a geodesic v, € K; with dist (u(t),v:) < €/2¢},. Then for any
t=1T, = maX{Tl, TQ}

. € €
dist crr (u(t), ) < Ju(t) —wllgs1 < ¢ (202 + 26;€> = ¢.
Thus u(t) is asymptotic to K; in C*. For a bumpy metric, we can take v, = «y for all ¢, where to 7 is the
geodesic that is the limit in Proposition 4.2.

6 Exponential convergence

This last section proves a statement about the rate of convergence in the case when the limit is a non-
trivial stable geodesic. Specifically, if a geodesic heat flow approaches a non-trivial stable critical point
of E as t — o0, then the convergence occurs at an exponential rate as ¢ — oo in the every C* norm.
(Convergence to a trivial geodesic is addressed in the next section.)

We will say that a critical S'-orbit K < Ly is non-trivial and stable if E > 0 on K and the Hessian
of the energy function is positive definite on normal bundle to K (using the Riemannian metric on Lyy).
As in (1.2), the Hessian of E is given by the bilinear form

B,(X,X) = f VX2 + (X, R, (T, X)T) (6.1)
Sl
when u is a geodesic. Thus a critical orbit K is stable if there is a A > 0 such that, for each u € K, the
second variation of the energy E satisfies
B, (X, X) = 2| X||* (6.2)

for all X € u*(TN) that are W12 orthogonal to the tangent vector field T = u* (a%). Because the
energy function and the Riemannian metric on £3; are both S'-invariant, the constant X is independent
of u e K, and if (6.2) holds for one u € K then it holds for all v € K. The Morse-Bott Lemma then

implies that K is an isolated component of the critical set of E.

12



Lemma 6.1. B is a smooth 2-tensor on Ly that is a bounded symmetric bilinear form on L.

Proof. As in Section 3, the isometric embedding M < RY induces a smooth embedding £,; into the
Hilbert space W12(S1 RY). The first term of B is the restriction to £3; of the (constant) L? inner
product {dX,dX ); hence this term depends smoothly on u € L.

For the second term of B, note that the curvature is a smooth tensor on M, so induces a smooth type
(3,1) tensor R on Ly, that is, a smooth bundle map TLy @ TLy @ TLy® — TLyys. Let TLys be the
vector bundle over £, obtained by completing the tangent bundle TL; in the L2 norm. Noting that
the curvature is bounded and there is a Sobolev inequality | X|o < ¢[| X, we see that

(R Y)X, Vel < Rl [YIPIXIE < c|YIPIXI?  forall X e TLarY € TLar.

Thus R extends to a smooth bundle map TﬁM ® T,CM RTLYQ — TLy. Because u — T = dyu is a
smooth section of T'Lyy, we conclude that the curvature term in (6.1) is a smooth 2-tensor on £y;.

Finally, to see that B is bounded, we note that the curvature is bounded, that the L? norm of T = du
is twice the energy of u, and that there is a Sobolev inequality | X |« < ¢||X||:

| Bu(X, X)) IVrX[* + | Rl ldu|® | X%,

<
< (Lt cB(w) |IX]2.

Lemma 6.2. Fiz a non-trivial stable orbit K. Then there is a neighborhood N of K in Ly such that at
each u € N the tangent uw = V1T to the heat flow satisfies

By (i, i) = Al (6.3)

Proof. Over the set of non-trivial maps, the tangent vector field u — T = du is a non-zero section of the
bundle 7'Ly;. The span of this section defines a real line bundle N  T'L;. By the stability hypothesis,
this bundle N is exactly the null space of B, for each u € K. Lemma 6.1 then implies that there is a
neighborhood A of K in which (6.2) holds — with 2\ replaced by A — for all X € T,,Ly; that are W12
orthogonal to N along u € A/. To complete the proof, we observe that 4 is such a vector field, as follows.

Because the energy E is invariant under the S'-action, its L? gradient VT is L? orthogonal to the
orbits. In fact, integration by parts shows that 7 is also W12 orthogonal to the tangent vectors T along
the heat flow for t > 0:

<11,T>172 = JSI<VT’[L, VTT> + <U,T> f51<VTu,u> + <VTT7 T>

R O (G 2y _
- 2 Jsl 00 (|u| + ‘T| ) = 0.
O

Theorem 6.3. Suppose that a geodesic heat flow u(t) on a closed Riemannian manifold is adherent to a
non-trivial stable S'-orbit K ast — 0. Then u(t) — v in C® for some geodesic v in K, and there are
constants Cy, Ty, and X\ such that

Ju(t) =vlor < Cpe™ (6.4)

forallk =0, and t = T},.

Proof. By Proposition 3.2, there is a T' such that u(t) lies in the neighborhood A of Lemma 6.2 for all
t = T and satisfies lim;_,o E(t) = E(79). Using (2.6), (6.2) and (2.4) and the fact that |u| < |||, we
then have

E"(t) = 2By, (1, 1) = 2\|0|? = —2\E'(t),

13



Integrating over [t,0) with ¢ = T gives

—E(t) = |l < e (6.5)
where ¢; = |[4(T)|?. Integrating again,

E(t) — E(y) < ¢y e M (6.6)

where ¢y = c;A7!. We can also use (6.5) to rewrite equation (4.2) as

20af| < 72 +cze ™
where ®(t) = —FE'(t) = [4|?> > 0. Integrating as in (4.3) and using (6.5) then shows that the W12
distance from u(t) to u(s) for s > ¢ satisfies

Length(t, s) = f ()|l dr < ege ™.
t

This bound, together with the fact that £, is complete with respect to the W12 metric, implies that
u(t) has a limit v as ¢t — o0 and that

dist(u(t),y) < cae ™. (6.7)
The remainder of the proof adapts the bootstrap argument from the previous section to show that
the functions Gy, (t) = 3 [ V5u(t)|? decay exponentially. To that end, we inductively suppose that

(a) S:O Go(s) ds < Ce ™ forall 0 </ <k, and
(6.8)
(b) Ge(t) < Ce2M foral0</{< k-1

For £ = 0, (a) holds by integrating (6.5), and (b) is vacuously true. Integrating (5.12) using (6.8a) and
(6.6), we then have

o0
J Fi(s)ds < Ce™® VI<E.
t

Thus Fy(s) is smooth, integrable, and non-increasing by (5.10). It follows that Fy(s) > 0 and Fy(s) — 0
as s — co. Hence for each ¢ < k we have

t o]
Fy(t) < f Fy(s) ds < f Fy(s) ds < Cem 2D — Ce=2X, (6.9)
t—1 t—1

Putting this bound into (5.11) then gives
0
J- Goi1(s) ds < Fp(t) — Fy(0) < Fy(t) < Ce—2M vt
¢

Also, putting (6.9) into (5.12) and using (6.6) and the induction hypothesis, we see that Gy(t) < Ce™2M
for all ¢ < k. This completes the induction.
Finally, Lemma 5.6 and Sobolev embeddings W**12 < C*%® and W12 < C%« give

Ju(®) = unlrtoa < e ([@lrrre + dist(us, 7o) (6.10)
But, by the definition of G, and (6.8),

la@®)IF, = 2 Golt) < Ce™.
<k

Putting this inequality and (6.7) into (6.10) gives (6.4). O
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7 Convergence to trivial geodesics

The analysis in Section 8 did not address the case of heat flow paths whose energy satisfies E(t) — 0.
Here, for completeness, we show that any such heat flow converges in C* at an exponential rate to a
trivial geodesic, that is, a map to a single point. The theorem requires no genericity assumption about
the Riemannian metric.

Theorem 7.1. There are constants g, ¢, and Ty depending only on the geometry of (M,g) such that
for every heat flow u(t) with E(t) — 0, there is a trivial geodesic ~y, : S* > pe M

[w(®) —vplor < ck e~ t/4” forallt =T + T} and all k > 0. (7.1)

where T is the first time t = lwith E(u(T)) < &o.

Proof. By a result of Ottarsson (Theorem 5A of [O]) and the compactness of M, there is a constant
¢o > 0 depending only (M, g) such that the inequality

E(u) < 2n° f

jal? (7.2)
S1

holds for every map u : S* — M whose image lies in some geodesic ball of radius cg. But, by Holder’s
inequality, the length of the image is bounded by 4/27E(u). Thus (7.2) holds whenever E(t) < g = c2/27.
Now if u(t) is a heat flow with E(u) — 0 then, because E(t) is decreasing, there is a T' > 1 such that
E(t) < go for all t > T. Then (7.2) and (2.4) give the differential inequality F(t) < —272E’(t) so, after

integrating,
E(t) < e et/ forallt > T. (7.3)

Substituting into (2.7) shows that the action satisfies A(t + n,t + n + 1) < (C + 1)gg e~ +m)/27* | The
length of the path u(t) in the W2 Riemannian metric can then be bounded as in (2.2): for each t > T

o0 0]
Length(t, ) = f [l = Z Length(t + n,t +n + 1)
t

n=0

[ee]
< Y VARE+nt+n+1)
=0

<AV(C+1)e et/

after summing the geometric series. Thus as T — 00, u(t) converges in Ly to a limit v € Lps. Then (7.3)
shows that E(y) = 0, so v maps S! to a single point p € M and, by the Sobolev embedding W% < C?,

dist(u(t),p) < ce /2

From (7.4) we also have that ||u]| decays exponentially. The bootstrap argument that begins at (6.8)
then leads to (7.1). O

15



References
[Ab] R. Abraham, Bumpy metrics, in Global Analysis (Proc. Sympos. Pure Math., Vol XIV, Berkeley, Calif.,
1968), AMS, Providence, R.I., 1970, 1 3.

[An] D. V. Anosov, Generic properties of closed geodesics, 1zv. Akad. Nauk SSSR Ser. Mat. 46 (1982), no 4,
675709.

[C] K. Choi, Long-time convergence of harmonic map heat flows from surfaces into Riemannian manifolds, Ph.D.
thesis, Michigan State University, 2010.

[ES1] J. Eells and J. H. Sampson, Harmonic Mappings of Riemannian manifolds, American Journal of Mathe-
matics, Vol. 86, (1964), 109-160.

[ES2] J. Eells and J. H. Sampson, Variational theory in fibre bundles, Proc. US-Japan Sem. Diff. Geo. Kyoto,
(1965) 22 —23.

[GM] D. Gromoll and W. Meyer, Periodic geodesics on compact Riemannian manifolds, J.Diff. Geometry 3 (1969),
493-510.

[J] J. Jost, Riemannian geometry and geometric analysis, Springer, 5th ed., (2008).
[K] W. Klingenberg, Lectures on closed geodesics, Springer, Berlin, 1978.

[LW] L. Lin and L. Wang, Ezistence of good sweepouts on closed manifolds, Proc. Amer. Math. Soc., Vol. 138,
(2010), 4081-4088.

[O] S. K. Ottarsson, Closed geodesics on Riemannian manifolds via the heat flow, Journal of Geometry and
Physics, Vol. 2, (1985), 49-72.

[P] R. Palais, Morse Theory on Hilbert manifolds, Topology 2 (1963), 299-340.

[Sa] J. H. Sampson, On harmonic mappings, Istituto Nazionale di Alta Matematica Francesco Severi Symposia
Matematica, Vol. XXVI, (1982), 197-210.

[St] M. Struwe, On the evolution of harmonic mappings of Riemannian surfaces, Comm. Math. Helvetici 60
(1985), 558581.

[T] P.M. Topping, Rigidity of the harmonic map heat flow, J. Diff. Geom. 45 (1997), 593-610.

Department of Mathematics, Michigan State University, Fast Lansing, MI 48824

E-mail addresses: choikwad4@math.msu.edu, parker@math.msu.edu

16



