1.

Math 868 — Homework 9

Due Friday Dec. 7.

(a) If V and W are vector spaces of finite positive dimensions n and m, prove that the set L(V, W)
of all linear maps A : V' — W is a vector space of dimension mn.

(b) Prove that V* @ W = L(V,W).

Let (M, g) and (M, J) be Riemannian manifolds. Suppose f: M — M is a smooth map such that
f*g = g. Prove that f is an immersion.

Do Lee’s Problem 13-10: Show that the shortest distance between two points in Euclidean space
is a straight segment. More precisely, for p,q € R", let 7q : [0,1] — R™ be the path

Y0(t) = (1 —t)p +1q.
and let 7 : [0,1] — R™ be another path with v(0) = p and (1) = ¢q. Prove that

LQO (70) < Lgo (’7)

where gg is the standard metric on R™, given by the dot product. Hint: choose coordinates with
origin at p and with ¢ = (d,0,...,0), write y(t) = vo(t) + x(t) and note that | + @| > 4o + &'.

. Let (M, g) be an oriented Riemannian manifold. As in class, the metric determines a volume form

that is given in each positively-oriented coordinate chart by

dvol, = /det g;; dzt A - A dz™.

Show directly that this does not depend on the choice of the positively-oriented chart, that is, if
d(yt,...y") = (z1,...,2") is a diffeomorphism between charts with det D¢ > 0, then ¢*dvoly has
the same expression in y-coordinates.

Hint: Wiite 25 = Y2, %505 and dy' = 32, 9% da, and let A} = % be the matrix of D¢
in these coordinates. Use the properties of determinants and the formula related determinants to

wedge products.

. On a Riemannian manifold (M, g), each function f € C*°(M) determines a gradient vector field

V f (which depends on g) by the equation
g(Vf, X) = df(X) for all vector fields X

(see Lee, bottom of page 342). Note that df (X) can also be written as X f.
Fix f and a regular point p of f and do Lee’s Problem 13-21:

(a) Show that, for unit vectors X € T, M, the directional derivative (X f), is maximal when X
points in the direction of (V f),.

Hint: Find a statement of the Cauchy-Schwarz inequality that includes a precise statement of
when equality holds.

(b) Show that |V f]| is equal to the value of the directional derivative in that direction.
(c) Show that (Vf), is normal to the level set of f through p.

(d) Finally, show that in local coordinates V f is Z” g% gji %.




6. Do Lee’s Problem 16-19: On R"™ with the euclidean metric and the standard orientation form
dxt Ao Ada?,
(a) Calculate xdx® for i = 1,...,n.
(b) For n = 4, calculate *(dx® A dz?) for (i,5) = (1,2), (1,3), (1,4), (2,3), (2,4), and (3,4).

7. Do the following version of Lee’s Problem 16-20: Let M be an oriented Riemannian manifold. A
2-form w on M is called self-dual if xw = w, and anti-self-dual if xw = —w.

(a) Show that every 2-form w can be uniquely written as the sum of a self-dual 2-form « and an
anti-self-dual 2-form S.

(b) On M = R* with the standard metric and orientation, write down a basis of the space
of constant self-dual 2-forms, and a similar basis for the anti-self-dual forms (both are 3-
dimensional vector spaces). Use your answer to Problem 5(b) above.

(c) What is the general form of a self-dual 2-form w on R* in standard coordinates {z*}?
Its coefficients are three functions f,g,h € C(R*).



Math 868 — Some Homework 9 Solutions

2. For each p € M and each non-zero X € T, M we have

91X, £ X) = (f79)(X, X) = g(X, X) = 0

because g is positive definite. This means that f,X # 0 because g is positive definite. Thus f, is
injective for each p € M, which means that f is an immersion.

3. Choose coordinates with p = (0,...,0) and ¢ = (d,0,...0) where d = dist(p,q). Then v (t) =
(td,0,...,0). For any path v : [0,1] — R™ with v(0) = p and (1) = ¢, write y(t) = vo(t) + z(t)
with z(0) = (1) = 0. Then

F(O = Fo®) +a®)] > (o) + ()] > [Fo(t) + ' ()
since v4(t) = 0 for all ¢ and all i # 1 and ~4(¢) > 0. Therefore

>:/Ow<t>|dt > /wo )+ @ (1) dt

Lyy(v0) + (2'(t)],

= Lgo( 0) +0 O
4. Given an orientation—preserving map c;S( Looy™) = (2%, ..., 2") we can write
0z’ y
and da? .
Z % o Z
. O . 0y . .
Let A be the matrix v so A™ s e Then by the formula relating determinants and n-forms
Yy x

dy' Ao ANdy™ = A(dz') A AN A(dy™) = (det A7) dat A Ada™.

Also, the matrix for the metric in terms of the y coordinates is

. 3 0

Hence det § = (det A)? det g with det A > 0 because ¢ preserves orientation.
Altogether,

Vdet g dyt A--- A dy"

(detA\/det ) (det A~ dml/\n-/\da?"

= /detgdaz' A--- Ada™.

Thus the formula for the volume form is the same in any positively-oriented coordinate chart.

k:

5. Using the geodesic equation & —F’;qi‘psbq and using summation convention, we have

@) = g gij@'d) = Opgya*i'd? + 298" = Opgiyati'al — 29y, T, iV 3"

Changing the index k in the last term to £ and using the definition of the Christoffel symbols, this
becomes

HADP = [0kgis — 290 - 39" (059km + OkGjm — Omgsn)] &'d7 i
= [0kgij — (Digki + Okgji — Digjn)] &'d7 2"

k

and this vanishes because £’%7%" is symmetric in ¢, j, k.



