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Chapter 1

Groups

1.1 Sets

Naively a set S is collection of object such that for each object x either x is contained in S or x is not
contained in S. We use the symbol ’∈’ to express containment. So x ∈ S means that x is contained
in S and x ∉ S means that x is not contained in S. Thus we have

For all objects x ∶ x ∈ S or x ∉ S.

You might think that every collection of objects is a set. But we will now see that this cannot
be true. For this let A be the collection of all sets. Suppose that A is a set. Then A is contained in
A. This already seems like a contradiction But maybe a set can be contained in itself. So we need
to refine our argument. We say that a set S is nice if S is not contained in S. Now let B be the
collection of all nice set. Suppose that B is a set.

Then

B ∈ B
Definition of B

⇐⇒ B is nice
Definition of nice

⇐⇒ B ∉ B.

which contradicts the basis property of a set.
This shows that B cannot be a set. Therefore B is a collection of objects, but is not set.
What kind of collections of objects are sets is studied in Set Theory.

Theorem 1.1.1. Let A and B be sets, then A = B if and only if for all objects d

d ∈ A ⇐⇒ d ∈ B

Theorem 1.1.2. (a) Given an object s. Then there exists a set, denoted by {s}, such tat

For all objects x ∶ x ∈ {s} if and only if x = s

(b) Let A and B be sets. Then there exists a set, called the unions of A and B and denoted by
A ∩B such that

For all objects x ∶ x ∈ A ∪B if and only if x ∈ A or x ∈ B.
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6 CHAPTER 1. GROUPS

(c) Let A and B be sets. Then there exists a set, called the intersection of A and B and denoted
by A ∩B such that

For all objects x ∶ x ∈ A ∩B if and only if x ∈ A and x ∈ B.

(d) Let A and B be sets. The there exists a set, called A removed B and denoted by A ∖B such
that

For all objects x ∶ x ∈ A ∖B if and only if x ∈ A and x ∉ B.

(e) There exists a set, denote called empty set and denote by {} or ∅, such that

For all objects x ∶ x /∈ ∅.

(f) Let a, b be objects. Then there exists a set, denoted by {a, b}, such that

x ∈ {a, b} if and only if x = a or x = b.

Proof. (a) and (b): These are axioms of set theory.
(c) and (d) follow from the so called Replacement Axiom of set theory.
(e) One axiom of set theory guarantees the existence of a set A. Then one can define

∅ ∶= A ∖A

(f) Define
{a, b} ∶= {a} ∪ {b}.

Definition 1.1.3. The natural numbers are defined as follows:

0 ∶= ∅

1 ∶= 0 ∪ {0} = {0} = {∅}

2 ∶= 1 ∪ {1} = {0,1} = {∅,{∅}}

3 ∶= 2 ∪ {2} = {0,1,2} = {∅,{∅},{∅,{∅}}}

4 ∶= 4 ∪ {4} = {0,1,2,3} = {∅,{∅},{∅,{∅}},{∅,{∅},{∅,{∅}}}}

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

n + 1 ∶= n ∪ {n} = {0,1,2,3, . . . n}

One of the axioms of set theory implies that the collection of all the natural numbers

{0,1,2,3,4, . . .}



1.2. FUNCTIONS AND RELATIONS 7

is set. We denote this set by N.
Addition on N is defined as follows: n + 0 ∶= n, n + 1 ∶= n ∪ {n} and inductively

n + (m + 1) ∶= (n +m) + 1.

Multiplication on N is defined as follows: n ⋅ 0 ∶= n, n ⋅ 1 ∶= n and inductively

n ⋅ (m + 1) ∶= (n ⋅m) + n.

1.2 Functions and Relations

Theorem 1.2.1 (Principal of Substitution). Let Φ(x) be formula involving a variable x. For an
object d let Φ(d) be the formula obtained from Φ(x) by replacing all occurrences of x by d. If a and
b are objects with a = b, then Φ(a) = Φ(b).

Proof. See your favorite logic book

Example 1.2.2. Let Φ(x) = x2 + 3 ⋅ x + 9. If a = 2, then the Principal of Substitution gives

a2 + 3 ⋅ a + 9 = 22 + 3 ⋅ 2 + 9.

We now introduce two important notations which we will use frequently to construct new sets
from old ones.

Theorem 1.2.3. Let I1, I2, . . . In be sets and let Φ(x1, . . . , xn) be some formula involving the variables
x1, . . . xn. Then there exists a set, denoted by

{Φ(i1, i2, . . . , in) ∣ i1 ∈ I1, . . . , in ∈ In},

such that for all objects y,

y ∈ {Φ(i1, i2, . . . , in) ∣ i1 ∈ I1, . . . , in ∈ In}

if and only

there exist objects i1, i2, . . . , in with i1 ∈ I1, i2 ∈ I2, . . . , in ∈ In and x = Φ(i1, i2, . . . , in) .

Example 1.2.4. (1) {2a ∣ a ∈ Z} is the set of even integers.

(2) {3a + b ∣ a ∈ Z, b ∈ {1,2}} is the set of integers which are not divisible by 3.

Theorem 1.2.5. Let I be a set and P (x) a statement involving the variable x. Then there exists a
set, denoted by

{i ∈ I ∣ P (i)},

such that for all objects a,

a ∈ {i ∈ I ∣ P (i)} if and only if b ∈ I and P (a) is true
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Example 1.2.6.
{n ∈ Z ∣ n2 = 1} = {−1,1}

Definition 1.2.7. Let a,b and c be objects.

(a) The ordered pair (a, b) is defined as (a, b) ∶= {{a},{a, b}}.

(b) The ordered triple (a, b, c) is defined as

(a, b, c) ∶= ((a, b), c)

We will prove that
(a, b) = (c, d) if and only if a = c and b = d.

For this we first establish a simple lemma:

Lemma 1.2.8. (a) Let a be an object. Then {a, a} = {a}.

(b) Let u, a, b be objects with {u, a} = {u, b}. Then a = b.

Proof. (a):

x ∈ {a, a}

⇐⇒ x = a or x = a

⇐⇒ x = a

⇐⇒ x ∈ {a}

So 1.1.1 shows that {a, a} = {a}.

(b): Suppose first that a = u. Then b ∈ {u, b} = {u, a} = {a, a} = {a} and so a = b.
Suppose next that a ≠ u. Since a ∈ {u, a} = {u, b} we have a = u or a = b. By assumption a ≠ u

and so a = b.

Proposition 1.2.9. Let a, b, c, d be objects. Then

(a, b) = (c, d) if and only if a = c and b = d.

Proof. Ô⇒∶ Suppose that (a, b) = (c, d). The definition of an ordered pair gives

(∗) {{a},{a, b}} = {{c},{c, d}}.

Since {a} ∈ {{a},{a, b}} the Principal of Substitution implies

{a} ∈ {{c},{c, d}},

Thus
{a} = {c} or {a} = {c, d}.
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In the first case we get a ∈ {c} and so a = c. In the second case we get c ∈ {a} . So c = a and
again a = c.

Since a = c we can apply the Principal of Substitution to the formula (*) and conclude:

{{{a},{a, b}} = {{a},{a, d}.

Now 1.2.8 shows that
{a, b} = {a, d}

Applying 1.2.8 one more time gives b = d.

⇐Ô∶ Suppose a = c and b = d. Then the Principal of Substitution gives (a, b) = (c, d).

Definition 1.2.10. Let I and J be sets.

(a) I × J ∶= {(i, j) ∣ i ∈ I, j ∈ J}.

(b) A relation on I and J is triple r = (I, J,R) where R is a subset I × J . If i ∈ I and j ∈ J we
write irj if (i, j) ∈ R.

(c) A relation r = (I, J,R) is called 1-1 if i = k whenever i, k ∈ I and j ∈ R with irj and krj.

(d) A relation r = (I, J,R) is called onto if for each j ∈ I there exists i ∈ I with irj.

(e) A function from I to J is a relation f = (I, J,R) on I and J such that for each i ∈ I there
exists a unique j ∈ J with (i, j) ∈ R. We denote this unique j by f(i).

We denote the function f = (I, J,R) by

f ∶ I → J, i↦ f(i).

(f) A function f is called bijective, it its is a 1-1 and onto.

(g) A permutation of I is a bijective function f ∶ I → I.

(h) Let f ∶ I → J and g ∶ J →K be functions. Then the composition g ○f of g and f is the function
from I to K defined by (g ○ f)(i) = g(f(i)) for all i ∈ I.

Example 1.2.11. (1) Let R ∶= {(n,m) ∣ n,m ∈ N, n ∈ m} and let < be the triple (N,N,R). Let
n,m ∈ N. Then n < m if and only if n ∈ m. Since m = {0,1,2, . . . ,m − 1} we see that n < m if
and only if n is one of 0,1,2,3, . . . ,m − 1.

(2)
f ∶ N→ N, m→m2

denotes the function (N,N,{(m,m2) ∣ n ∈ N})

Remark 1.2.12. (a) Let f = (I, J,R) be a function. Then for all i ∈ I, j ∈ J :

ifj ⇐⇒ (i, j) ∈ R ⇐⇒ j = f(i).
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(b) A function f ∶ I → J is bijective if and only if for each j ∈ J there exists a unique i ∈ I with
f(i) = j.

Remark 1.2.13. Let I, J,K be sets and F (x) and G(x) be a formulas involving the variable x.
Define R ∶= {(F (k),G(k)) ∣ k ∈K} and f ∶= (I, J,R). Suppose that

(i) For all i ∈ I there exist k ∈K with i = F (k).

(ii) If k, l ∈K with F (k) = F (l), then G(k) = G(l).

(iii) If k ∈K, then F (k) ∈ I and G(k) ∈ J .

Then f is a function from I to J . We call f a well-defined function and denote f by

f ∶ I → J, F (k) ↦ G(k), (k ∈K)

Example 1.2.14. (1)
f ∶ Z3 → Z9, [n]3 ↦ [3n]9, (n ∈ Z)

is well-defined function. (Here for n,m ∈ Z, [n]m is the congruence class of n modulo m.)

Indeed if [n]3 = [m]3, then 3 divides n −m. So 9 divides 3(n −m). Thus 9 divides 3n − 3m.
Hence [3n]9 = [3m]9 and so f is well-defined.

(2)
f ∶ Z3 → Z9, [n]3 ↦ [3n]9, (n ∈ Z)

is not a function, since its not well-defined:

[0]3 = [3]3, [3 ⋅ 0]8 = [0]8, [3 ⋅ 3]8 = [9]8

So [3 ⋅ 0]8 ≠ [3 ⋅ 3]8 and f is not well-defined.

1.3 Definition and Examples

Definition 1.3.1. Let S be a set. A binary operation on S is a function ∗ ∶ S × S → S. We denote
the image of (s, t) under ∗ by s ∗ t.

Definition 1.3.2. Let ∗ be a binary operation on the set I.

(a) ∗ is called associative if
(a ∗ b) ∗ c = a ∗ (b ∗ c)

for all a, b, c ∈ I.

(b) An identity of ∗ is an element e ∈ I with

e ∗ i = i and i = i ∗ e

for all i ∈ I.
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(c) Suppose e is an identity of ∗. Let a ∈ I. An element b of I is called an inverse of a with respect
to ∗ provided that

a ∗ b = e and b ∗ a = e.

If there exists an inverse of a, then a is called invertible with respect to ∗.

Definition 1.3.3. A group is pair (G,∗) such that G is a set and

(i) ∗ is a binary operation on G.

(ii) ∗ is associative.

(iii) ∗ has an identity in G.

(iv) Each a ∈ G is invertible in G with respect to ∗.

Example 1.3.4. (1)
+ ∶ Z ×Z→ Z, (n,m) ↦ n +m

is a binary operation. + is associative, 0 is a identity of + and −n is a inverse of n with respect
to +. So (Z,+) is a group.

(2)
⋅ ∶ Z ×Z, (n,m) ↦ nm

is a binary operation. ⋅ is associative, 1 is an identity of ⋅, but 2 does not have an inverse with
respect to ⋅. So (Z, ⋅) is not a group.

(3)
⋅ ∶ Q ×Q, (n,m) ↦ nm

is a binary operation. ⋅ is associative, 1 is an identity of ⋅, but 0 does not have an inverse with
respect to ⋅. So (Q, ⋅) is not a group.

(4) Let I = {a, b, c, d} and define ∗ ∶ I × I → I by

∗ a b c d

a b a c a

b a b c d

c d b a a

d a d a b

Here for x, y ∈ I, x ∗ y is the entree in row x, column y. For example b ∗ c = c and c ∗ b = b.

Then ∗ is a binary operation. ∗ is not associative. For example
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a ∗ (d ∗ c) = a ∗ a = b and (a ∗ d) ∗ c = a ∗ c = c.

Suppose that x is an identity of ∗ in 1.3.4(4). From x∗ y = y for all y ∈ I we conclude that row
x of the multiplication table must be equal to the header row of the table. This shows that
x = b. Since y ∗ x = x for all y ∈ I column x must be equal to the header column. But column
b is not equal to the header column. case. Hence ∗ does not have an identity. In particular,
(I,∗) is not a group.

(5)

◻ a b c d

a a a a a

b a a a a

c a a a a

d a a a a

◻ is a binary operation on I. ◻ is associative since x ◻ (y ◻ z) = a = (x ◻ y) ◻ z for any
x, y, z ∈ {a, b, c, d}.

No row of the multiplication table is equal to the header row. Thus ◻ does not have an identity.
In particular, (I, ◻) is not a group.

(6)

∗ a b c d

a b a c a

b a e c d

c d b a a

d a d a b

is not a binary operation. Indeed, according to the table, b ∗ b = e, but e is not an element of
I. Hence I is not closed under ∗ and so ∗ is not a binary operation on I.

(7)

◇ ∶ Z3 ×Z3, ([a]3, [b]3) ↦ [ab
2+1]

3
, (a, b) ∈ Z ×Z

is not a binary operation. Indeed we have [0]3 = [3]3 but

[(−1)02+1]
3
= [(−1)1]

3
= [−1]3

but
[(−1)32+1]

3
= [(−1)10]

3
= [1]3 ≠ [−1]3.
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So ◇ is not well-defined.

(8)

⊕ ∶ Q ×Q→ Q, (a, b) ↦
a

b

is not a binary operation. Since 1
0 is not defined, ⊕ is not well-defined.

Example 1.3.5. Let I be a set. Sym(I) denotes the set of all permutations of I. If f and g are
permutations of S then by A.2.3(c) also the composition f ○ g is a permutation of I. Hence the map

○ ∶ Sym(I) × Sym(I), (f, g) → f ○ g

is a binary operation on Sym(I). Observe that composition of functions is associative:

Let f ∶ I → J , g ∶ J →K and h ∶K → L be functions. Then for all i ∈ I,

((f ○ g) ○ h)(i) = (f ○ g)(h(i)) = f(g(h(i)))

and

(f ○ (g ○ h))(i) = f((g ○ h)(i)) = f(g(h(i))).

Thus f ○ (g ○ h) = (f ○ g) ○ h.

The function

idI ∶ I → I, i↦ i

is called the identity function on I. Let f ∈ Sym(I). Then for any i ∈ I,

(f ○ idI)(i) = f(idI(i)) = f(i)

and so f ○ idi = f .

(idI ○ f)(i) = idI(f(i)) = f(i)

and so idI ○ f = f .

Thus idI is an identity of ○ in Sym(I).

Let f ∈ Sym(I). Define

g ∶ I → I, i↦ j

where j is the unique element in I with f(j) = i. Let i ∈ I. Then

f(g(i)) = f(j) = i = idI(i).

Put k ∶= g(f(i)) = k. Then by definition of g we have f(k) = f(i). Since f is 1-1 this implies k = i.
Thus g(f(i)) = i = idI(i). We proved that f ○ g = idI and g ○ f = idI . Hence f is invertible with
inverse g. Thus (Sym(I), ○) is a group, called the symmetric group on I.

Sets of permutations will be our primary source for groups. We therefore introduce some notation
which allows us to easily work with permutations.
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Notation 1.3.6. Let n ∈ N.

[1 . . . n] ∶= {i ∈ N ∣ 1 ≤ i ≤ n} = {1,2,3, . . . , n}.

Sym(n) ∶= Sym([1 . . . n]).

Let π ∈ Sym(n). Then we denote π by

⎛
⎜
⎝

1 2 3 . . . n − 1 n

π(1) π(2) π(3) . . . π(n − 1) π(n)

⎞
⎟
⎠
.

For example

⎛
⎜
⎝

1 2 3 4 5

2 1 4 5 3

⎞
⎟
⎠

denotes the permutation π of [1 . . .5] with π(1) = 2, π(2) = 1, π(3) = 4, π(4) = 5 and π(5) = 3.

Almost always we will use the more convenient cycle notation:

Let ai,j ,1 ≤ i ≤ kj ,1 ≤ j ≤ l be elements of [1 . . . n] such that for each m ∈ [1 . . . n] there exist
unique i, j with m = ai,j. Then

(a1,1, a2,1, a3,1, . . . ak1,1)(a1,2, a2,2 . . . ak2,2) . . . (a1,l, a2,l . . . akl,l)

denotes the permutation π with

π(ai,j) = ai+1,j , and π(akj ,j) = a1,j

for all 1 ≤ i < kj and 1 ≤ j ≤ l.

(a1,j , a2,j , . . . akj ,j) is called a cycle of length kj of π.

We often will omit some or all of the cycles of length 1 in the cycle notation of π.

Example 1.3.7. (1)

(1,3,4)(2,6)(5) =
⎛
⎜
⎝

1 2 3 4 5 6

3 6 4 1 5 2

⎞
⎟
⎠

(2) Compute (1,3)(2,4) ○ (1,4)(2,5,6) in Sym(6).

We have
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(1,4)(2,5,6) (1,3)(2,4)

1 ↦ 4 ↦ 2

2 ↦ 5 ↦ 5

5 ↦ 6 ↦ 6

6 ↦ 2 ↦ 4

4 ↦ 1 ↦ 3

3 ↦ 3 ↦ 1

and so

(1,3)(2,4) ○ (1,4)(2,5,6) = (1,2,5,6,4,3).

(3) Compute the inverse of (1,4,5,6,8)(2,3,7).

It is very easy to compute the inverse of a permutation in cycle notation. One just needs to
write each of the cycles in reversed order: The inverse of

(1,4,5,6,8)(2,3,7)

is

(8,6,5,4,1)(7,3,2)

Example 1.3.8. In cycle notation the elements of Sym(3) are

(1), (1,2,3), (1,3,2), (1,2), (1,3), (2,3).

Keep here in mind that (1) = (1)(2)(3), (1,2) = (1,2)(3) and so on. The multiplication table of
Sym(3) is as follows:

○ (1) (1,2,3) (1,3,2) (1,2) (1,3) (2,3)

(1) (1) (1,2,3) (1,3,2) (1,2) (1,3) (2,3)

(1,2,3) (1,2,3) (1,3,2) (1) (1,3) (2,3) (1,2)

(1,3,2) (1,3,2) (1) (1,2,3) (2,3) (1,2) (1,3)

(1,2) (1,2) (2,3) (1,3) (1) (1,3,2) (1,2,3)

(1,3) (1,3) (1,2) (2,3) (1,2,3) (1) (1,3,2)

(2,3) (2,3) (1,3) (1,2) (1,3,2) (1,2,3) (1)
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Example 1.3.9. Consider the square

1 s 2s
3s4 s
.

Let D4 be the set of all permutations of {1,2,3,4} which map the edges of the squar to edges.
For example (1,3)(2,4) maps the edge {1,2} to {3,4}, {2,3} to {4,1}, {3,4} to {1,2} and {4,1}

to {2,3}. So (1,3)(2,4) ∈D4.
But (1,2) maps {2,3} to {1,3}, which is not an edge. So (1,2) ∉D4.
Which permutations are in D4? We have counterclockwise rotations by 0○, 90○, 180○ and 270○:

(1), (1,2,3,4), (1,3)(2,4), (1,4,3,2),

and reflections at y = 0, x = 0, x = y, and x = −y:

(1,4)(2,3), (1,2)(3,4), (2,4), (1,3)

How many elements does D4 have: Let π ∈D4.
π(1) can be 1, 2, 3, or 4. So there are 4 choices for π(1).
π(2) can be any of the two neighbors of π(1). So there are two choice for π(2).
π(3) must be the neighbor of π(2) different from π(1). So there is only one choice for π(3).
π(4) is the point different from π(1), π(2) and π(3). So there is also only one choice for π(4).
All together there are 4 ⋅ 2 ⋅ 1 ⋅ 1 = 8 possibilities for π. Thus ∣D4∣ = 8 and

D4 = {(1), (1,2,3,4, ), (1,3)(2,4), (1,4,3,2), (1,4)(2,3), (1,2)(3,4), (2,4), (1,3)}.

Is (D4, ○) a group?
If α,β ∈ Sym(4) maps edges to edges, then also α ○ β and the inverse of α map edges to edges.

So D4 is closed under multiplication and inverses. Thus ○ is an associative binary operation on D4,
(1) is an identity and each α in D4 is invertible. So (D4, ○) is a group, called the dihedral group of
degree 4.

1.4 Basic Properties of Groups

Lemma 1.4.1. Let ∗ be a binary operation on the set I, then ∗ has at most one identity in I.

Proof. Let e and f be identities of ∗. Then e ∗ f = f since e is an identity and e ∗ f = e since f is an
identity. Hence e = f . So any two identities of ∗ are equal.

Lemma 1.4.2. Let ∗ be an associative binary operation on the set I with identity e. Then each a ∈ I
has at most one inverse in I with respect to ∗.

Proof. Let b and c be inverses of a in I with respect to ∗. Then

b = b ∗ e = b ∗ (a ∗ c) = (b ∗ a) ∗ c = e ∗ c = c.

and so the inverse of a is unique.
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Example 1.4.3. Consider the binary operation

∗ 0 1 2

0 0 1 2

1 1 0 0

2 2 0 0 .

0 is an identity of ∗. We have 1 ∗ 1 = 0 and so 1 is an inverse of 1. Also 1 ∗ 2 = 0 = 2 ∗ 1 and so
also is an inverse of 1. Hence inverses do not have to be unique if ∗ is not associative.

Notation 1.4.4. Let (G,∗) be a group and g ∈ G. Then g−1 denotes the inverse of g in G. The
identity element is denote by eG or e. We will often just write ab for a∗ b. And abusing notation we
will call G itself a group.

Lemma 1.4.5. Let (G,∗) be a group and define

◇ ∶ G ×G→ G, (a, b) ↦ b ∗ a.

(a) ◇ is a binary operation on H, called the opposite operation of ∗.

(b) ◇ is associative.

(c) Let e be an identity of ∗ in H. Then e is an identity of ◇.

(d) Let a ∈ G and let a−1 be inverse of b in G with respect to ∗, then a−1 is also an inverse of b in
G with respect to ◇.

(e) (G,◇) is a group, called the opposite group of (G,∗).

Proof. See Homework 1

Lemma 1.4.6. Let G be a group and a, b ∈ G.

(a) (a−1)−1 = a.

(b) a−1(ab) = b, (ba)a−1 = b, (ba−1)a = b and a(a−1b) = b.

Proof. (a) By definition of a−1, aa−1 = e and a−1a = e. So a is an inverse of a−1, that is a = (a−1)−1.
(b)

a−1(ab)

= (a−1a)b − ∗ is associative

= eb − definition of a−1

= b − definition of identity

So the first statement holds. The second follows from the first applied to the opposite group of
G. The last two follow from the first to applied with a replaced by a−1 and so a−1 replaced by a.
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Lemma 1.4.7 (Cancellation Law). Let G be a group and a, b, c ∈ G. Then

ab = ac

⇐⇒ b = c

⇐⇒ ba = ca .

Proof. Suppose first that ab = ac. The Principal of Substitution implies that a−1(ab) = a−1(ac) and
so by 1.4.6 a = b.

Suppose b = c. The Principal of Substitution implies that ab = ac.

So the first two statement are equivalent. This fact, applied to the opposite group, shows that
the last two statements are equivalent.

Lemma 1.4.8. Let G be a group and a, b ∈ G.

(a) There exists a unique x ∈ G with ax = b, namely x = a−1b.

(b) There exists a unique y ∈ G with ya = b, namely y = ba−1.

(c) b = a−1 if and only if ab = e and if and only if ba = e.

(d) (ab)−1 = b−1a−1.

Proof. (a) By 1.4.7 ax = b if and only if a−1(ax) = a−1b and so by 1.4.6 if and only if x = a−1b.

(b) follows from (a) applied to the opposite group.

(c) By (a) ab = e if and only if b = a−1e. Since e is an identity, this is the case if and only if
b = a−1. This fact, applied to the opposite group, shows that ba = e if and only if b = a−1.

(d)

(ab)(b−1a−1)

= a(b(b−1a−1)) − ∗ is associative

= aa−1 − 1.4.6(b)

= e − definition of a−1

So by (c), b−1a−1 = (ab)−1.

Definition 1.4.9. Let G be a group, a ∈ G and n ∈ N. Then

(a) a0 ∶= e.

(b) Inductively an+1 ∶= ana.

(c) a−n ∶= (a−1)n.
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We have a1 = a0a = ea = a, a2 = a1a = aa, a3 = a2a = (aa)a, a4 = a3a = ((aa)a)a and

an = ((. . . (((aa)a)a) . . . a)a)a
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

n-times

Lemma 1.4.10. Let G be a group, a ∈ G and n,m ∈ Z. Then

(a) anam = an+m.

(b) a−n = (an)−1.

(c) anm = (an)m.

Before we start the formal proof here is an informal argument:

anam = (aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n-times

)(aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
m-times

) = aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n+m-times

= an+m

ana−n = an−n = a0 = e, so (an)−1 = (an)−1.

(an)m = (aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n-times

)(aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n-times

) . . . (aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n-times

)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
m-times

= aaa . . . a
´¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¶
nm-times

= anm

This informal proof has a couple of problems:
1. It only treats the case where n,m are positive.
2. The associative law is used implicitly and its not clear how.

Proof. (a) We first use induction on m to treat the case where m ≥ 0.
Suppose that m = 0. Then ana0 = ane = an = an+0 and (a) is true.
Suppose m = 1 and n ≥ 0, then ana1 = ana = an+1 by definition of an+1.
Suppose m = 1 and n < 0. Let k ∶= −n. Then k ∈ Z+, n = −k and n + 1 = −k + 1 = −(k − 1). By

definition of a−k we have
an = a−k = (a−1)k

If k > 1, then k − 1 > 0 and the definition of a−(k+1) gives

an+1 = a−(k−1) = (a−1)k−1

If k = 1, then n + 1 = 0 = k − 1 and the preceeding equation still holds since all terms are equal to e.
We compute

ana1 = (a−1)ka = ((a−1)(k−1)+1)a = ((a−1)k−1a−1)a = (a−1)k−1 = an+1,

and so (a) holds for m = 1.

Suppose inductively that (a) is true for m. Then
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(1) anam = an+m,

and so

anam+1 = an(ama) = (anam)a
(1)
= an+ma = a(n+m)+1 = an+(m+1).

So (a) holds for m + 1 and so by The Principal of Mathematical Induction for all m ∈ N.
Let m be an arbitrary positive integer. From (a) applied with n = −m we conclude that a−mam =

a0 = e and so for all m ∈ N,

(2) a−m = (am)−1

From (a) applied with n −m in place of n we have

an−mam = a(n−m)+m = an

Multiplying with a−m from the left gives

(an−mam)a−m = ana−m

By (2) a−m = (am)−1. Hence the left hand side of the preceding equation equals an−m. Thus

an−m = ana−m

Since m is an arbitrary positive integer, −m is an arbitrary negative integer. So (a) also holds for
negative integers.

(b): By (a) ana−n = an−n = a0 = e. Thus 1.4.8(c) implies (an)−1 = (an)−1.

(c) Again we first use induction on m to prove (b) in the case that m ∈ N. For m = 0 both sides
in (c) equal e. Suppose now that (c) holds for m ∈ N. Then

an(m+1) = anm+n = anman = (an)m(an)1 = (am)m+1.

So (c) holds also for m + 1 and so by induction for all m ∈ N.
We compute

an(−m) = a−(nm) = (anm)−1 = ((an)m)−1 = (an)−m,

and so (c) also holds for negative integers.

Definition 1.4.11. Let G be a group and a ∈ G. We say that a has finite order if there exists a
positive integer n with an = e. The smallest such positive integer is called the order of a and is
denoted by ∣a∣.
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Example 1.4.12. Determine the order of (1,2,3,4) in Sym(4):

(1,2,3,4)2 = (1,2,3,4) ○ (1,2,3,4)) = (1,3)(2,4)

(1,2,3,4)3 = (1,2,3,4)2 ○ (1,2,3,4) = (1,3)(2,4) ○ (1,2,3,4) = (1,4,3,2)

(1,2,3,4)4 = (1,2,3,4)3 ○ (1,2,3,4) = (1,4,3,2) ○ (1,2,3,4) = (1)(2)(3)(4)

So (1,2,3,4) has order 4.

1.5 Subgroups

Definition 1.5.1. Let (G,∗) be a group. A pair (H,△) is called a subgroup of (G,∗) provided
that

(i) (H,△) is a group,

(ii) H ⊆ G, and

(iii) a△ b = a ∗ b for all a, b ∈H.

If often just say that H is a subgroup of G and write H ≤ G if (H,△) is a subgroup of (G,∗).

Example 1.5.2. (1) (Z,+) is a subgroup of (Q,+).

(2) (Q ∖ {0}, ⋅) is a subgroup of (R ∖ {0}, ⋅).

(3) (D4, ○) is a subgroup of (Sym(4), ○).

(4) Sym(4) is not a subgroup of Sym(5), since Sym(4) is not subset of Sym(5).

Lemma 1.5.3. Let (H,△) be a subgroup of the group (G,∗).

(a) eH = eG.

(b) Let h ∈ H. Let h−1 be the inverse of h in G with respect to ∗. Then h−1 is also the inverse of
h in H with respect to △.

Proof. (a) eH ∗ eH = eH △ eH = eH = eH ∗ eG. Thus the Cancellation Law implies that eH = eG,

(b) Let b the inverse of h in H with respect to △. Then

h ∗ b = h△ b = eH = eG = h ∗ h−1

and the Cancellation Law implies b = a.

Proposition 1.5.4 (Subgroup Proposition). Let (G,∗) be a group and H a subset of G. Define

△ ∶ H ×H →H, (a, b) ↦ a ∗ b.

Then (H,△) is a subgroup of (G,∗) if and only if
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(i) H is closed under ∗, that is a ∗ b ∈H for all a, b ∈H.

(ii) eG ∈H.

(iii) H is closed under inverses, that is a−1 ∈ H for all a ∈ H (where a−1 is the inverse of a in G
with respect to ∗.

Proof. Ô⇒: Suppose (H,△) is a subgroup of G. Then (H,△) is a group. Hence △ is a binary
operation on H and so a ∗ b ∈ H for all a, b ∈ H. By 1.5.3(a) we have eG = eH and so eG ∈ H. Let
a ∈H. By 1.5.3(b) a−1 is also the inverse of a in H with respect to △. So a−1 ∈H.

⇐Ô: Suppose next that (i), (ii) and (iii) hold. We need to show that (H,△) is a subgroup of
(G,∗). By hypothesis, H ⊆ G and by definition of △ we have a△ b = a ∗ b for all a, b ∈H. So we just
need to show that (H,△) is a group.

Since H is closed under ∗, △ is a well-defined function from H ×H to H and so △ is a binary
operation on H.

Let a, b, c ∈H. Since H ⊆ G, we have a, b, c ∈ G. As ∗ is associative we get

(a△ b) △ c = (a ∗ b) ∗ c = a ∗ (b ∗ c) = a△ (b△ c)

and so △ is associative.
By (ii) eG ∈H. Let h ∈H. Then eG△ h = eG ∗ h = h and h△ eG = h ∗ eG = h for all h ∈H. So eG

is an identity of △ in H.
Let h ∈H. Then by (iii) h−1 ∈H. Thus h△ h−1 = h ∗ h−1 = eG and h−1 △ h = h−1 ∗ h = eG. So h−1

is an inverse of h with respect to △.
So (H,△) is a group.

Lemma 1.5.5. Let G be a group.

(a) Let A and B be subgroups of G. Then A ∩B is a subgroup of G.

(b) Let (Gi)i∈I be a family of subgroups of G, i.e. I is a set and for each i ∈ I,Gi is a subgroup of
G. Then

⋂
i∈I
Gi

is a subgroup of G.

Proof. Note that (a) follow from (b) if we set I = {1,2}, G1 = A and G2 = B. So it suffices to prove
(b).

Let H = ⋂i∈I Gi. Then for g ∈ G.

(∗) g ∈H if and only if g ∈ Gi for all i ∈ I

To show that H is a subgroup of G we use 1.5.4
Let a, b ∈H. We need to show
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(i) ab ∈H. (ii) e ∈H (iii) a−1 ∈H.

Since a, b ∈ H (*) implies a, b ∈ Gi for all i ∈ I. Since Gi is a subgroup of G, ab ∈ Gi for all i ∈ I
and so by (*), ab ∈H. So (i) holds.

Since Gi is a subgroup of G, e ∈ Gi and so by (*), e ∈H and (ii) holds.

Since Gi is a subgroup of G and a ∈ Gi, a
−1 ∈ Gi and so by (*), a−1 ∈H. Thus (iii) holds.

Definition 1.5.6. Let ∗ be a binary operation on the set H. Let n ∈ N and a1, . . . , an ∈ H. Induc-
tively, we call h ∈H a product of (a1, . . . , an) with respect to ∗ if either

(1) n = 0 and h is an identity of ∗.

(2) n = 1 and h = a1,or

(3) There exist k ∈ N and x, y ∈H such that

(i) 0 < k < n,

(ii) x is product of (a1, . . . , ak),

(iii) y is a product of (ak+1, . . . , an).

(iv) h = x ∗ y.

Theorem 1.5.7 (General Associative Law). Let ∗ be an associative binary operation on the set H.
Let n ∈ N and a1, . . . , an ∈ H. If h and h′ are products of (a1, . . . , an) in H then h = h′. We denote
the unique product of (a1, . . . , an) by

a1 ∗ a2 ∗ . . . ∗ an

Proof. The proof is by complete induction on n.

If n = 0, then both h and h′ are identities of ∗ and so h = h′ by 1.4.1.

If n = 1, then h = a1 = h
′ and again h = h′.

So suppose n > 1. Then there exist k, k′,Z+ and x, y, x′, y′ ∈H such that

(i) 0 < k < n and 0 < k′ < n;

(ii) x is a product of (a1, . . . , ak), and x′ is a product of (a1, . . . , ak′);

(iii) y is a product of (ak+1, . . . , an), and y′ is a product of (ak′+1, . . . , an);

(iv) h = x ∗ y and h′ = x′ ∗ y′.

Suppose first that k = k′. Then both x and x′ are products of (a1, . . . , ak) and so by induction
x = x′. Similarly, both y and y′ are products of (ak+1, . . . , an) and so by induction y = y′. Hence
h = x ∗ y = x′ ∗ y′ = h′.

Suppose next that k ≠ k′. Without loss k < k′. Let z be any product of (ak+1, . . . , ak′).
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´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
x′

x
³¹¹¹¹¹·¹¹¹¹¹¹µ
a1⋯ak

y
³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
ak+1⋯ak′
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

z

ak′+1⋯an
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

y′

Then both x ∗ z and x′ are products of (a1, . . . , ak′) and so by induction x ∗ z = x′. Similarly,
z ∗ y′ and y are products of (ak+1, . . . , an) and so by induction z ∗ y′ = y. Thus

h = x ∗ y = x ∗ (z ∗ y′) = (x ∗ z) ∗ y′ = x′ ∗ y′ = h′

Definition 1.5.8. Let G be a group and I ⊆ G.

(a) ⟨I⟩ ∶= ⋂I⊆H≤GH, that is ⟨I⟩ is the intersection of all the subgroups of G containing I. ⟨I⟩ is
called the subgroup of G generated by I.

(b) Let g ∈ G and n ∈ N. Then g is called a product of length n of I in G if there exist a1, . . . an ∈ I
such that g = a1 ∗ a2 ∗ . . . ∗ an.

(c) I−1 = {a−1 ∣ a ∈ I}.

Lemma 1.5.9. Let G be a group and I ⊆ G.

(a) ⟨I⟩ is the smallest subgroup of G containing I, that is

(i) ⟨I⟩ is a subgroup of G.

(ii) I ⊆ ⟨I⟩.

(iii) If H is a subgroup of G and I ⊆H, then ⟨I⟩ ⊆H.

(b) The elements of ⟨I⟩ are exactly the products of I ∪ I−1 in G.

Proof. (a): Let H ∶= {H ≤ G ∣ I ⊆ H}. By definition, ⟨I⟩ = ⋂H∈HH. By 1.5.5(b) intersections
of subgroups are subgroups and so ⟨I⟩ is a subgroup of G. As I ⊆ H for all H ∈ H, we get
I ⊆ ⋂H∈HH = ⟨I⟩. Let H ∈ H. Then g ∈H for all g ∈ ⋂H∈HH and so ⟨I⟩ ⊆H.

(b): Set J ∶= I ∪ I−1 and let P be the set of products of J in G. We will first use the Subgroup
Proposition to show that P is a subgroup of G.

Let a, b ∈ J . Then a = a1 . . . an and b = b1 . . . bm with a1, . . . , an, b1, . . . bm ∈ J . Thus ab =

a1 . . . anb1 . . . bm is a product of J in G, so ab ∈ P .
e is the product of the empty family. So e ∈ P .
Let x ∈ J . Then either x ∈ I and x−1 ∈ I−1 or x = y−1 for some y ∈ I and so x−1 = (y−1)−1 = y ∈ I.

In either case x−1 ∈ J . Since a−1 = (a1 . . . an)
−1 = a−1

n . . . a−1
1 we conclude that a−1 ∈ P .

We verified the three conditions of the subgroup theorem and so P is a subgroup of G.
Observe that each elements of I is a product of I, that is I ⊆ P . Hence P is subgroup of G

containing I and (a) shows that ⟨I⟩ ⊆ P .
Since I ⊆ ⟨I⟩ and ⟨I⟩ is closed under inverse we have I−1 ⊆ ⟨I⟩. So J ⊆ ⟨I⟩ and since ⟨I⟩ is closed

under multiplication we conclude that P ⊆ ⟨I⟩. Hence ⟨I⟩ = P .
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Example 1.5.10. (1) We compute ⟨(1,2), (2,3)} in Sym(4). Let I = {(1,2), (2,3)}. Then

I−1 = {i−1 ∣ i ∈ I} = {(1,2)−1, (2,3)−1} = {(1,2), (2,3)} = I

and so
I ∪ I−1 = I = {(1,2), (2,3)}

So we have to compute all possible products of {(1,2), (2,3)}. In the following we say that g
is a new product of length k, if g is a product of length k of {(1,2), (2,3)}, but not a product
of {(1,2), (2,3)} of any length less than k. Observe that any new product of length k is of the
form hj there h is a new product of length k − 1 and j is one of (1,2) and (2,3).

Products of length 0: (1)

New products of length 1: (1,2), (2,3).

Possible new products of length 2:

hj (1,2) (2,3)

(1,2) (1) (1,2,3)

(2,3) (1,3,2) (1)

New Products of length 2: (1,2,3), (1,3,2)

Possible new products of length 3.

hj (1,2) (2,3)

(1,2,3) (1,3) (1,2)

(1,3,2) (2,3) (1,3)

New products of length 3: (1,3)

Possible new products of length 4:

hj (1,2) (2,3)

(1,3) (1,2,3) (1,3,2)

(1,3,2) (2,3) (1,3)

So there are no new products of length 4, and so also no new products of length larger than 4.
Thus

⟨(1,2), (2,3)⟩ = {(1, (1,2), (2,3), (1,2,3), (1,3,2), (1,3)}.
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(2) Let G be any group and a ∈ G. Put H = {an ∣ n ∈ Z}. We claim that H = ⟨a⟩. We first
show that H is a subgroup of G. Indeed, anam = an+m, so H is closed under multiplication.
e = a0 ∈H and (an)−1 = a−n, so H is closed under inverses. Thus by the Subgroup Proposition,
H is a subgroup. Observe that any subgroup of G containing a must contain H. Hence H is
the smallest subgroup of G containing a, so H = ⟨a⟩ by1.5.9.

(3) We will show that D4 = ⟨(1,3), (1,2)(3,4)⟩. For this it suffices to write every element in D4 as
a product of elements from (1,3) and (1,2)(3,4). Straightforward computation show that

(1) = empty product (1,2,3,4) = (1,3) ○ (1,2)(3,4)

(1,3)(2,4) = ((1,3) ○ (1,2)(3,4))2 (1,4,3,2) = (1,2)(3,4) ○ (1,3)

(1,4)(2,3) = (1,3) ○ (1,2)(3,4) ○ (1,3) (1,2)(3,4) = (1,2)(3,4)

(2,4) = (1,2)(3,4) ○ (1,3) ○ (1,2)(3,4) (1,3) = (1,3) .

(4) Let G be a group and g ∈ G with ∣g∣ = n for some n ∈ Z+. By (2),

G = {gm ∣m ∈ Z}.

Let m ∈ Z. By the Division Algorithm, [Hung, Theorem 1.1] m = qn + r with q, r ∈ Z and
0 ≤ r < n. Then gm = gqn+r = (gn)qgr = eqgr = gr. Thus

⟨g⟩ = {gr ∣ 0 ≤ r < n}.

Suppose that 0 ≤ r < s < n. Then 0 < s − r < n and so by the definition of ∣g∣, gs−r ≠ e.
Multiplication with gr gives gs ≠ gr. So the elements gr,0 ≤ r < n are pairwise distinct. Hence

∣⟨g⟩∣ = n = ∣g∣.

and
gn = e ⇐⇒ r = 0 ⇐⇒ n ∣m.

1.6 Homomorphisms

Definition 1.6.1. Let f ∶ A→ B be a function. Then Im f ∶= {f(a) ∣ a ∈ A}. Im f is called the image
of f .

Lemma 1.6.2. Let f ∶ A→ B be a function and define

g ∶ A→ Im f, a↦ f(a).

Then
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(a) g is onto.

(b) f is 1-1 if and only if g is 1-1 and if and only if g is bijective.

Proof. (a) Let b ∈ Im f . Then by definition of Im f , b = f(a) for some a ∈ A. Thus g(a) = f(a) = b
and so g is bijective.

(b)

f is 1-1

⇐⇒ For all a, b ∈ A ∶ f(a) = f(b) Ô⇒ a = b − definition of 1-1

⇐⇒ For all a, b ∈ A ∶ g(a) = g(b) Ô⇒ a = b − definition of g

⇐⇒ g is 1-1 − definition of 1-1

⇐⇒ g is bijective − since g is onto

Definition 1.6.3. Let (G,∗) and (H, ◻) be groups.

(a) A homomorphism from (G,∗) from to (H, ◻) is a function f ∶ G→H such that

f(a ∗ b) = f(a) ◻ f(b)

for all a, b ∈ G.

(b) An isomorphism from G to H is a 1-1 and onto homomorphism from G to H.

(c) If there exists an isomorphism from G to H we say that G is isomorphic to H and write G ≅H.

Example 1.6.4. (1) Let (H,∗) be any group, h ∈H and define f ∶ Z→H,m→ hm. We compute

f(n +m) = hn+m
1.4.10(a)

= hn ∗ hm = f(n) ∗ f(m).

So f is a homomorphism from (Z,+) to (H,∗). We compute

Im f = {f(n) ∣ n ∈ Z} = {gn ∣ n ∈ Z}
1.5.10(4)

= ⟨g⟩.

(2) Let F be a field and n ∈ Z+. Let Mn(F) be the rings of n×n-matrices with coefficients in F. Let
GLn(F) be the set of invertible elements of Mn(F). Since matrix multiplication is associative,
Exercise 4 on Homework 1 shows that GLn(F) is a group under matrix multiplication. Let
F♯ ∶= F ∖ {0} and observe that F♯ is a group under multiplication (by the same exercise).
For A ∈ Mn(F ) let det(A) be the determinant of A. From Linear Algebra we know that
det(AB) = det(A)det(B) and that A is invertible if and only if det(A) ≠ 0. Hence

GLn(F) → F♯, A↦ det(A)
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is a homomorphism of groups. Since

det

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

a 0 . . . 0 0

0 1 0 . . . 0

⋮ ⋱ ⋱ ⋱ ⋮

0 . . . 0 1 0

0 0 . . . 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= a

this homomorphism is onto.

If n > 1,then

det

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

1 0 . . . 0 0

0 1 0 . . . 0

⋮ ⋱ ⋱ ⋱ ⋮

0 . . . 0 1 0

a 0 . . . 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

= 1

for all a ∈ F and since ∣F∣ > 1, the function is not 1-1.

Lemma 1.6.5. Let f ∶ G→H be a homomorphism of groups.

(a) f(eG) = eH .

(b) f(a−1) = f(a)−1 for all a ∈ G.

(c) Im f is a subgroup of H.

(d) If f is 1-1, then

g ∶ G→ Im f, a↦ f(a).

is an isomorphism. In particular, G ≅ Im f .

Proof. (a)

f(eG)f(eG)
f hom
= f(eGeG)

def eG= f(eG)
def eH= eHf(eG).

So the Cancellation Law 1.4.7 implies f(eG) = eH .

(b)

f(a)f(a−1)
f hom
= f(aa−1)

def a−1

= f(eG)
(a)
= eH

and so by 1.4.8(c) , f(a−1) = f(a)−1.



1.6. HOMOMORPHISMS 29

(c) We will first verify the three conditions of the Subgroup Proposition 1.5.4. Let x, y ∈ Im f .
Then by definition of Im f , x = f(a) and y = f(b) for some a, b ∈ G.

(i): xy = f(a)f(b) = f(ab) ∈ Im f .

(ii): By (a), eH = f(eG) ∈ Im f .

(iii): By (b), x−1 = f(a)−1 = f(a−1) ∈ ImF .

So Im f fulfills all three conditions in 1.5.4 and so Im f is a subgroup of H.

(d) Define

g G→ Im f, a↦ f(a).

Since f is 1-1, 1.6.2 implies that f is bijective. Since f is homomorphism,

g(ab) = f(ab) = f(a)f(b) = g(a)g(b)

for all a, b ∈ G and so also g is homomorphism. Hence g is an isomorphism and thus G ≅ Im f .

Definition 1.6.6. Let G be a group. Then G is called a group of permutations or a permutation
group if G ≤ Sym(I) for some set I.

Theorem 1.6.7 (Cayley’s Theorem). Every group is isomorphic to group of permutations.

Proof. We will show that G is isomorphic to a subgroup of Sym(G). For g ∈ G define

φg ∶ G→ G, x↦ gx.

Let a, b, x ∈ G. Then

(φa ○ φb)(x) = φa(φb(x)) = a(bx) = (ab)x = φab(x)

and so

φa ○ φb = φab.

Since ex = x for all x ∈ G we have

φe = idG.

In particular,

φa ○ φa−1 = φaa−1 = φe = idG and φa−1 ○ φa = idG

Thus φa is invertible and so a bijection. Thus φa ∈ Sym(G) and we obtain a well-defined function

f ∶ G→ Sym(G), g ↦ φg

Observe that
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f(ab) = φab = φa ○ φb = f(a) ○ f(b)

and so f is a homomorphism.

If f(a) = f(b), then φa = φb and so also φa(e) = φb(e). Thus ae = be and a = b. So f is 1-1. Hence
by 1.6.5(d), G is isomorphic to the subgroup Im f of Sym(G).

Example 1.6.8. Let U8 be the set of units (invertible elements) in Z8, where Z8 is the ring of
integers modulo 8. The multiplication table of U8 is

⋅ 1 3 5 7

1 1 3 5 7

3 3 9 15 21

5 5 15 25 35

7 7 21 35 49

and so

⋅ 1 3 5 7

1 1 3 5 7

3 3 1 7 5

5 5 7 1 3

7 7 5 3 1

So

φ1 =
⎛
⎜
⎝

1 3 5 7

1 3 5 7

⎞
⎟
⎠
= (1)

φ3 =
⎛
⎜
⎝

1 3 5 7

3 1 7 5

⎞
⎟
⎠
= (13)(57)

φ5 =
⎛
⎜
⎝

1 3 5 7

5 7 1 3

⎞
⎟
⎠
= (15)(37)

φ7 =
⎛
⎜
⎝

1 3 5 7

7 5 3 1

⎞
⎟
⎠
= (17)(35)

Thus U8 is isomorphic to the subgroup

{(1), (13)(57), (15)(37), (17)(35)}

of Sym({1,3,5,7}).

In general we see that a finite group of order n is isomorphic to a subgroup of Sym(n).
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1.7 Lagrange’s Theorem

Definition 1.7.1. Let K be a subgroup of the group G and a, b ∈ G. Then we say that a is (left)
congruent to b modulo K and write a ≡ b (modK) if a−1b ∈K.

Notice the the definition of ′ ≡ (modK)′ given here is different than in Hungerford. In Hungerford
the above relation is called “left congruent” and denoted by ′ ≋ (modK)′.

Example 1.7.2. Let G = Sym(3), K = ⟨(1,2)⟩ = {(1), (1,2)}, a = (2,3), b = (1,2,3) and c = (1,3,2).
Then

a−1b = (2,3) ○ (1,2,3) = (1,3) ∉K

and
a−1c = (2,3) ○ (1,3,2) = (1,2) ∈K.

Hence
(2,3) /≡ (1,2,3) (modK)

and
(2,3) ≡ (1,3,2) (modK) .

Proposition 1.7.3. Let K be a subgroup of the group G. Then ′ ≡ (modK)′ is an equivalence
relation on G.

Proof. We need to show that ′ ≡ (modK)′ is reflexive, symmetric and transitive. Let a, b, c ∈ G.
Since a−1a = e ∈K, we have a ≡ a (modK) and so ′ ≡ (modK)′ is reflexive.
Suppose that a ≡ b (modK). Then a−1b ∈K. Since K is closed under inverses, (a−1b)−1 ∈K and

so b−1a ∈K. Hence b ≡ a (modK) and ′ ≡ (modK)′ is symmetric.
Suppose that a ≡ b (modK) and b ≡ c (modK). Then a−1b ∈K and b−1c ∈K. Since K is closed

under multiplication, (a−1b)(b−1c) ∈ K and thus a−1c ∈ K. Hence a ≡ c (modK) and ′ ≡ (modK)′

is transitive.

Definition 1.7.4. Let (G,∗) be a group and g ∈ G

(a) Let A,B be subsets of G and g ∈ G. Then

A ∗B ∶= {a ∗ b ∣ a ∈ A, b ∈ B},

g ∗A = {g ∗ a ∣ a ∈ A}

and
A ∗ g ∶= {a ∗ g ∣ a ∈ A}.

We often just write AB,gA and Ag for A ∗B,g ∗A and A ∗ g.

(b) Let K be a subgroup of the group (G,∗) . Then g∗K called the (left) coset of K in G containing
g. Put

G/K ∶= {g ∗K ∣ g ∈ G}.

So G/K is the set of cosets of K in G.
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Example 1.7.5. Let G = Sym(3) and K = ⟨(1,2)⟩. Compute G/K.

We need to determine all the cosets of K in G. Note first that K = {(1), (1,2)}.

(1) ○K = {(1) ○ k ∣ k ∈K} = {(1) ○ (1), (1) ○ (1,2)} = {(1), (1,2)},

(1,2) ○K = {(1,2) ○ (1), (1,2) ○ (1,2)} = {(1,2), (1)},

(2,3) ○K = {(2,3) ○ (1), (2,3) ○ (1,2)} = {(2,3), (1,3,2)},

(1,3) ○K = {(1,3) ○ (1), (1,3) ○ (1,2)} = {(1,3), (1,2,3)},

(1,2,3) ○K = {(1,2,3) ○ (1), (1,2,3) ○ (1,2)} = {(1,2,3), (1,3)},

(1,3,2) ○K = {(1,3,2) ○ (1), (1,3,2) ○ (1,2)} = {(1,3,2), (2,3)}.

Thus

G/K = { {(1), (1,2)}, {(2,3), (1,3,2)}, {(1,2,3), (1,3)} }.

Note that each element of Sym(3) lies in exactly one of the three cosets. Also each of the cosets
has size two, that is the same size as K.

Proposition 1.7.6. Let K be a subgroup of the group G and a, b ∈ G. Then aK is the equivalence
class of ′ ≡ (modK)′ containing a. Moreover, the following statements are equivalent

(a) b = ak for some k ∈K.

(b) a−1b = k for some k ∈K.

(c) a−1b ∈K.

(d) a ≡ b (modK).

(e) b ∈ aK.

(f) aK ∩ bK ≠ ∅.

(g) aK = bK.

(h) a ∈ bK.

(i) b ≡ a (modK).

(j) b−1a ∈K.

(k) b−1a = j for some j ∈K.

(l) a = bj for some j ∈K.

Proof. (a) ⇐⇒ (b): Let k ∈ G. Then

b = ak

⇐⇒ a−1b = a−1(ak) −Cancellation Law

⇐⇒ a−1b = k − 1.4.6(b)

(b) ⇐⇒ (c): Should be clear.

(c) ⇐⇒ (d): Follows from the definition of ′ ≡ (modK)′.

(a) ⇐⇒ (e): Recall that aK = {ak ∣ k ∈K}. So b ∈ aK if and only if b = ak for some k ∈K.

We proved that statements (a)-(e) are equivalent.
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Let [a] be the equivalence class of ′ ≡ (modK)′ containing a. We will show that [a] =Ka:

b ∈ [a]

⇐⇒ a ≡ b (modK) −Definition of [b]

⇐⇒ b ∈ aK − Since (d) and (e) are equivalent

Hence [a] = aK by 1.1.1, so the first statement of the lemma holds.

Moreover, Theorem A.1.3 now implies that Statements (d)-(k) are equivalent. In particular, (g)
is equivalent to (a)-(c). Since the statement (g) is symmetric in a and b we conclude that (g) is also
equivalent to (j)-(l).

Proposition 1.7.7. Let K be a subgroup of the group G.

(a) Let a ∈ G. Then a is contained in a unique coset X of K in G, namely X = aK.

(b) Let a ∈ G. Then a ∈K if and only if aK =K.

(c) G/K is a partition of G.

(d) Let T ∈ G/K and a ∈ T . Then the function

δ ∶ K → T, k → ak

is a well defined bijection. In particular, ∣T ∣ = ∣K ∣.

Proof. (a) By A.1.4(a), a is contained in a unique equivalence class X of ≡ (modK), namely [a].
As [a] = aK, this gives (a).

(b) Observe that K = eK. So K is a coset of K in G. Thus (b) follows from (a).

(c) Follows from (a).

(d) Define

ε ∶ K → G, k ↦ ak

Let k, l ∈ K with ε(k) = ε(l). Then ak = al and the Cancellation Law 1.4.7 implies that k = l.
Thus ε is 1-1. Since a ∈ T , (a) gives

T = aK = {ak ∣ k ∈K} = ε(k) ∣ k ∈K} = Im ε

Hence 1.6.2(b) shows that δ is a well-defined bijection.

Theorem 1.7.8 (Lagrange). Let G be a finite group and K a subgroup of G. Then

∣G∣ = ∣K ∣ ⋅ ∣G/K ∣.

In particular, ∣K ∣ divides ∣G∣.
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Proof. By 1.7.7(c), G/K is partition of in G. Hence

∣G∣ = ∑
T ∈G/K

∣T ∣.

By 1.7.7(d), ∣T ∣ = ∣K ∣ for all T ∈ G/K and so

∣G∣ = ∑
T ∈G/K

∣T ∣ = ∑
T ∈G/K

∣K ∣ = ∣K ∣ ⋅ ∣G/K ∣.

Example 1.7.9. (1) ∣D4∣ = 8 and ∣Sym(4)∣ = 4! = 24. Hence ∣Sym(4)/D4∣ = 24/8 = 3. So D4 has
three cosets in Sym(4).

(2) Let H = ⟨(1,2)⟩ ≤ Sym(3). Since Sym(3) has order 6 and H has order 2, ∣Sym(3)/H ∣ = 3.

(3) Since 5 does not divide 24, Sym(4) does not have subgroup of order 5.

Corollary 1.7.10. Let G be a finite group.

(a) If a ∈ G, then ∣a∣ divides ∣G∣.

(b) If ∣G∣ = n, then an = e for all a ∈ G.

Proof. (a) By Example 1.5.10(4), ∣a∣ = ∣⟨a⟩∣ and by Lagrange’s Theorem, ∣⟨a⟩∣ divides ∣G∣.

(b) Let m = ∣a∣. By (a) n =mk for some k ∈ Z and so an = amk = (am)k = ek = e.

Definition 1.7.11. Let I be a finite set and g ∈ Sym(I). Suppose, in cycle notation,

g = (a1,1, a2,1, a3,1, . . . ak1,1)(a1,2, a2,2 . . . ak2,2) . . . (a1,l, a2,l . . . akl,l)

with k1 ≥ k2 ≥ . . . ≥ kl and all cycles of length 1 listed. Then

(k1, . . . , kl)

is called the cycle type of g.

Example 1.7.12. (1) (1,4,7,9)(2,3)(5,8) ∈ Sym(10) has cycle type (4,2,2,1,1),

(2) The possible cycle type of elements of Sym(4) are

(4), (3,1), (2,2), (2,1,1), (1,1,1,1).

Lemma 1.7.13. Let I be a finite set and g ∈ Sym(I).

(a) Suppose g = (a1, a2, . . . , ak) for pairwise distinct aj ,1 ≤ j ≤ k in I. Then ∣g∣ = k.

(b) Suppose g has cycle type (k1, . . . , kl). Then ∣g∣ = lcm(k1, k2, . . . , kl).
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Proof. Let i ∈ I. Then

g(i) =

⎧⎪⎪
⎨
⎪⎪⎩

aj+1 if i = aj for some 1 ≤ j ≤ k

i otherwise

where subscript are read modulo k, that is ak+1 = a1. Hence for n ∈ Z+:

gn(i) =

⎧⎪⎪
⎨
⎪⎪⎩

aj+n if i = aj for some 1 ≤ j ≤ k

i otherwise

If follows that gn = idI if and only if j ≡ j + n (modk) for all 1 ≤ j ≤ k and so if and only if k ∣ n.
Thus ∣g∣ = n.

(b) Let
g = (a1,1, a2,1, a3,1, . . . ak1,1)(a1,2, a2,2 . . . ak2,2) . . . (a1,l, a2,l . . . akl,l)

in cycle notation. For 1 ≤ j ≤ l define

gj ∶= (a1,j , a2,j . . . akj ,j).

Then

g = g1 ○ g2 ○ . . . ○ gl

and
gn = gn1 ○ g

n
2 ○ . . . ○ g

n
l .

Hence gn = idI if and only if gni = idI for all 1 ≤ j ≤ l. As seen in (a), this holds if and only if kj ∣ n
for all 1 ≤ j ≤ l and so if and only if lcm(k1, . . . , kl) divides n.

Example 1.7.14. We will investigate the elements of Sym(4) according to their cycle type:
Cycle type (4):

g = (a, b, c, d) where a, b, c, d are four distinct elements of Sym(4). Then ∣g∣ = 4. How many
elements of this form? There are 24 choices for the tuple (a, b, c, d) but always four of these choices
give the same elements:

(a, b, c, d) = (b, c, d, a) = (c, d, a, b) = (d, a, b, c).

So there are 24
6 = 6 elements of cycle type (4). We can list them explicitly:

(1,2,3,4), (1,2,4,3), (1,2,3,4), (1,2,4,3), (1,4,2,3), (1,4,3,2).

Cycle type (3,1):

g = (a, b, c)(d) = (a, b, c). Then ∣g∣ = 3. Always three of these choices give the same elements:

(a, b, c) = (b, c, a) = (c, a, b)
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So there are 24
3 = 8 elements of cycle type (4). We can list them explicitly:

(1,2,3), (1,3,2), (1,2,4), (1,4,2), (1,3,4), (1,4,3), (2,3,4), (2,4,3)

Cycle type (2,2):

g = (a, b)(c, d). Then ∣g∣ = 2. Always eight of these choices give the same elements:

(a, b)(c, d) = (b, a)(c, d) = (a, b)(d, c) = (b, a)(d, c)

= (c, d)(a, b) = (c, d)(b, a) = (d, c)(a, b) = (d, c)(b, a) .

So there are 24
8 = 3 elements in Sym(4) of the form (a, b)(c, d):

(1,2)(3,4), (1,3)(2,4)

Cycle type (2,1,1):

g = (a, b)(c)(d) = (a, b). Then ∣g∣ = 2. Always four of these choices give the same elements:

(a, b)(c)(d) = (b, a)(c)(d) = (a, b)(d)(c) = (b, a)(d)(c).

So there are 24
4 = 6 elements in Sym(4) of cycle type (2,1,1):

(1,2), (1,3), (1,4), (2,3), (2,4), (3,4)

Cycle type (1,1,1,1):

g = (a)(b)(c)(d). Then ∣g∣ = 1. All twenty-four choices of (a, b, c, d) give the same element, namely
the identity function. So

(1)(2)(3)(4)

is the only elements if cycle type (1,1,1,1).

All together there are 6 + 8 + 3 = 6 + 1 = 24 elements in Sym(4), just the way it should be.

Definition 1.7.15. A group G is called cyclic if G = ⟨g⟩ for some g ∈ G.

Lemma 1.7.16. Let G be a group of finite order n.

(a) Let g ∈ G. Then G = ⟨g⟩ if and only if ∣g∣ = n.

(b) G is cyclic if and only if G contains an element of order n.
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Proof. (a) Let g ∈ G. Recall that by Example 1.5.10(4) , ∣⟨g⟩∣ = ∣g∣. Since G is finite, G = ⟨g⟩ if and
only if ∣G∣ = ∣⟨g⟩∣. And so if and only if n = ∣g∣.

(b) From (a) we conclude that there exists g ∈ G with ∣G∣ = ⟨g⟩ if and only if there exists g ∈ G
with ∣g∣ = n.

Example 1.7.17. (1) We compute in (Z4,+):

1 + 1 = 2 ≠ 0, 1 + 1 + 1 = 3 ≠ 0, 1 + 1 + 1 + 1 = 4 = 0.

Hence 1 has order 4 in (Z4,+). As ∣Z4∣ = 4 this shows that Z4 is cyclic.

(2) We have a2 = 1 for all a ∈ U8. Thus (U8, ⋅) does not have an element of order four and so U8 is
not cyclic.

Corollary 1.7.18. Any group of prime order is cyclic.

Proof. Let G be group of order p, p a prime. Let e ≠ g ∈ G. Then by 1.7.10(b) ∣g∣ divides p. Since
g ≠ e, ∣g∣ ≠ 1. Since p is a prime this implies ∣g∣ = p. So by 1.7.16(b), G = ⟨g⟩ and so g is cyclic.

Example 1.7.19. All groups of order 3 are cyclic.

Example 1.7.20. Let G = GL2(Q), the group of invertible 2 × 2 matrices with coefficients in Q and
let

g ∶=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0

1 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

Let n ∈ Z. Then

gn =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0

n 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

and so

⟨g⟩ =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 0

n 1

⎤
⎥
⎥
⎥
⎥
⎥
⎦

RRRRRRRRRRRRRR

n ∈ Z

⎫⎪⎪⎪
⎬
⎪⎪⎪⎭

.

Thus

∣g∣ = ∣Z∣ = ∣Q∣ = ∣G∣.

(See section A.3 for a primer on cardinalities). Also G ≠ ⟨g⟩. So we see that 1.7.16 is not true for
infinite groups.
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1.8 Normal Subgroups

Lemma 1.8.1. Let G be a group, A,B,C subsets of G and g, h ∈ G. Then

(a) A(BC) = {abc ∣ a ∈ A, b ∈ B, c ∈ C} = (AB)C.

(b) A(gh) = (Ag)h, (gB)h = g(Bh) and (gh)C = g(hC).

(c) Ae = A = Ae = (Ag)g−1 = g−1(gA).

(d) A = B if and only if Ag = Bg and if and only if gA = gB.

(e) A ⊆ B if and only if Ag ⊆ Bg and if and only if gA ⊆ gB.

(f) (A−1)−1 = A

(g) A ⊆ B if and only if A−1 ⊆ B−1.

(h) If A is subgroup of G, then AA = A and A−1 = A.

(i) (AB)−1 = B−1A−1.

(j) (gB)−1 = B−1g−1 and (Ag)−1 = g−1A−1.

Proof. (a)

A(BC) = {ad ∣ a ∈ A,d ∈ BC} = {a(bc) ∣ a ∈ A, b ∈ B, c ∈ C}

= {(ab)c ∣ a ∈ A, b ∈ B, c ∈ C} = {fc ∣ f ∈ AB, c ∈ C} = (AB)C .

(b) Observe first that

A{g} = {ab ∣ a ∈ A, b ∈ {g}} = {ag ∣ a ∈ A} = Ag,

and {g}{h} = {gh}. So the first statement in (b) follows from (a) applied with B = {g} and C = {h}.
The other two statements are proved similarly.

(c) Ae = {ae ∣ a ∈ A} = {a ∣ a ∈ A} = A. Similarly Ae = A. By (b) (Ag)g−1 = A(gg−1) = Ae = A.
Similarly g(g−1A) = A.

(d) If A = B the Principal of Substitution gives Ag = Bg. If Ag = Bg, then by (b)

A = (Ag)g−1 = (Bg)g−1 = B.

So A = B if and only if Ag = Bg and (similarly) if and only if gA = gB.

(e) Suppose that A ⊆ B and let a ∈ A. Then a ∈ B and so ag ∈ Bg. Hence Ag ⊆ Bg. If Ag ⊆ Bg we
conclude that (Ag)g−1 ⊆ (Bg)g−1 and by (c), A ⊆ B. Hence A ⊆ B if and only if Ag ⊆ Bg. Similarly,
A ⊆ B if and only if gA ⊆ gB.



1.8. NORMAL SUBGROUPS 39

(f)
A = {a ∣ a ∈ A} = {(a−1)−1 ∣ a ∈ A = {a−1 ∣ a ∈ A}−1 = (A−1)−1

(g) Suppose A ⊆ B. Let d ∈ A−1. Then d = a−1 for some a ∈ A. Then a ∈ B and so d = a−1 ∈ B−1.
Thus A−1 ⊆ B−1

Suppose A−1 ⊆ B−1. Then (A−1)−1 ⊆ (B−1)−1 and (f) gives A ⊆ B.

(h) Let A ≤ G. By the Subgroup Proposition A is e ∈ A, A is closed under multiplication and A
is closed under inverses. Hence

A = eA = {ea ∣ a ∈ A} ⊆ AA, AA = {ab ∣ a, b ∈ A} ⊆ A, A−1 = {a−1 ∣ a ∈ A}, A = A−1)−1 ⊆ A−1

Thus A = AA and A = A−1.

(i)

(AB)−1 = {d−1 ∣ d ∈ AB} = {(ab)−1 ∣ a ∈ A, b ∈ B}
1.4.8(d)
= {b−1a−1 ∣ a ∈ A, b ∈ B} = {cd ∣ c ∈ B−1, d ∈ A−1}

= B−1A−1

(j) By (i) applied with A = {g}:

(gB)−1 = ({g}B)
−1

= B−1{g}−1 = B−1{g−1} = B−1g−1

Similarly, (Ag)−1 = g−1A−1.

Definition 1.8.2. Let N be a subgroup of the group G. N is called a normal subgroup of G and we
write N ⊴ G provided that

gN = Ng

for all g ∈ G.

Example 1.8.3. (1) (1,3)○{(1), (1,2)} = {(1,3), (1,2,3)} and {1, (1,2)}○(1,3) = {(1,3), (1,3,2)}.
So {(1), (1,2)} is not a normal subgroup of Sym(3).

(2) Let G be a finite group and H ≤ G with
∣G∣
∣H ∣ = 2. Then by Lagrange’s Theorem ∣G/H ∣ =

∣G∣
∣H ∣ = 2.

Let g ∈H. Then 1.7.7(c) gives gH =H.

Let g ∈ G∖H. Then g ∈ gH and g ∉H. So H ≠ gH and since ∣G/H ∣ = 2 we get G/H = {H,gH}.
As G/H is a partition of G this gives

g ○H = G ∖H = {(1,2), (2,3), (1,3)}

Applying these these two results to the opposite group of G gives Hg = H for g ∈ H and
Hg = G ∖H for g ∈ G ∖H. In either case gH =Hg and so H is a normal subgroup of G.
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(3) Let H ∶= ⟨(1,2,3)⟩ ≤ G ∶= Sym(3). Since (1,2,3) has order three,

H = {(1), (1,2,3), (1,2,3)2} = {(1), (1,2,3), (1,3,2)}.

Note that H has order three and G has order six. Thus (2) shows that H ⊴ G.

Definition 1.8.4. A binary operation ∗ on I is called commutative if a ∗ b = b ∗ a for all a, b ∈ I. A
group (G,∗) is called abelian if ∗ is commutative.

Lemma 1.8.5. Let G be an abelian group. Then AB = BA for all subsets A,B of G. In particular,
every subgroup of G is normal in G.

Proof.
AB = {ab ∣ a ∈ A, b ∈ B} = {ba ∣ a ∈ A, b ∈ B} = BA

If N is a subgroup of G and g ∈ G, then gN = Ng and so N is normal in G.

Lemma 1.8.6. Let N be a subgroup of the group G. Then the following statements are equiva-
lent:

(a) N is normal in G (that is aN = Na for all a ∈ G).

(b) aNa−1 ⊆ N for a ∈ G.

(c) Na ⊆ aN for all a ∈ G.

(d) aN ⊆ Na for all a ∈ G.

(e) aNa−1 = N for all a ∈ G.

(f) ana−1 ∈ N for all a ∈ G and n ∈ N .

(g) Every right-coset of N in G is a (left) coset of N .

Proof. We will first show that first five statements are equivalent. Let a ∈ G. Then

a−1Na ⊆ N

⇐⇒ a(a−1Na) ⊆ aN − 1.8.1(e)

⇐⇒ (a(a−1N))a ⊆ aN − 1.8.1(a)

⇐⇒ Na ⊆ aN − 1.8.1(c)

So

(∗) a−1Na ⊆ N ⇐⇒ Na ⊆ aN.

Thus result applied to the opposite group gives
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(∗∗) aNa−1 ⊆ N ⇐⇒ aN ⊆ Na

Thus

Na ⊆ aN for all a ∈ G

⇐⇒ a−1Na ⊆ N for all a ∈ G − (∗)

⇐⇒ aNa−1 ⊆ N for all a ∈ G −G→ G, a↦ a−1is a bijection

⇐⇒ Na ⊆ Na for all a ∈ G − (∗∗)

It follows that

Na ⊆ aN for all a ∈ G

⇐⇒ (Na ⊆ aN) and (aN ⊆ Na) for all a ∈ G

⇐⇒ Na = aN for all a ∈ G

Hence (a)-(d) are equivalent.

(a) Ô⇒ (e):

aN = Na

⇐⇒ (aN)a−1 = (Na)a−1 − 1.8.1(d)

⇐⇒ aNa−1 = N − 1.8.1(c)

(b) ⇐⇒ (f): Since aNa−1 = {ana−1 ∣ a ∈ N} we get aNa−1 ⊆ N if and only if ana−1 ∈ N for all
m ∈ N .

(a) ⇐⇒ (g): Let a ∈ G.

Suppose (a) holds. Then Na = aN and so every right-coset is a coset.

Suppose (g) holds. Then Na is a right-coset and so also a coset. Since a = ae ∈ Na we conclude
that both Na and aN are cosets of N in G containing a. So by 1.7.6 Na = aN . Thus N is normal
in G.

Definition 1.8.7. Let G be a group.

(a) An automorphism of G is a isomorphism from G to G.

(b) Let a ∈ G. Then function

inna ∶ G→ G, g ↦ aga−1

is called conjugation by a in G. It is also called the inner automorphism of G induced by a.

(c) Let g, h ∈ G we say that g and h are conjugate in G if h = aga−1 for some a ∈ G.
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Proposition 1.8.8 (Normal Subgroup Proposition). Let N be a subset of the group G. Then N is
a normal subgroup of G if and only if

(i) N is closed under multiplication, that is ab ∈ N for all a, b ∈ N .

(ii) eG ∈ N .

(iii) N is closed under inverses, that is a−1 ∈ N for all a ∈ N .

(iv) N is invariant under conjugation, that is gng−1 ∈ N for all g ∈ G and n ∈ N .

Proof. By the Subgroup Proposition 1.5.4 N is a subgroup of G if and only if (i),(ii) and (iii) hold.
By 1.8.6(f), N is normal in G if and only if N is a subgroup of G and (iv) holds. So N is normal
subgroup if and only if (i)-(iv) hold.

Corollary 1.8.9. Let N be a normal subgroup of the group G, a, b ∈ G and S,T ∈ G/N .

(a) (aN)(bN) = abN .

(b) ST ∈ G/N .

(c) N ∈ G/N , NS = S and SN = S.

(d) (aN)−1 = a−1N .

(e) S−1 ∈ G/N , SS−1 = N and S−1S = N .

Proof. (a) Since N ⊴ G we have bN = Nb. By 1.8.1 NN = N and multiplication of subsets is
associative, thus

(aN)(bN) = a(Nb)N = a(bN)N = ab(NN) = abN.

(b) follows from (a).

(c) N = eN ∈ G/N . We may assume S = aN . Then

NS = N(aN) = (Na)N = (aN)N = a(NN) = aN = S.

(d) By 1.8.1 (aN)−1 = N−1a−1 = Na−1 = a−1N .

(e) From (d) we get S−1 = (aN)−1 = a−1N ∈ G/N . Also

SS−1 = (aN)(a−1N) = (aNa−1)N
1.8.6(e)
= NN

1.8.1(h)
= N

and similarly S−1S = N .

Definition 1.8.10. Let (G,∗) be a group and N ⊴ G. Then ∗G/N denotes the binary operation

∗G/N ∶ G/N ×G/N → G/N, (S,T ) → S ∗ T

Note here that by 1.8.9(a), S ∗ T is a coset of N , whenever S and T are cosets of N . G/N is called
the quotient group of G with respect to N .
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Theorem 1.8.11. Let G be a group and N ⊴ G. Then (G/N,∗G/N) is group. The identity of G/N
is

eG/N = N = eN,

and the inverse of T ∈ G/N with respect to ∗G/N is T−1.

Proof. By definition ∗G/N is a binary operation on G/N . By 1.8.1(a), ∗G/N is associative; by 1.8.9(c),
N is an identity for ∗G/N ; and by 1.8.9(e), T−1 is an inverse of T .

Example 1.8.12. (1) Let n be an integer. Then nZ = {nm ∣m ∈ Z} is subgroup of Z, with respect
to addition. Since Z is abelian, nZ is a normal subgroup of Z. So we obtain the quotient group
Z/nZ. Of course this is nothing else as Zn, the integers modulo n, views as a group under
addition.

(2) By 1.8.3(3) ⟨(1,2,3)⟩ is a normal subgroup of Sym(3). By Lagrange’s Theorem ∣Sym(3)/⟨(1,2,3)⟩∣
has order 6

3 = 2 and so Sym(3)/⟨(1,2,3)⟩ is a group of order 2.

Sym(3)/⟨(1,2,3)⟩ = {{(1), (1,2,3), (1,3,2)}, {(1,2), (1,3), (2,3)} }

The Multiplication Table is

∗ {(1), (1,2,3), (1,3,2)} {(1,2), (1,3), (2,3)}

{(1), (1,2,3), (1,3,2)} {(1), (1,2,3), (1,3,2)} {(1,2), (1,3), (2,3)

{(1,2), (1,3), (2,3)} {(1,2), (1,3), (2,3)} {(1), (1,2,3), (1,3,2)}

Let N = ⟨(1,2,3)⟩. Then Sym(3)/N = {(1)○N, (1,2)○N} and we can rewrite the multiplication
table as

∗ (1) ○N (1,2) ○N

(1) ○N (1) ○N (1,2) ○N

(1,2) ○N (1,2) ○N (1) ○N

Lemma 1.8.13. Let I be a finite set and f, g ∈ Sym(I).

(a) Suppose

g = (a1,1, a2,1, . . . ak1,1)(a1,2, a2,2 . . . ak2,2) . . . (a1,l, a2,l . . . akl,l)

in cycle notation. Then

f ○ g ○ f−1 =

(f(a1,1), f(a2,1), . . . f(ak1,1))(f(a1,2), f(a2,2) . . . f(ak2,2)) . . . (f(a1,l), f(a2,l) . . . f(akl,l))
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(b) Two elements of Sym(I) are conjugate if and only if they have the same cycle type.

Proof. (a) Just observe that

(fgf−1)(f(aij)) = f(g(f
−1(f(aij)))) = f(g(aij)) = f(ai+1,j))

(b) From (a) we conclude that if g has cycle-type (k1, . . . , kl), then also f ○ g ○ f−1 has cycle type
(k1, . . . , kl).

Conversely suppose that h ∈ Sym(I) same the same cycle type (k1, . . . , kl) as g. Then

h = (b1,1, b2,1, b3,1, . . . bk1,1)(b1,2, b2,2 . . . bk2,2) . . . (b1,l, b2,l . . . bkl,l)

for some bij . Then

f ∶ I → I, aij ↦ bij

is a well-defined bijection from I to I. Hence f ∈ Sym(I) and (a) shows that f ○ g ○ f−1 = h.

Example 1.8.14. (1) Consider g = (1,4,2)(3,6)(7,8,9,5) and f = (1,7,3)(2,6) in Sym(9). Then

f ○ g ○ f−1 = (7,4,6)(1,2)(3,8,9,5)

(2) Find all conjugates of (1,2)(3,4) in Sym(4).

The conjugates of (1,2)(3,4) are the elements of cycle type (2,2), that is

(1,2)(3,4), (1,3)(2,4) (1,4)(2,3).

(3) Let g = (1,3,5)(2,4,6) and h = (1,2,5)(3,4,6). Find f ∈ Sym(6) with f ○ g ○ f−1 = h.

f =
⎛
⎜
⎝

1 3 5 2 4 6

1 2 5 3 4 6

⎞
⎟
⎠
= (3,5)

1.9 The Isomorphism Theorems

Definition 1.9.1. Let φ ∶ G→H be a homomorphism of groups. Then

Kerφ ∶= {g ∈ G ∣ φ(g) = eH}.

Kerφ is called the kernel of φ.

Lemma 1.9.2. Let φ ∶ G → H be a homomorphism of groups. Then kerφ is a normal subgroup of
G.
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Proof. We will verify the four conditions (i)-(iv) in the Normal Subgroup Proposition 1.8.8. Let
g ∈ G. The definition of Kerφ shows that

(∗) g ∈ Kerφ ⇐⇒ φ(g) = eH

Let a, b ∈ Kerφ. Then (∗) shows that

(∗∗) φ(a) = eH and φ(b) = eH .

(i) φ(ab) = φ(a)φ(b) = eHeH = eH and so ab ∈ Kerφ.

(ii) By 1.6.5(a), φ(eG) = eH and so eG ∈ Kerφ.

(iii) By 1.6.5(b), φ(a−1) = φ(a)−1 = e−1
H = eH and so a−1 ∈ Kerφ.

(iv) Let d ∈ G. Then

φ(dad−1) = φ(d)φ(a)φ(d)−1 = φ(d)eHφ(d)
−1 = φ(d)φ(d)−1 = eH

and so dad−1 ∈ Kerφ.

By (i)-(iv) and 1.8.8 Kerφ is a normal subgroup of G.

Lemma 1.9.3. Let φ ∶ G→H be a homomorphism of groups.

(a) Let a, b ∈ G. Then

φ(a) = φ(b) ⇐⇒ a−1b ∈ Kerφ ⇐⇒ aKerφ = bKerφ ⇐⇒ a ∈ bKerΦ

(b) φ is 1-1 if and only if Kerφ = {eG}.

Proof. (a)

φ(a) = φ(b)

⇐⇒ φ(a)−1φ(b) = eH −Cancellation law

⇐⇒ φ(a−1)φ(b) = eH − 1.6.5(b)

⇐⇒ φ(a−1b) = eH − φ is a homomorphism

⇐⇒ a−1b ∈ Kerφ −Definition of Kerφ

Hence the first equivalence holds. The other two follow from 1.7.6.

(b) Suppose φ is 1-1 and let a ∈ Kerφ. Then φ(a) = eH = φ(eG) and since φ is 1-1 we get a = eG.
So Kerφ = {eG}.

Suppose Kerφ = {eG}. Let a, b ∈ G with φ(a) = φ(b). Then by (a)

a ∈ bKerφ = b{eG} = {beG} = {b}

and so a = b. Thus φ is 1-1.
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Lemma 1.9.4. Let N be a normal subgroup of G and define

π ∶ G→ G/N, a↦ aN.

Then π is an onto group homomorphism with Kerπ = N . π is called the natural homomorphism from
G to G/N .

Proof. Let a, b ∈ G. Then

π(ab) = abN
1.8.9(a)
= (aN)(bN) = π(a)φ(b),

and so φ is a homomorphism.

If T ∈ G/N , then T = aN for some a ∈ G. Thus π(a) = aN = T and φ is onto. Since eG/N = N the
following statements are equivalent for a ∈ G

a ∈ Kerφ

⇐⇒ φ(a) = eG/N − definition of Kerφ

⇐⇒ aN = N − definition of φ,1.8.11

⇐⇒ a ∈ N − 1.7.7(a)

So Kerπ = N .

Corollary 1.9.5. Let N be a subset of the group G. Then N is a normal subgroup of G if and only
if N is the kernel of a homomorphism of groups with domain G.

Proof. By 1.9.2 the kernel of a homomorphism is a normal subgroup; and by 1.9.4 any normal
subgroup is the kernel of a homomorphism.

Theorem 1.9.6 (First Isomorphism Theorem). Let φ ∶ G→H be a homomorphism of groups. Then

φ ∶ G/Kerφ→ Imφ, aKerφ↦ φ(a)

is well-defined isomorphism of groups. In particular

G/Kerφ ≅ Imφ.

Proof. Put N ∶= Kerφ and a, b ∈ G. By 1.9.3 we have

(∗) aN = bN ⇐⇒ φ(a) = φ(b).

The forward direction shows that φ is well-defined and the backward direction shows that φ is
1-1.

Let d ∈ Imφ. Then d = φ(a) for some a ∈ G and so φ(aN) = φ(a) = d. Thus φ is onto.



1.9. THE ISOMORPHISM THEOREMS 47

Let S,T ∈ G/N . The S = aN and T = bN for some a, b ∈ G. Thus

φ(ST ) = φ(gNhN)
1.8.9(a)
= φ(ghN) = φ(gh) = φ(g)φ(h) = φ(gN)φ(hN) = φ(S)φ(T )

and so φ is a homomorphism. We proved that φ is a well-defined, 1-1 and onto homomorphism, that
is φ is a well-defined isomorphism.

The First Isomorphism Theorem can be summarized in the following diagram:

G

g

Imφ

φ(g)

G/Kerφ

gKerφ

φ π

φ

≅

�
�

��	

@
@
@@R

�

�
�
�

�
�
�
�	

@
@
@
@
@
@
@R

�

Lemma 1.9.7. Let G be a group and g ∈ G. If g has finite order put n ∶= ∣g∣, otherwise put n = 0.
Consider the homomorphism

φ ∶ Z→ G, m↦ gm

from Example 1.6.4(1). Then

KerΦ = nZ and Imφ = ⟨g⟩.

In particular,

Zn ≅ ⟨g⟩

and, if g has infinite order, then
Z ≅ ⟨g⟩

Proof. By 1.6.4(1) we already know that

Imφ = {gm ∣m ∈ Z} = ⟨g⟩.

We compute
Kerφ = {m ∈ Z ∣ φ(m) = e} = {m ∈ Z ∣ gm = e}.

Suppose that φ has finite order n. By 1.5.10(4) we have gm = e if and only if n ∣m. So KerΦ = nZ.
Suppose φ has infinite order. Then gm ≠ e for all m ∈ Z+. Since g−m = (gm)−1 we conclude that

gm = e if and only if m = 0. Hence Kerφ = {0} = 0Z = nZ.

The First Isomorphism Theorem says

Z/Kerφ ≅ Imφ
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and so

Zn = Z/nZ ≅ ⟨g⟩.

If g has infinite order, then Kerφ = {0}. So by 1.9.3 φ is 1-1 and hence Z ≅ Imφ = ⟨g⟩.

Corollary 1.9.8. (a) Let G be a cyclic group of finite order n. Then G ≅ Zn.

(b) Let G be an infinite cyclic group. Then G ≅ Z.

(c) Two cyclic groups are isomorphic if and only if they have the same order.

(d) Let G be a finite group of prime order p. Then G ≅ Zp.

Proof. Let G be a cyclic group. Then by definition there exists g ∈ G with G = ⟨g⟩. Let

φ ∶ Z→ G, m↦ gm

be the homomorphism from 1.9.7.Then

Imφ = ⟨g⟩ = G.

(a) Suppose G has finite order n. Then ∣g∣ =
1.6.4(1)
= ∣⟨g⟩∣ = ∣G∣. Hence 1.9.7 shows that Zn ≅ Imφ =

G.

(b) If G has infinite order, then 1.9.7 shows Z ≅ Imφ = G.

(c) follows from (a) and (b).

(d) By 1.7.18 any group of prime order is cyclic. So (d) follows from (a).

Definition 1.9.9. (a) Let (Ai)i∈I be a family of sets, that is I is a set and for each i ∈ I, Ai is a
set. Then ⨉i∈I Ai denotes the sets of all functions

f ∶ I →⋃
i∈I
Ai, with f(i) ∈ Ai for all i ∈ I

We denote such a function by (f(i))
i∈I . The set ⨉i∈I Ai is called the direct product of the

family of sets (Ai)i∈I .

(b) Let (Ai,∗i) be a family of pairs such that ∗i is a binary operation on Ai. Define a binary
operation ∗ on ⨉i∈I Ai by

(f ∗ g)(i) = f(i) ∗i g(i) for all i ∈ I

or equivalently in tuple notation by

(ai)i∈I ∗ (bi)i∈I = (ai ∗i bi)i∈I
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This binary operation is called the direct product of the family of binary operations (∗i)i∈I and
is denoted by

⨉
i∈I
∗i.

(c) If (Ai)
n
i=1 is a finite family of sets, we write

A1 ×A2 × . . . ×An

for ⨉ni=1Ai.

Lemma 1.9.10. Let (Gi,∗i)i∈I be a family of groups. Then

(⨉
i∈I
Gi, ⨉

i∈I
∗i)

is a group with identity

(eGi)i∈I .

Moreover,

(gi)
−1
i∈I = (g−1

i )i∈I .

for all (gi)i∈I ∈ ⨉i∈I Gi.

Proof. Define G ∶= ⨉i∈U and ∗ ∶= (⨉i∈I ∗i). Let a, b, c ∈ G.

a = (ai)i∈I , b = (bi)i∈I (ci)i∈I

with ai, bi, ci ∈ Gi for all i ∈ I.

(a ∗ b) ∗ c = (ai)i∈I ∗ (bi)i∈I) ∗ (ci)i∈I

= (ai ∗i bi)i∈I ∗ (ci)i∈I

= ((ai ∗i bi) ∗i ci)i∈I
= (ai ∗i (bi ∗i ci))i∈I
= (ai)i∈I ∗ (bi ∗i ci)i∈I

= (ai)i∈I ∗ ((bi)i∈I ∗ (ci)i∈I)

= a ∗ (b ∗ c).

So ∗ is associative.

Put e ∶= (eGi)i∈I and a−1 ∶= (a−1
i )

i∈I . Then
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e ∗ a = (eGi)i∈I ∗ (ai)i∈I = (eGi ∗i ai)i∈I = (ai)i∈I = a,

a ∗ e = (ai)i∈I ∗ (eGi)i∈I = (ai ∗i eGi)i∈I = (ai)i∈I = a,

a−1 ∗ a = (a−1
i )

i∈I ∗ (ai)i∈I = (a−1
i ∗i ai)i∈I = (eGi)i∈I = e

a ∗ a−1 = (ai)i∈I ∗ (a−1
i )

i∈I = (ai ∗i a
−1
i )

i∈I = (eGi)i∈I = e

Thus e is an identity of ∗ and a−1 is an inverse of a. Hence (G,∗) is a group and the lemma is
proved.

Example 1.9.11. Let A and B be groups and define

π ∶ A ×B → B, (a, b) ↦ b.

Show that π is a homomorphism and apply the First Isomorphism Theorem to π.

π((a, b)(c, d)) = π(ac, bd) = bd = π(a, b)π(c, d),

and so π is an homomorphism.

Imπ = {π(a, b) ∣ (a, b) ∈ A ×B} = {b ∣ a ∈ A, b ∈ B} = B,

Kerπ = {(a, b) ∈ A ×B ∣ π(a, b) = eB} = {(a, b) ∈ A ×B ∣ b = eB} = {(a, eB) ∣ a ∈ A} = A × {eB}.

The First Isomorphism Theorem 1.9.6 now shows that

(A ×B)/(A × {eB}) ≅ B.

Example 1.9.12. Consider the subgroups

A ∶= ⟨(13)⟩ = {(1), (13)} and B ∶= ⟨(13), (24)⟩ = ⟨(1), (13), (24), (13)(24)⟩

of D4. Then ∣A∣ = 2, ∣B∣ = 4 and ∣D4∣ = 8. So by 1.8.3(2) we have A ⊴ B and B ⊴D4. But

((14)(23))−1 ○ (13) ○ (14)(23) = (2,4) ∉ A

and so A is not a normal subgroup of D4, see 1.8.6

Lemma 1.9.13. Let G be a group, H a subgroup of G and T ⊆H.

(a) T is a subgroup of G if and only if T is a subgroup of H.

(b) If T ⊴ G, then T ⊴H.
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(c) Let α ∶ G→ F be a homomorphism of groups. Then the restriction

αH ∶ H → F, h↦ α(h).

is a a homomorphism of groups. Moreover,

KerαH =H ∩Kerα and ImαH = α(H)

and if α is 1-1, then also αH is 1-1.

Proof. (a) Follow immediately from the Subgroup Group Proposition.

(b) Suppose T ⊴ G. Then T ≤ G and (a) shows that T ≤ H. Let h ∈ H. Then h ∈ G and since
T ⊴ G we get hT = Th. So T ⊴H.

(c) Let a, b ∈H. Then αH(ab) = α(ab) = α(a)α(b) = αH(a)αH(b) and so αH is a homomorphism.
Let g ∈ G. Then

g ∈ KerαH

⇐⇒ g ∈H and αH(h) = eF

⇐⇒ g ∈H and α(h) = eF

⇐⇒ g ∈H and g ∈ Kerα

⇐⇒ g ∈H ∩Kerα

So KerαH =H ∩Kerα. Also ImαH = {αH(h) ∣ h ∈H} = {α(h) ∣ h ∈H} = α(H).
Suppose α is 1-1. If αH(a) = αH(b), then α(a) = α(b) and so a = b. Thus αH is 1-1.

Theorem 1.9.14 (Second Isomorphism Theorem). Let G be a group, N ⊴ G and A ≤ G. Then

(a) AN is a subgroup of G.

(b) N is a normal subgroup of AN .

(c) A ∩N is a normal subgroup of A.

(d) The function
A/A ∩N → AN/N, a(A ∩N) ↦ aN

is a well-defined isomorphism.

(e) A/A ∩N ≅ AN/N .

Proof. (a) Let a ∈ A, then aN = Na ⊆ NA and so AN ⊆ NA. So by Homework 4#4 AN is a subgroup
of G.

(b) Since N ⊴ G 1.9.13(b) implies that N ⊴ AN .
(c) By 1.9.4

π ∶ G→ G/N, g ↦ gN
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is homomorphism with Kerπ = N . Hence by 1.9.13(c) the restriction

πA ∶ A→ G/N, a→ aN

is a homomorphism with

(∗) KerπA = A ∩Kerπ = A ∩N

By 1.9.2 KerπA ⊴ A, so A ∩N is a normal subgroup of A.

(d) We will apply the First Isomorphism Theorem to πA. For this we compute

ImπA ={πA(a) ∣ a ∈ A} − definition of Im

={aN ∣ a ∈ A} − definition of πA

={a(nN) ∣ n ∈ N,a ∈ A} − nN = N for all n ∈ N, see 1.7.7(b)

={(an)N) ∣ n ∈ N,a ∈ A} − 1.8.1(c)

={dN ∣ d ∈ AN} − definition of AN

=AN/N − definition of AN/N

So

(∗∗) ImπA = AN/N.

From the First Isomorphism Theorem 1.9.6 we know that

πA ∶ A/KerπA → ImπA, aKerπA → πA(a)

is a well-defined isomorphism. Thus by(∗) and (∗∗)

πA ∶ A/A ∩N → AN/N, a(A ∩N) → aN

is a well-defined isomorphism.

(e) follows from (d).

The Second Isomorphism Theorem can be summarized in the following diagram.



1.9. THE ISOMORPHISM THEOREMS 53

G

HN

�
�

�
�
�
�

@
@
@
@
@
@

@
@
@
@
@
@

hN

H N
≅

h(H ∩N)
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@
@
@
@
@

@
@
@
@
@
@
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�
�

�
�
�

H ∩N

{e}

Example 1.9.15. Let

H ∶= {f ∈ Sym(4) ∣ f(4) = 4

and note that H ≅ Sym(3).

N = {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}.

By Homework 4 N is a normal subgroup of G. By Lagrange

∣G/N ∣ =
∣G∣

∣N ∣
=

24

4
= 6.

The only element f in N with f(4) = 4 is f = (1). Thus

(∗) H ∩N = 1

Hence
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HN/N ≅H/H ∩N − Second Isomorphism Theorem

≅H/{(1)} − (∗)

≅H − First Isomorphism Theorem applied to idH ∶H →H,h↦ h

In particular ∣HN/N ∣ = ∣H ∣ = 6. Since HN/N is a subset of G/N and ∣G/N ∣ = 6 we conclude that
G/N =HN/N . Thus H ≅ G/N and so

Sym(3) ≅ Sym(4)/{(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}.

Lemma 1.9.16. Let φ ∶ G→H be a homomorphism of groups.

(a) If A ≤ G then φ(A) is a subgroup of H, where φ(A) = {φ(a) ∣ a ∈ A}.

(b) If A ⊴ G and φ is onto, then φ(A) ⊴H.

(c) If B ≤H, then φ−1(B) is a subgroup of G, where φ−1(B) ∶= {a ∈ A ∣ φ(a) ∈ A}

(d) If B ⊴H, then φ−1(B) ⊴ G.

Proof. (a) Consider the restriction φA ∶ A → H,a ↦ φ(a). By 1.9.13(c) φA is a homomorphism and
and ImφA = φ(A). By 1.6.5(c), ImφA ≤H, so φ(A) ≤H.

(b) By (a) φ(A) ≤H. Hence by 1.8.6(f) it suffices to show that φ(A) is invariant under conjuga-
tion. Let b ∈ φ(A) and h ∈ H. Then b = φ(a) for some a ∈ A and since φ is onto, h = φ(g) for some
g ∈ G. Thus

(∗) hbh−1 = φ(g)φ(a)φ(g)−1 = φ(aga−1).

Since A ⊴ G, 1.8.6(f) implies aga−1 ∈ A. So (∗) shows that hbh−1 ∈ φ(A). Thus φ(A) is invariant
under conjugation and φ(A) ⊴ G.

(c) We will use the Subgroup Proposition. Let x, y ∈ φ−1(B). Then

(∗∗) φ(x) ∈ B and φ(y) ∈ B.

In particular, since φ(xy) = φ(x)φ(y) and B is closed under multiplication we conclude that
φ(xy) ∈ B. Hence xy ∈ φ−1(B) and φ−1(B) is closed under multiplication.

By 1.6.5(a) φ(eG) = eH and by the Subgroup Proposition, eH ∈ H. Thus φ(eG) ∈ H and
eG ∈ φ−1(B).

By 1.6.5(b) φ(x−1) = φ(x)−1. As φ(x) ∈ B and B is closed under inverses we get φ(x)−1 ∈ B.
Thus φ(x−1) ∈ B and x−1 ∈ φ−1(B). Hence φ−1(B) is closed under inverses.

We verified the three conditions of the Subgroup Proposition and so φ−1(B) ≤ G.
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(d) By (c), φ−1(B) ≤ G. Let x ∈ φ−1(B) and g ∈ G. Then

(∗ ∗ ∗) φ(gxg−1) = φ(g)φ(x)φ(g)−1.

As B ⊴ H we know that B is invariant under conjugation in H. Since φ(x) ∈ B we get
φ(g)φ(x)φ(g)−1 ∈ B. Hence (∗ ∗ ∗) gives gxg−1 ∈ φ−1(B). Thus φ−1(B) is invariant under con-
jugation and so 1.8.6(f) shows that φ−1(B) ⊴ G.

Theorem 1.9.17 (Correspondence Theorem). Let N be a normal subgroup of the group G. Put

S(G,N) = {H ∣ N ≤H ≤ G} and S(G/N) = {F ∣ F ≤ G/N}.

Let

π ∶ G→ G/N, g ↦ gN

be the natural homomorphism.

(a) Let N ≤K ≤ G. Then π(K) =K/N .

(b) Let F ⊆ G/N . Then π−1(F ) = ⋃T ∈F T .

(c) Let N ≤K ≤ G and g ∈ G. Then g ∈K if and only if gN ∈K/N .

(d) The function

β ∶ S(G,N) → S(G/N), K →K/N

is a well-defined bijection with inverse

α ∶ S(G/N) → S(G,N), F → π−1(F ).

In other words:

(a) If N ≤K ≤ G, then K/N is a subgroup of G/N .

(b) For each subgroup F of G/N there exists a unique subgroup K of G with N ≤ K and
F =K/N . Moreover, K = π−1(F ).

(e) Let N ≤K ≤ G. Then K ⊴ G if and only if K/N ⊴ G/N .

(f) Let N ≤H ≤ G and N ≤K ≤ G. Then H ⊆K if and only if H/N ⊆K/N .

(g) (Third Isomorphism Theorem) Let N ≤H ⊴ G. Then the function

ρ ∶ G/H → (G/N)/(H/N), gH → (gN) ∗G/N (H/N)

is a well-defined isomorphism.



56 CHAPTER 1. GROUPS

Proof. (a) π(K) = {π(k) ∣ k ∈K} = {kN ∣ k ∈ N} =K/N .

(b) Let g ∈ G. Then

g ∈ π−1(F )

⇐⇒ π(g) ∈ F − definition of π−1(F )

⇐⇒ gN ∈ F − definition of π

⇐⇒ gN = T for some T ∈ F

⇐⇒ g ∈ T for some T ∈ F − T ∈ G/N,1.7.7(a)

⇐⇒ g ∈ ⋃T ∈F T − definition of union

(c) If g ∈ K, then clearly gN ∈ K/N . If gN ∈ K/N then gN = kN for some k ∈ K and so
g ∈ gN = kN ⊆K. Thus g ∈K if and only if gN ∈K/N .

(d) Let N ≤ H ≤ G and F ≤ G/N . We will first show that β and α are well-defined, that is
H/N ≤ G/N and N ≤ π−1(F ) ≤ G.

By (a) H/N = π(H) and so by 1.9.16(a) H/N ≤ G/N .

By 1.9.16(a) π−1(F ) ≤ G. Also if n ∈ N , then π(n) = nN = N = eG/N ∈ F and so n ∈ π−1(N).
Thus N ≤ π−1(N).

So β and α are well-defined. We compute

α(β(H)) = π−1(H/N) = {g ∈ G ∣ π(g) ∈H/N}

= {g ∈ G ∣ gN ∈H/N}
(e)
= {g ∈ G ∣ g ∈H} = H

Since π onto, A.2.5 implies π(π−1(F )) = F and so β(α(F )) = F . Hence α is an inverse of β and
by A.2.6(c), β is a bijection.

(e) Suppose that K ⊴ N . Then since π is onto, 1.9.16(b) implies K/N = π(K) ⊴ N . Suppose that
K/N ⊴ G/N . By (f) π−1(K/N) =K and so by 1.9.16(d) K ⊴ N .

(f) We have

H ⊆K

⇐⇒ h ∈K for all h ∈H − definition of ⊆

⇐⇒ hN ∈K/N for all h ∈H − (c)

⇐⇒ T ∈K/N for all T ∈H/N −H/N = {hN ∣ h ∈H}

⇐⇒ H/N ⊆K/N − definition of ⊆

(g) Let

η ∶ G/N → G/N/H/N, T → T ∗G/N (H/N)

be the natural homomorphism. Consider the composition:
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η ○ π ∶ G→ G/N/H/N, g → (gN) ∗G/N(H/N).

Since η and π are homomorphism, also η ○ π is homomorphism (see Homework 3). Since both η
and π are onto, η ○ π is onto (see A.2.3 b). So

(1) Imη ○ π = G/N/H/N.

We now compute Ker(η ○ π):

g ∈ Ker(η ○ π)

⇐⇒ (η ○ π)(g) = e
(G/N)/(H/N)

− Definition of Ker(η ○ π)

⇐⇒ η(π(g)) = e
(G/N)/(H/N)

− Definition of ○

⇐⇒ π(g) ∈ Kerη − Definition of Kerη

⇐⇒ π(g) ∈H/N − 1.9.4

⇐⇒ gN ∈H/N − Definition of π

⇐⇒ g ∈H − (c)

Thus

(2) Ker(η ○ π) =H.

By the First Isomorphism Theorem 1.9.6

ρ ∶ G/Ker(η ○ π) → Im(η ○ π), gKer(η ○ π) → (η ○ π)(g)

is a well defined isomorphism. Thus by (1) and (2)

ρ ∶ G/H → (G/N)/(H/N), gH → (gN) ∗ (H/N).

is a well-defined isomorphism.

Lemma 1.9.18. Consider the infinite cyclic group (Z,+) and observe that the k’th power of n in
(Z,+) is nk.

(a) Let n ∈ Z. Then ⟨n⟩ = {nk ∣ k ∈ Z} = nZ.

(b) Let m ∈ Z with m ≠ 0. Then Z→mZ, k ↦mk is an isomorphism of groups.
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(c) Let H ≤ Z. Then H =mZ for a unique m ∈ N.

(d) Let n,m ∈ Z. Then nZ ≤mZ if and only if m∣n in Z.

Proof. (a) follows from 1.5.10(4).

(b): By (a) nZ is an infinite cyclic group with generator n. Hence (a) follows from 1.9.7

(c) Note that 0 = eZ ∈ H. If H = {0}, then H = 0Z and (b) holds. So suppose H ≠ {0}. Then
there exists 0 ≠ i ∈ H. Since H is closed under inverse, −i ∈ H and so H contains a positive integer.
Let m be the smallest positive integer contained in H. Then mZ = ⟨m⟩ ≤ H. Let h ∈ H. Then
h = qm + r for some q, r ∈ Z with 0 ≤ r < n. Then r = h − qn ∈ H. Since m is the smallest positive
integer contained in H, r is not positive. Thus r = 0 and h = qm ∈ mZ. So H = mZ. Thus (c) is
proved.

(d) By (a) nZ is the smallest subgroup of Z containing n. Thus nZ ⊆ Z if and only if n ∈mZ and
so if and only of n =mk for some k ∈ Z.

Lemma 1.9.19. Let n be a positive integer and consider the cyclic group (Zn,+) of order n. Let
F ≤ (Zn,+).

(a) F = Zm/Zn for a unique m ∈ Z+ with m∣n.

(b) F = ⟨m +Zn⟩

(c) Zn/F ≅ Zm.

(d) F ≅ Z n
m

.

Proof. (a) By the Correspondence Theorem F = H/nZ for some subgroup H of Z with nZ ≤ H. By
1.9.18(b) we have H = mZ for a unique m ∈ N. Since nZ ≤ H = mZ we get m ≠ 0 and m ∣ n, see
1.9.18(c). Thus (a) holds.

(b) Follows from mZ = ⟨m⟩ and (a).

(c) By the Third Isomorphism Theorem

Zn/F = Z/nZ/mZ/nZ ≅ Z/mZ = Zm.

(d) From (c) we get ∣Z/nZ/mZ/nZ∣ = ∣Z/mZ∣ = m. Note also that ∣Z/nZ∣ = n. By Lagrange

Theorem applied to the subgroup mZ/nZ of Z/nZ,

∣Z/nZ∣ = ∣Z/nZ/mZ/nZ∣ ⋅ ∣mZ/nZ∣

Thus

n =m ⋅ ∣mZ/nZ∣,
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and so
∣mZ/nZ∣ =

n

m
.

By (b) H is cyclic and so by 1.9.7

mZ/nZ ≅ Z n
m
.

Example 1.9.20. Determine all subgroups and the corresponding quotients of Z12.
The divisors of 12 are 1,2,3,4,6, and 12 and so the subgroups are Z12 are

1Z/12Z ≅ Z12, 2Z/12Z ≅ Z6, 3Z/12Z ≅ Z4 4Z/12Z ≅ Z3, 6Z/12Z ≅ Z2, 12Z/12Z ≅ Z1

The corresponding quotient groups are isomorphic to

Z1, Z2, Z3, Z4, Z6, Z12

Example 1.9.21. Find all subgroups of Sym(3). Which ones are normal?
Let K ≤ Sym(3). Then by Lagrange theorem ∣K ∣∣∣Sym(3)∣ = 6 and so ∣K ∣ = 1,2,3 or 6. If ∣K ∣ = 1

the K = {(1)}.
If ∣K ∣ = 2, then by 1.7.18 K is cyclic and so by 1.7.16(a), K = ⟨g⟩ for some g ∈ K. The elements

of order 2 in Sym(3) are (1,2), (1,3) and (2,3) . So K is one ⟨(1,2)⟩, ⟨(1,3)⟩ and ⟨(2,3)⟩.
Similarly if ∣K ∣ = 3 we see K = ⟨g⟩ for some g ∈ K with ∣g∣ = 3. The elements of order three

in Sym(3) are (1,2,3) and (1,3,2). Also ⟨(1,2,3)⟩ = {1, (1,2,3), (1,3,2)} = ⟨(1,3,2)⟩ and so K =

⟨(1,2,3)⟩.
If ∣K ∣ = 6 then K = Sym(3). So the subgroups of Sym(3) are

(∗) {1}, ⟨(1,2)⟩, ⟨(1,3)⟩, ⟨(2,3)⟩, ⟨(1,2,3)⟩, Sym(3).

By Example 1.8.3, ⟨(1,2)⟩ is not normal in Sym(3), while ⟨(1,2,3)⟩ is normal. Similarly neither
⟨(1,3)⟩ nor ⟨(2,3)⟩ is normal in Sym(3). Thus the normal subgroups of Sym(3) are

(∗∗) {(1)}, Alt(3) ∶= ⟨(1,2,3)⟩, Sym(3).

Example 1.9.22. Let N = ⟨(1,2)(3,4), (1,3)(2,4)⟩ ≤ Sym(4). Find all subgroups of Sym(4) con-
taining N . Which ones are normal?

Put
H ∶= {f ∈ Sym(4) ∣ f(4) = 4} ≅ Sym(3)

By Example 1.9.15 N ⊴ Sym(4) and

Sym(4)/N =HN/N H/H ∩N =H/{(1)} H

hN h(H ∩N) = h{(1)} = {h} h

≅ ≅
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Thus

φ ∶ H → Sym(4)/N, h↦ hN.

is an isomorphism. So we can obtain the subgroups of G/N by computing φ(K) for each subgroups
K of H:

φ({1)}) = {(1)N}

= {{(1, (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}}

φ(⟨(1,2)⟩) = {(1)N, (1,2)N}

= {{(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)},

{(1,2), (3,4), (1,3,2,4), (1,4,2,3)}}

φ(⟨(1,3)⟩) = {(1)N, (1,3)N}

= {{(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)},

{(1,3), (1,2,3,4), (2,4), (1,4,3,2)}}

φ(⟨(2,3)⟩) = {(1)N, (2,3)N}

= {{(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)},

{(2,3), (1,3,4,2), (1,2,4,3)), (1,4))}}

φ(⟨(1,2,3)⟩) = {(1)N, (1,2,3), (1,3,2)N}

= {{(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)},

{(1,2,3), (1,3,4), (2,4,3), (1,4,2)},

{(1,3,2), (2,3,4), (1,2,4), (1,4,3)}}

φ(H) = Sym(4)/N

By the Correspondence Theorem 1.9.17 the function

S(Sym(4)/N) → S(Sym(4),N), F → π−1(F )

is a bijection and

π−1(F ) = ⋃
T ∈F

T
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So taking the unions of the above sets of cosets gives us the subgroups of Sym(4) containing N :

N = {(1, (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}

X1 = {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3), (1,2), (3,4), (1,3,2,4), (1,4,2,3)}

D4 = {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3), (1,3), (1,2,3,4), (2,4), (1,4,3,2)}

X2 = {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3), (2,3), (1,3,4,2), (1,2,4,3)), (1,4))

Alt(4) ∶= {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3), (1,2,3), (1,3,4),

(2,4,3), (1,4,2)(1,3,2), (2,3,4), (1,2,4), (1,4,3)}

Sym(4)

By the 1.9.17 F ⊴ Sym(4)/N if and only if π−1(F ) ⊴ Sym(4). So the normal subgroups of Sym(4)
containing N are

N, Alt(4), Sym(4).
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Chapter 2

Group Actions and Sylow’s Theorem

2.1 Group Action

Definition 2.1.1. Let (G,∗) be group and I a set. An action of G on I is a function

◇ ∶ G × I → I (g, i) ↦ g ◇ i

such that

(act:i) e ◇ i = i for all i ∈ I.

(act:ii) g ◇ (h ◇ i) = (g ∗ h) ◇ i for all g, h ∈ G, i ∈ I.

The pair (I,◇) is called a G-set. We also say that G acts on I via ◇. Abusing notations we often
just say that I is a G-set. Also we often just write gi for g ◇ i.

Example 2.1.2. (1) Let (G,∗) be a group. We claim that

∗ ∶ G ×G→ G, (a, g) ↦ a ∗ g

is an action of G on G.

Indeed, since e is an identity for ∗, we have e ∗ g = g for all g ∈ G and so (act:i) holds. Since
∗ is associative, a ∗ (b ∗ g) = (a ∗ b) ∗ g for all a, b, g ∈ G. So also (act ii) holds. This action is
called the action of G on G by left-multiplication.

(2) Let I be a set. We claim that

◇ ∶ Sym(I) × I → I, (f, i) ↦ f(i)

is an action of Sym(I) on I. Indeed, idI ◇ i = idI(i) = i and so (act:i) holds. Moreover,

f ◇ (g ◇ i) = f(g(i)) = (f ○ g)(i)

for all f, g ∈ Sym(I) and i ∈ I and so (act:ii) holds.

63
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(3) Let F be a field. Recall that GL2(F) is the group of invertible 2 × 2 matrices with coefficients
in F. We claim that

◇ ∶ GL2(F) × F2 → F2

(A,v) ↦ Av

⎛
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

a b

c d

⎤
⎥
⎥
⎥
⎥
⎥
⎦

,
⎛
⎜
⎝

x

y

⎞
⎟
⎠

⎞
⎟
⎠
↦

⎛
⎜
⎝

ax + by

cx + dy

⎞
⎟
⎠

is an action of GL2(F) on F2. Recall that the identity element in GL2(F) is the identity matrix
⎡
⎢
⎢
⎢
⎢
⎢
⎣

1F 0F

0F 1F

⎤
⎥
⎥
⎥
⎥
⎥
⎦

. Since

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1F 0F

0F 1F

⎤
⎥
⎥
⎥
⎥
⎥
⎦

⎛
⎜
⎝

x

y

⎞
⎟
⎠
=
⎛
⎜
⎝

1Fx + 0Fy

0Fx + 1Fy

⎞
⎟
⎠
=
⎛
⎜
⎝

x + 0F

0F + y

⎞
⎟
⎠
=
⎛
⎜
⎝

x

y

⎞
⎟
⎠

we conclude that (act:i) holds. Since matrix multiplication is associative, A(Bv) = (AB)v for
all A,B ∈ GL2(F) and v ∈ F2. Hence (act:ii) holds.

The next lemma shows that an action of G on I is basically the same as an homomorphism from
G to Sym(I).

Lemma 2.1.3. Let G be a group and I a set.

(a) Let ◇ be an action of G on I. For a ∈ G define

fa ∶ I → I, i↦ a ◇ i.

Then fa ∈ Sym(I) and the function

Φ◇ ∶ G→ Sym(I), a↦ fa

is a homomorphism with Φ◇(a)(i) = a◇i for all a ∈ G and i ∈ I. Φ◇ is called the homomorphism
associated to the action of G on I.

(b) Let Φ ∶ G→ Sym(I) be a homomorphisms of groups. Define

◇Φ ∶ G × I → I, (g, i) ↦ Φ(g)(i).

Then ◇Φ is an action of G on I, called the action of G on I associated to Φ.

(c) Let ◇ be an action of G on I. Then ◇Φ◇
= ◇.

(d) Φ ∶ G→ Sym(I) be a homomorphisms of groups. Then Φ◇Φ
= Φ.
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Proof. Let a, b ∈ G and i ∈ I.
(a) Since fe(i) = e ◇ i = i we have

(∗) fe = idI .

Note that
fab(i) = (ab) ◇ i = a ◇ (b ◇ i) = fa(fb(i)) = (fa ○ fb)(i)

and so

(∗∗) fab = fa ○ fb.

From (∗∗) applied to b = a−1 we have

fa ○ fa−1
(2)
= faa−1 = fe

(∗)
= idI .

and similarly fa−1 ○ fa = idI . So by A.2.6(c), fa is a bijection. Thus fa ∈ Sym(I).
Write Φ for Φ◇. Then

Φ(ab) = fab
(∗∗)
= fa ○ fb = Φ(a) ○Φ(b)

and so Φ is a homomorphism. Also Φ(a)(i) = fa(i) = a ◇ i and so (a) holds.

(b) We will write ◇ for ◇Φ. By 1.6.5(a), Φ(e) = eSym(I) = idI . Thus

e ◇ i = Φ(e)(i) = idI(i) = i

and (act:i) holds.
Also

(ab) ◇ i = Φ(ab)(i)
Φ hom
= (Φ(a) ○Φ(b)(i) = Φ(a)(Φ(b)(i)) = a ◇ (b ◇ i),

and (act:ii) holds. Thus ◇ is an action for G on I.

(c) Let g ∈ G and i ∈ I. Then

g ◇Φ◇
i = Φ◇(g)(i) = g ◇ i.

So ◇Φ◇
= ◇

(d) Let g ∈ G and i ∈ I. Then

Φ◇Φ
(g)(i) = g ◇Φ i = Φ(g)(i)

Since this holds for all i ∈ I we have Φ◇Φ
(g) = Φ(g). So Φ◇Φ

= Φ.

Example 2.1.4. (1) We will compute the homomorphism Φ associated the action of a group G
on itself by left-multiplication (see Example 2.1.2(1)). For this let a ∈ G. Then for each g ∈ G,
fa(g) = ag and Φ(a) = fa. So Φ is the homomorphism used in the proof of Cayley’s Theorem
1.6.7.
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(2) We will compute the homomorphism Φ associated to the action of a Sym(I) on I (see Example
2.1.2(2)). Let a ∈ Sym(i). Then for all i ∈ I,

fa(i) = a ◇ i = a(i).

So fa = a and thus Φ(a) = a. Hence Φ = idSym(I).

Lemma 2.1.5. Let G be a group and H a subgroups of G. Define

◇G/H ∶ G ×G/H → G/H, (g, T ) → gT

Then ◇G/H is well-defined action of G on G/H. This action is called the action of G on G/H by left
multiplication.

Proof. Let a ∈ G and T ∈ G/H. Then T = tH for some t ∈ G. We have

aT = a(tH) = (at)H ∈ G/H,

so ◇G/H is well defined. By 1.8.1(c) eT = T and hence (act:i) holds.
Let a, b ∈ G. Then (ab)T = a(bT ) by 1.8.1(a) and so also (act:ii) holds.

Example 2.1.6. Let G = Sym(4) and H =D4. We will investigate the action of G on G/D4 by left
multiplication. Recall first that

D4 = {(1), (1,2,3,4), (1,3)(2,4), (1,4,2,3), (1,3), (2,4), (1,2)(3,4), (1,4)(2,3)}

Put

a ∶=D4, b ∶= (1,2)D4, and c ∶= (2,3)D4.

Since (1,2) ∉D4, a ≠ b. Since (2,3) ∉D4, a ≠ c and since (1,2)−1 ○(2,3) = (1,2)○(2,3) = (1,2,3) ∉

D4, b ≠ c. By Lagrange’s Theorem ∣G/D4∣ =
∣G∣
∣D4∣ =

24
8 = 3. Hence

G/D4 = {a, b, c}.

We now compute how (1,2), (2,3) and (3,4) act on G/D4. We start with (1,2):

(1.1) (1,2)a = (1,2)D4 = b,

(1.2) (1,2)b = (1,2)(1,2)D4 =D4 = a,

and
(1,2)c = (1,2)(2,3)D4 = (1,2,3)D4.

Is (1,2,3)D4 equal to a, b or c? Since the function f(1,2) ∶ G/D4 → G/D4, T ↦ (1,2)T is a bijection
we must have
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(1.3) (1,2)c = c.

So (1,2,3)D4 = (2,3)D4. This can also be verified directly: (2,3)−1 ○ (1,2,3) = (1,3) ∈D4 and so
(2,3)D4 = (1,2,3)D4.

Let Φ be the homomorphism from G to Sym(G/D4) associated to the action of G on G/D4 =

{a, b, c}. From (1.1),(1.2) and (1.3):

(1) Φ((1,2)) = f(1,2) = (a, b).

Next we consider (2,3):

(2.1) (2,3)a = (2,3)D4 = c,

(2.2) (2,3)c = (2,3)(2,3)D4 =D4 = a,

and since f(2,3) is a bijection

(2.3) (2,3)b = b.

From (2.1),(2.2) and (2,3)

(2) Φ((2,3)) = f(2,3) = (a, c).

(3.1) (3,4)b = (3,4)(1,2) ○D4 =D4 = a

(3.2) (3,4)a = (3,4)(3,4)b = b

and since f(3,4) is a bijection,

(3.3) (3,4)c = c.

From (3.1),(3.2) and (3.3):

(3) Φ((3,4)) = f(3,4) = (a, b).

What is Im Φ? We will compute Φ(g) for a few elements g ∈ Sym(4).
Since (1,2)(2,3) = (1,2,3) and Φ is a homomorphism, we have
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(4) Φ((1,2,3)) = Φ((1,2))Φ((2,3)) = (a, b) ○ (a, c) = (a, b, c),

and

(5) Φ((1,3,2)) = Φ ((1,2,3)−1) = Φ(((1,2,3))
−1

= (a, b, c)−1 = (a, c, b).

Clearly

(6) Φ((1)) = (a).

From (1)-(6), Φ is onto and so the First Isomorphism Theorem shows that

G/KerΦ = Im Φ = Sym({a, b, c}) ≅ Sym(3).

In particular, ∣G/KerΦ∣ = ∣Sym(3)∣ = 6. By Lagrange’s ∣G/KerΦ∣ =
∣G∣

∣KerΦ∣ =
24

∣KerΦ∣ and so ∣KerΦ∣ = 4.

What is Kerφ ? Note that Φ(1,2) = (a, b) = Φ(3,4) and so

(1,2)(3,4) = (1,2)−1 ○ (3,4) ∈ KerΦ

Since KerΦ is a normal subgroup of G, all conjugates of (1,2)(3,4) are in KerΦ. Hence all
elements of cycle type (2,2) are in KerΦ, so

N ∶= {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)} ⊆ KerΦ.

Since ∣N ∣ = 4 = ∣KerΦ∣ this gives N = KerΦ. In particular, N ⊴ G and

Sym(4)/N = Sym(4)/KerΦ = Sym({a, b, c}) ≅ Sym(3).

Of course we already proved this once before in Example 1.9.15.

Lemma 2.1.7 (Cancellation Law for Action). Let G be a group acting on the set I, a ∈ G and
i, j ∈ I. Then

(a) a−1(ai) = i.

(b) i = j ⇐⇒ ai = aj.

(c) j = ai ⇐⇒ i = a−1j.

Proof. (a) a−1(ai)
act ii
= (a−1a)i

Def a−1

= ei
act i
= i.

(b) Clearly if i = j, then ai = aj. Suppose ai = aj. Then then a−1(ai) = a−1(aj) and so by (a),
i = j.
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(c)

j = ai

⇐⇒ a−1j = a−1(ai) − (b)

⇐⇒ a−1j = i − (a)

Definition 2.1.8. Let G be a group and (I,◇) a G-set.

(a) The relation ≡◇ (modG) on I is defined by i ≡◇ j (modG) if there exists g ∈ G with gi = j.

(b) G ◇ i∶= {g ◇ i ∣ g ∈ G}. G ◇ i is called the orbit of G on I (with respect to ◇) containing i. We
often write Gi for G ◇ i.

Example 2.1.9. (1) Let G be a group and H a subgroup of G. Then H acts on G by left
multiplication. Let g ∈ G. Then

H ◇ g = {h ◇ g ∣ h ∈H} = {hg ∣ h ∈H} =Hg

So the orbits of H on G with respect to left multiplication are the right cosets of H.

(2) Let I be a set and let ◇ be the natural action of Sym(I) on I, see Example 2.1.2(2). Let i ∈ I

Sym(I) ◇ i = {f ◇ i ∣ f ∈ Sym(I)} = {f(i) ∣ f ∈ Sym(I)}.

Let j ∈ I, then there exists f ∈ Sym(I) with f(i) = j, for example f = (i, j). So j ∈ Sym(I) ◇ i
and thus Sym(I) ◇ i = I. Hence I is the only orbit of Sym(I) on I.

(3) Let N = {(1), (1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}. By Homework 4 N is a normal subgroup of
G. Hence by Homework 6,

◇ ∶ Sym(4) ×N → N, (g, n) → gng−1

is an action of Sym(4) on N . Let n ∈ N , then

Sym(4) ◇ n = {g ◇ n ∣ g ∈ Sym(4)} = {gng−1 ∣ Sym(4)}.

Thus Sym(4) ◇ n consists of all conjugates of n under Sym(4), that is all the elements of the
same cycle type as n. Thus

Sym(4) ◇ e = {e}.

and

Sym(4) ◇ (1,2)(3,4) = {(1,2)(3,4), (1,3)(2,4), (1,4)(2,3)}.
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Lemma 2.1.10. Let ◇ be an action of the group G on the set I.

(a) ‘≡◇ (modG) ’ an equivalence relation on I.

(b) Let i ∈ I and let [i]◇ the equivalence class of ‘≡◇ (modG)’ containing i. Then [i]◇ = G ◇ i.

Proof. Let i, j, k ∈ I. From ei = i we conclude that i ≡ i (modG). So ‘≡ (modG)’ is reflexive.
Suppose i ≡ j (modG). Then j = gi for some g ∈ G. Hence 2.1.7(c) shows that g−1j = i. Thus

j ≡ i (modG), so ‘≡ (modG)’ is symmetric.
Suppose i ≡ j (modG) and j ≡ k (modG). Then j = gi and k = hj for some g, h ∈ G. Thus

(hg)i = h(gi) = hj = k,

and so i ≡ k (modG). Thus ‘≡ (modG)’ is transitive . It follows that ′ ≡ (modG)′ is an equivalence
relation.

[i]◇ = {j ∈ I ∣ i ≡ j (modG)} = {j ∈ I ∣ j = gi for some g ∈ G} = {gi ∣ g ∈ G} = Gi

Proposition 2.1.11. Let G be a group acting on the set I and i, j ∈ I. Then following are equivalent.

(a) j = gi for some g ∈ G.

(b) i ≡ j (modG)

(c) j ∈ Gi.

(d) Gi ∩Gj ≠ ∅

(e) Gi = Gj

(f) i ∈ Gj.

(g) j ≡ i (modG).

(h) i = hj for some h ∈ G

In particular, I is the disjoint union of the orbits for G on I.

Proof. By definition of i ≡ j (modG), (a) and (b) are equivalent, and also (g) and (h) are equivalent.
By 2.1.10, Gi is the equivalence class of ≡ (modG) containing i. So by A.1.3 (b)-(h) are equivalent.

Definition 2.1.12. Let G be a group acting on the set I. We say that G acts transitively on I if
for all i, j ∈ I there exists g ∈ G with gi = j.

Corollary 2.1.13. Let G be group acting on the non-empty set I. Then the following statements
are equivalent

(a) G acts transitively on I.

(b) I = Gi for all i ∈ I.

(c) I = Gi for some i ∈ I.

(d) I is an orbit of G on I.
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(e) G has exactly one orbit on I.

(f) Gi = Gj for all i, j ∈ G.

(g) i ≡ j (modG) for all i, j ∈ G.

Proof. (a) Ô⇒ (b): Suppose G acts transitively on I and let i, j ∈ I. Then j = gi for some g ∈ G.
Thus j ∈ Gi and so Gi = I.

(b) Ô⇒ (c): Suppose Gi = I for all i ∈ I. Since I is not empty, there exists i ∈ I. Then I = Gi
and (c) holds.

(c) Ô⇒ (d): Suppose I = Gi for some i ∈ I. By definition, Gi is an orbit of G on I and so (d)
holds.

(d) Ô⇒ (e): Suppose I is an orbit of G on I. Let O be any orbit of G on I. Then both O and
I are orbits for G on I and O ∩ I = O ≠ ∅. Thus 2.1.11 shows that O = I. Thus I is the only orbit
for G on I and (e) holds.

(e) Ô⇒ (f): Suppose G has exactly one orbit, say O, on I and let i, j ∈ I. Both Gi and Gj are
orbits for G on I and Gi = O = Gj.

(f) Ô⇒ (g): Suppose Gi = Gj for all i, j ∈ I. Let i, j ∈ I. Then Gi = Gj and so by 2.1.11
i ≡ j (modG).

(g) Ô⇒ (a): Suppose i ≡ j (modG) for all i, j ∈ I. Let i, j ∈ I. . Then i ≡ j (modG) and so
j = gi for some g ∈ G. Hence G acts transitively on I.

Definition 2.1.14. (a) Let G be a group and (I,◇) and (J, ◻) be G-sets. A function f ∶ I → J is
called G-homomorphism if

f(a ◇ i) = a ◻ f(i)

for all a ∈ G and i. A G-isomorphism is a bijective G-homomorphism. We say that I and J
are isomorphic G-sets and write

I ≅G J

if there exists a G-isomorphism from I to J .

(b) Let I be a G set and J ⊆ I. Then

Stab◇G(J) = {g ∈ G ∣ gj = j for all j ∈ J}

and for i ∈ I

Stab◇G(i) = {g ∈ G ∣ gi = i}

Stab◇G(i) is called the stabilizer of i in G with respect to ◇.
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Example 2.1.15. (1) Recall that by 2.1.2(2), Sym(n) acts on {1,2,3, . . . , n} via f ◇ i = f(i). We
have

Stab◇Sym(3)(1)} = {f ∈ Sym(3) ∣ f(1) = 1} = {(1), (2,3)}

and

Stab◇Sym(5)({2,3}) = {f ∈ Sym(5) ∣ f(2) = 2 and f(3) = 3} ≅ Sym({1,4,5}) ≅ Sym(3).

(2) Consider the action

◇ ∶ G ×G→ G, (g, h) ↦ ghg−1

if G on G by conjugation. Then

Stab◇G(h) = {g ∈ G ∣ g ◇ h = h} = {g ∈ G ∣ ghg−1 = h} = {g ∈ G ∣ gh = hg} = CG(h)

Theorem 2.1.16 (Isomorphism Theorem for G-sets). Let G be a group and (I,◇) a G-set. Let i ∈ I
and put H = StabG(i). Then

φ ∶ G/H → Gi, aH ↦ ai

is a well-defined G-isomorphism

In particular

G/H ≅G Gi, ∣Gi∣ = ∣G/StabG(i)∣ and ∣Gi∣ divides ∣G∣

Proof. Let a, b in G. Then

ai = bi

⇐⇒ a−1(ai) = a−1(bi) − 2.1.7(c)

⇐⇒ i = (a−1b)i − 2.1.7(a), (act ii)

⇐⇒ a−1b ∈H − H = Stab(i), Definition of Stab

⇐⇒ aH = bH − 1.7.6(c), (g)

So ai = bi if and only if aH = bH. The backward direction of this statement means that φ is
well defined, and the forward direction that φ is 1-1. Let j ∈ Gi. Then j = gi for some g ∈ G and so
φ(gH) = gi = j. Thus φ is onto. Since

φ(a(bH) = φ((ab)H) = (ab)i = a(bi) = aφ(bH)

φ is a G-homomorphism.

Corollary 2.1.17. Let G be a group.
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(a) Let H ≤ G. Then the action

G ×G/H →H/H (g, T ) → gT

of G on G/H is transitive.

(b) Suppose G acts transitively on the non-empty set I. Let i ∈ I and put H = StabG(i). Then
G/H and I are isomorphic G-sets.

Proof. (a) Let T ∈ G/H. Then T = gH = g ◇H for some g ∈ G. Thus G ◇H = G/H and 2.1.13 shows
that G acts transtively on G/H.

(b) By 2.1.16 G/H and Gi are isomorphic G-sets. Since G acts transitively, we know that I = Gi,
see 2.1.13. Thus G/H ≅H I.

Example 2.1.18. By 2.1.9(2), Sym(n) acts transitively on {1,2, . . . , n}. Thus Sym(n) ◇ n =

{1,2, . . . n}. Set H ∶= Stab◇Sym(n)(n). Then

(∗) H = {f ∈ Sym(n) ∣ f(n) = n} ≅ Sym(n − 1).

Then by 2.1.16

(∗∗) Sym(n)/H ≅ {1,2,3 . . . , n} as Sym(n)-sets .

Thus
∣Sym(n)∣

∣Sym(n − 1)∣

(∗)
=

∣Sym(n)∣

∣H ∣

(∗∗)
= ∣{1,2,3 . . . , n}∣ = n,

so
∣Sym(n)∣ = n ⋅ ∣Sym(n − 1)∣

Since ∣Sym(1)∣ = 1 = 1!, induction on n shows that ∣Sym(n)∣ = n!.

Theorem 2.1.19 (Orbit Equation). Let G be a group acting on a finite set I. Let Ik,1 ≤ k ≤ n be
the distinct orbits of G on I. For each 1 ≤ k ≤ n let ik be an element of Ik. Then

∣I ∣ =
n

∑
i=1

∣Ik∣ =
n

∑
i=1

∣G/StabG(ik)∣.

Proof. By 2.1.11 I is the disjoint union of the Ik’s. Hence

(∗) ∣I ∣ =
n

∑
k=1

∣Ik∣.

By 2.1.11 Ik = Gik and so 2.1.16 implies

(∗∗) ∣Ik∣ = ∣Gi∣ = ∣G/StabG(ik)∣ for all 1 ≤ k ≤ n.

Substituting (∗∗) into (∗) gives the theorem.
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Example 2.1.20. Define

H ∶= { f ∈ Sym(5) ∣ f({1,2}) = {1,2} }.

For example (1,2), (3,4), and (1,2)(3,5,4) are elements of H, but (1,3)(2,5) is not.

Let f ∈ H. Then f({1,2}) = {1,2} and since f is a bijection we conclude that f({3,4,5}) =

{3,4,5}. Hence the function

H → Sym({1,2}) × Sym({3,4,5}), f ↦ ( f ∣{1,2} , f ∣{3,4,5} )

is an isomorphism. In particular, H ≅ Sym(2) × Sym(3) and ∣H ∣ = 2 ⋅ 6 = 12.

What are the orbits of H on {1,2,3,4,5} with respect to the action

◇ ∶ H × {1,2,3,4,5} → {1,2,3,4,5}, (f, i) ↦ f(i)

Let f ∈ H. Then f(1) is 1 or 2. So H ◇ 1 = {1,2}. f(3) can be 3,4 or 5 and so H ◇ 3 = {3,4,5}.
So the orbits are

{1,2} and {3,4,5}.

Next we compute the stabilizers of 1 and 3 in H.

Note that f ∈ StabH(1) if and only if f(1) = 1. Since f({1,2}) = {1,2}, we see that f(1) = 1
implies f(2) = 2, but f ∣{3,4,5} is still an arbitrary element of Sym({3,4,5}). It follows that

StabH(1) ≅ Sym({3,4,5}) ≅ Sym(3).

In particular, ∣StabH(1)∣ = 3! = 6.

Also f ∈ StabH(3) if and only if f(3) = 3. Since f({3,4,5}) = {3,4,5}, we see that f(3) = 3

implies that f({4,5}) = {4,5}, thus

StabH(3) ≅ Sym({1,2}) × Sym({4,5}) ≅ Sym(2) × Sym(2).

In particular, ∣StabH(3)∣ = 2! ⋅ 2! = 4.

The Orbit Equation 2.1.19 implies that

∣H/StabH(1)∣ + ∣H/StabH(3)∣ = ∣{1,2,3,4,5}∣.

As seen above ∣H ∣ = 12, ∣StabH(1)∣ = 6 and ∣H/StabH(3)∣ = 4. So using Lagrange’s Theorem the
orbit equation becomes

12

6
+

12

4
= 5,

that is

2 + 3 = 5.
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2.2 Sylow’s Theorem

Definition 2.2.1. Let p be a prime and G a group. Then G is a p-group if ∣G∣ = pk for some k ∈ N.

Example 2.2.2. Let n ∈ Z+. Then ∣Zn∣ = n. So Zn is a p-group if and only if n is a power of p. So
Z1 is a p-group for every prime p.
Z2 is a 2-group.
Z3 is a 3-group.
Z4 is a 2-group.
Z5 is a 5-group.
Z6 is not a p-group for any prime p.
Z7 is a 7-group.
Z8 is a 2-group.
Z9 is a 3-group.
Z10 is a not a p-group for any prime p.

Definition 2.2.3. Let G be a finite group and p a prime. A p-subgroup of G is a subgroup of G
which is a p-group. A Sylow p-subgroup of G is a maximal p-subgroup of G, that is S is a Sylow
p-subgroup of G provided that

(i) S is a p-subgroup of G, and

(ii) if P is a p-subgroup of G with S ≤ P , then S = P .

Sylp(G) denotes the set of Sylow p-subgroups of G.

Lemma 2.2.4. Let G be a finite group, p a prime and let ∣G∣ = pkl for some k ∈ N and l ∈ Z+ with
p ∤ l.

(a) If P is a p-subgroup of G, then ∣P ∣ ≤ pk.

(b) If S ≤ G with ∣S∣ = pk, then S is a Sylow p-subgroup of G.

Proof. (a) Since P is a p-group, ∣P ∣ = pn for some n ∈ N. By Lagrange’s Theorem, ∣P ∣ divides ∣G∣ and
so pn divides pkl. Since p ∤ l we conclude that n ≤ k and so ∣P ∣ = pn ≤ pk.

(b) Since ∣S∣ = pk and S ≤ G, S is a p-subgroup of G. Suppose that S ≤ P for some p-subgroup P
of G. By (a) ∣P ∣ ≤ pk = ∣S∣. Since P ⊆ S this implies P = S and so S is a Sylow p-subgroup of G.

Example 2.2.5. (a) ∣Sym(3)∣ = 3! = 6 = 2 ⋅ 3.

⟨(1,2)⟩ has order 2 and so 2.2.4(b) shows ⟨(1,2)⟩ is a Sylow 2-subgroup of Sym(3).

⟨(1,2,3)⟩ has order 3 and so is a Sylow 3-subgroup of Sym(3).

(b) ∣Sym(4)∣ = 4! = 24 = 23 ⋅ 3.

D4 is a subgroup of order eight of Sym(4) and so D4 is a Sylow 2-subgroup of Sym(4).

⟨(1,2,3)⟩ is a Sylow 3-subgroup of Sym(4).
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(c) ∣Sym(5)∣ = 5! = 5 ⋅ 24 = 23 ⋅ 3 ⋅ 5.

So D4 is a Sylow 2-subgroup of Sym(5),

⟨(1,2,3)⟩ is a Sylow 3-subgroup of Sym(5), and

⟨(1,2,3,4,5)⟩ is a Sylow 5-subgroup of Sym(5).

(d) ∣Sym(6)∣ = 6! = 6 ⋅ 5! = 24 ⋅ 32 ⋅ 5.

Note that D4 × ⟨(5,6)⟩ is a subgroup of order 16 of Sym(6) and so is a Sylow 2-subgroup of
Sym(6).

⟨(1,2,3)⟩ × ⟨(4,5,6)⟩ is a group of order 9, and so is a Sylow 3-subgroup of Sym(6).

⟨(1,2,3,4,5)⟩ is a Sylow 5-subgroup of Sym(6).

Proposition 2.2.6. Let G be a finite group and p a prime. Then any p-subgroup of G is contained
in a Sylow p-subgroup of G. In particular, G has a Sylow p-subgroup.

Proof. Let P be a p-subgroup. Define

m ∶= max{ ∣Q∣ ∣ Q is a p-subgroup of G with P ≤ Q}.

Choose a p-subgroup S of G with P ≤ S and ∣S∣ =m. Let Q be a p-subgroup of G with S ≤ Q. Then
P ≤ Q and so ∣Q∣ ≤m by definition of m. Since S ≤ Q we have m = ∣S∣ ≤ ∣Q∣. Thus ∣Q∣ =m = ∣S∣ and
since S ≤ Q we get Q = S. Thus S is indeed a maximal p-subgroup of G, that is a Sylow p-subgroup.

In particular, the p-subgroup {e} of G is contained in a Sylow p-subgroup of G and so G has
Sylow p-subgroup.

Definition 2.2.7. Let G be a group acting on a set I. Let i ∈ I. Then i is called a fixed-point of G
on I provided that gi = i for all g ∈ G. FixI(G) is the set of all fixed-points for G on I. So

FixI(G) = {i ∈ I ∣ gi = i for all g ∈ G}.

Lemma 2.2.8 (Fixed-Point Formula). Let p be a prime and P a p-group acting on finite set I. Then

∣I ∣ ≡ ∣FixI(P )∣ (modp) .

In particular, if p ∤ ∣I ∣, then P has a fixed-point on I.

Proof. Let I1, I2, . . . , In be the distinct orbits of P on I. Let m be the number of orbits of size 1 and
choose notation such that

(∗) ∣Il∣ = 1 for 1 ≤ l ≤m and ∣Il∣ > 1 for m + 1 ≤ l ≤ n.

Fix i ∈ I and pick 1 ≤ l ≤ n with i ∈ Il. By 2.1.11
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(∗∗) Il = Gi.

We have

i ∈ FixI(P )

⇐⇒ gi = i for all g ∈ G − Definition of FixI(P )

⇐⇒ Gi = {i} − Definition of Gi

⇐⇒ ∣Gi∣ = 1 − since i ∈ Gi

⇐⇒ ∣Il∣ = 1 − (∗∗)

⇐⇒ l ≤m − (∗)

Thus

(∗ ∗ ∗) FixI(P ) =
m

⋃
l=1

Il.

Let m + 1 ≤ l ≤ n. By 2.1.16 ∣Il∣ divides ∣P ∣. Since ∣P ∣ is a power of p, we conclude that ∣Il∣ = p
t

for some t ∈ N. As ∣Il∣ ≠ 1 we have t ≥ 1. Thus p∣∣Il∣ and so

(+) ∣Il∣ ≡ 0 (modp) for all m + 1 ≤ l ≤ n.

We compute

∣I ∣
2.1.19
=

n

∑
l=1

∣Il∣ =
m

∑
l=1

∣Il∣ +
n

∑
l=m+1

∣Il∣
(∗ ∗ ∗)
= ∣FixI(P )∣ +

n

∑
l=m+1

∣Il∣,

and so by (+)

∣I ∣ ≡ ∣FixI(P )∣ (modp) .

Example 2.2.9. Let P = ⟨(1,2,3), (4,5,6)⟩ ≤ Sym(8)⟩. Then P has order 9 and so P is a 3-group.
The orbits of P on I ∶= {1,2,3, . . . ,8} are {1,2,3}, {4,5,6}, {7},{8}. The fixed-points of P on I are
7 and 8. So ∣FixI(P )∣ = 2, ∣I ∣ = 8 and 8 ≡ 2 (mod 3), as predicted by 2.2.8.

Definition 2.2.10. Let ◇ be an action of the group G on the set I.

(a) P(I) is the set of all subsets of I. P(I) is called the power set of I.

(b) For a ∈ G and J ⊆ I define a ◇ J ∶= {a ◇ j ∣ j ∈ J}.
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(c) ◇P denotes the function

◇P ∶ G × P(I) → P(I), (a, J) ↦ a ◇ J

(d) Let J ⊆ I and H ⊆ G. Then J is called H-invariant if

h ◇ j ∈ J

for all h ∈H, j ∈ J .

(e) Let H ≤ G and J an H-invariant subset of I. Then ◇H,J denotes the function

◇H,J ∶ H × J → J, (h, j) → h ◇ j

Lemma 2.2.11. Let ◇ be an action of the group G on the set I.

(a) ◇P is an action of G on P(I).

(b) Let H ≤ G and let J be a H-invariant subset of I. Then ◇H,J is an action of H on J . In
particular, h ◇ J = J for all h ∈H.

Proof. (a) Let a, b ∈ J and J a subset I.

eJ = {ej ∣ j ∈ J} = {j ∣ j ∈ J} = J

and

a(bJ) = a{bj ∣ j ∈ J} = {a(bj) ∣ j ∈ J} = {(ab)j ∣ j ∈ J} = (ab)J.

Thus ◇P fulfills both axioms of an action.

(b) By 1.5.4 eH = eG and so eHj = eGj = j for all j ∈ J . Clearly (ab)j = a(bj) for all a, b ∈ H and
j ∈ J and so (b) holds.

Lemma 2.2.12. Let α ∶ G→K be an isomorphism of groups and H ≤ G. Let p be a prime.

(a) α(H) is a subgroup of K isomorphic to H.

(b) Suppose H is a p-subgroup of G. Then α(H) is a p-subgroup of K.

(c) Suppose H is a Sylow p-subgroup of G. Then α(H) is a Sylow p-subgroup of K.

Proof. (a) See Homework 6#3.

(b) By (b) we have ∣α(H)∣ = ∣H ∣ = pk for some k ∈ N. So α(H) is a p-group.
(c) By (b) we know that α(H) is a p-subgroup of H. Let Q be p-subgroup of K with α(H) ≤ Q.

By Homework 6#3, α−1 is an isomorphism, so (b) applied to α−1 shows that α−1(Q) is a p-subgroup
of H. Since α(H) ≤ Q we get H ≤ α−1(Q). As H is a Sylow p-subgroup of G this gives H = α−1(Q)

and so α(H) = α(α−1(Q)) = Q. Thus α(H) is a Sylow p-subgroup of G.
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Definition 2.2.13. Let A and B be subsets of the group G.

(a) We say that A is conjugate to B in G if there exists g ∈ G with A = gBg−1.

(b) NG(B) ∶= {g ∈ G ∣ B = gBg−1}. NG(B) is called the normalizer of B in G.

Corollary 2.2.14. Let G be a group, H a subgroup of G and a ∈ G. Let p be a prime.

(a) aHa−1 is a subgroup of G isomorphic to H. In other words, conjugate subgroups of G are
isomorphic.

(b) Suppose H is a p-subgroup of G. Then aHa−1 is p-subgroup of G.

(c) Suppose H is a Sylow p-subgroup of G. Then aHa−1 is Sylow p-subgroup of G

Proof. By Homework 3#2 α ∶ G→ G,g ↦ aga−1 is an isomorphism. Observe that

α(H) = {α(h) ∣ h ∈H} = {aha−1 ∣ h ∈H} = aHa−1,

so the Corollary follows from 2.2.12

Lemma 2.2.15. Let G be a finite group and p a prime. Then

◇ ∶ G × Sylp(G) → Sylp(G), (g,P ) → gPg−1

is a well-defined action of G on Sylp(G). This action is called the action of G on Sylp(G) by
conjugation.

Proof. By Homework 6#3 G acts on G by conjugation. So by 2.2.11(a), G acts on P(G) by conjuga-
tion. By 2.2.14(c) we know that aHa−1 ∈ Sylp(G) for all H ∈ Sylp(G). Thus Sylp(G) is a G-invariant
subset of P(G). Hence the lemma follows from 2.2.11(b)

Lemma 2.2.16. Let G be a group.

(a) Let B ⊆ G. Then NG(B) = Stab◇G(B), where ◇ is the action of G on P(G) by conjugation. In
particular, NG(B) is a subgroup of G.

(b) Let B ≤ G. Then B ⊴ NG(B).

(c) Let B ≤ G and A ≤ NG(B). Then AB ≤ NG(B) and, if G is finite, ∣AB∣ =
∣A∣ ∣B∣
∣A∩B∣ .

Proof. (a) NG(B) = {g ∈ G ∣ gBg−1 = B} = {g ∈ G ∣ g ◇B = B} = Stab◇G(B).

(b) By definition gBg−1 = B for all g ∈ NG(B). So B ⊴ NG(B) by 1.8.6.

(c) Let a ∈ A. Then aBa−1 = B. So aB = Ba. Hence

AB = {ab ∣ b ∈ B} = ⋃
a∈A

{ab ∣ b ∈ B} = ⋃
a∈A

aB = ⋃
a∈A

Ba = BA.

So Homework 4#4 shows that AB ≤ NG(B). We compute
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∣AB∣ = ∣AB/B∣∣B∣ − Lagrange’s Theorem

= ∣A/A ∩B∣∣B∣ − Second Isomorphism Theorem

=
∣A∣

∣A ∩B∣
∣B∣ − Lagrange’s Theorem

Theorem 2.2.17. Let G be a finite group and p a prime.

(a) (Second Sylow Theorem) G acts transitively on Sylp(G) by conjugation, that is if S and T are
Sylow p-subgroups of G, then S = gTg−1 for some g ∈ G.

(b) (Third Sylow Theorem) The number of Sylow p-subgroups of G divides ∣G∣ and is congruent to
1 modulo p.

(c) Let S ∈ Sylp(G). Then ∣Sylp(G)∣ = ∣G/NG(S)∣.

Proof. By 2.2.15 G acts on Sylp(G) by conjugation. Let I be an orbit for G on Sylp(G) and P ∈ I.
Then P is a Sylow p-subgroup of G. We will first show that

(∗) P has a unique fixed-point on Sylp(G), namely P.

Let Q ∈ Sylp(G). Then P fixes Q (with respect to the action by conjugation) if and only if
aQa−1 = Q for all a ∈ P .

Clearly aPa−1 = P for all a ∈ P and so P is a fixed-point for P onSylp(G).
Now let Q be any fixed-point for P on Sylp(G). Then aQa−1 = Q for all a ∈ P and so P ≤ NG(Q).

Thus 2.2.16 implies that PQ is a subgroup of G and

∣PQ∣ =
∣P ∣ ⋅ ∣Q∣

∣P ∩Q∣
.

Since P and Q are p-groups, we conclude that ∣P ∣, ∣Q∣ and ∣P ∩Q∣ are powers of p. Hence also
∣PQ∣ is a power of p. Thus PQ is a p-subgroup of G. Since P ≤ PQ and P is a maximal p-subgroup
of G we get P = PQ. Similarly, since Q ≤ PQ and Q is a maximal p-subgroup of G we have Q = PQ.
Thus P = Q and (∗) is proved.

Next we show:

(∗∗) ∣I ∣ ≡ 1 (modp) .

By (∗) FixI(P ) = {P}. Hence ∣FixI(P )∣ = 1. By 2.2.8 ∣I ∣ ≡ ∣FixI(P )∣ (modp) and so (∗∗) holds.
Finally we prove:

(∗ ∗ ∗) I is the unique orbit of G on Sylp(G).
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For this let J be an orbit for G on Sylp(G). By (∗∗) applied to J in place of I we have

∣J ∣ ≡ 1 (modp)

Hence p ∤ ∣J ∣ and 2.2.8 shows that FixJ(P ) ≠ ∅. Pick Q ∈ FixJ(P ). Then (∗) implies P = Q ∈ J .
As P ∈ I we get I ∩ J ≠ ∅ and 2.1.11 gives J = I.

Thus (∗ ∗ ∗) holds.

By (∗ ∗ ∗) and 2.1.13 we conclude that G acts transitively on Sylp(G) and I = Sylp(G). In
particular, (a) holds.

By (∗∗) ∣I ∣ ≡ 1 (modp) and so also ∣Sylp(G)∣ ≡ 1 (modp).

By 2.2.16, NG(S) = Stab◇G(S), where ◇ is the action of G on Sylp(G) by conjugation. Since G
acts transitively on Sylp(G), the Corollary 2.1.17 to the Isomorphism Theorem for G-sets shows that
Sylp(G) and G/Stab◇(S) are isomorphic G-sets. Thus ∣Sylp(G)∣ = ∣G/Stab◇G(S)∣ = ∣G/NG(S)∣. Now
Lagrange’s Theorem implies that ∣Sylp(G)∣ divides ∣G∣.

Lemma 2.2.18. Let X be a set and n ∈ N. Then Sym(n) acts on Xn via

a ◇ (x1, x2, . . . xn) = (xa−1(1), xa−1(2), . . . , xa−1(n)).

Proof. Let e = eSym(n). Then e−1(i) = i for all 1 ≤ i ≤ n and so also e ◇ x = x for all x ∈ Xn. Thus
(act:i) holds.

Let a, b ∈ Sym(n) and x = (x1, . . . , xn) ∈X
n. Put y ∶= b◇x and z ∶= a◇(b◇x) = a◇y. Let 1 ≤ i ≤ n.

Then

yi = xb−1(i)

and
zi = ya−1(i) = xb−1(a−1(i)) = x(b−1○a−1)(i) = x(a○b)−1(i).

Hence a ◇ (b ◇ x) = z = (a ○ b) ◇ x and also (act:ii) holds.

Example 2.2.19. Consider n = 5 and X = {a, b, c, d, e, f}. Compute (1,5,3) ◇ (b, a, e, f, d).
Put x = (b, a, e, f, d) and h = (1,5,3). Then h−1 = (1,3,5).

i 1 2 3 4 5

h−1(i) 3 2 5 4 1

xh−1(i) e a d f b

Thus

(1,5,3) ◇ (b, a, e, f, d) = (e, a, d, f, b).

So the b in the first position is moved to the fifth position, the a in the second position stays in the
second position, the e in the third position is moved to the first position and so on.
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Theorem 2.2.20 (Cauchy’s Theorem). Let G be a finite group and p a prime dividing the order of
G. Then G has an element of order p.

Proof. Let ◇ be the action of Sym(p) on Gp given in 2.2.18. Let h ∶= (p, p− 1, . . . ,2,1) ∈ Sym(p) and
H ∶= ⟨h⟩. Then H is a subgroup of order p of Sym(p). Observe that

h−1 = (1,2, . . . , p) =
1 2 . . . p − 1 p

2 3 . . . p 1

and so

(∗) h ◇ (g1, g2, . . . , gp) = (g2, g3, . . . , gp, g1)

Hence h fixes (g1, g2, . . . , gp) if and only if (g2, g3, . . . , gp, g1) = (g1, g2, . . . , gp−1, gp) and so if and
only if g1 = g2, g2 = g3, . . . , gp−1 = gp, gp = g1 . Thus

(∗∗) FixGp(h) = {(g, g, . . . , g) ∣ g ∈ G}.

Put
J ∶= {(g1, g2, . . . , gp) ∈ G

p ∣ g1g2 . . . gp = e}.

If g1 = g2 = . . . = gp, then g1g2 . . . gp = g
p
1 and so by (∗∗)

(∗ ∗ ∗) FixJ(H) = {(g, g, . . . , g) ∣ g ∈ G,gp = e}.

In particular

(+) (e, . . . , e) ∈ FixJ(H).

Our goal is now to show that ∣FixJ(H)∣ > 1. For this we will use the Fixed-Point-Formula 2.2.8
for H on acting on J . But we first must make sure that H acts on J . By 2.2.11(b), we need to verify
that J is H-invariant. Let (g1, g2, . . . gp) ∈ J . Then

g1g2 . . . gp = e.

Multiplying with g−1
1 from the left and g1 from the right gives

g2g3 . . . gpg1 = e,

and so

(g2, g3, . . . , gp, g1) ∈ J.
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Thus h ◇ x ∈ J for all x ∈ J . Hence h ◇ J ⊆ J . Note that hn+1 ◇ J = hn ◇ (h ◇ J) ⊆ hn ◇ J . So
induction on n shows that hn ◇ J ⊆ J for all n ∈ N. As H = ⟨h⟩ = {hi ∣ 0 ≤ i < p} we conclude that J
is an H-invariant subset of Gn. Thus by 2.2.11(b), H acts on J and so by 2.2.8

(++) ∣J ∣ ≡ ∣FixJ(H)∣ (modp) .

Note that ∣J ∣ = ∣G∣p−1. Indeed we can choose g1, g2, . . . , gp−1 freely and then gp is uniquely

determined, namely gp = (g1 . . . gp)
−1. Since p divides ∣G∣ we conclude that p ∣ ∣J ∣ and so (++) implies

p ∣ ∣FixJ(H)∣.

By (+) (e, . . . , e) ∈ FixJ(H). Hence ∣FixJ(H)∣ ≥ 1 and so ∣FixJ(H)∣ ≥ p ≥ 2. Thus we can choose
x ∈ FixJ(H) with x ≠ (e, . . . , e). By (∗ ∗ ∗) there exists g ∈ G with x = (g, . . . , g) and gp = e. As
x ≠ (e, . . . , e) we have g ≠ e. Since gp = e we get ∣g∣ ∣ p, see 1.5.10(4). As p is a prime and ∣g∣ ≠ 1, this
gives ∣g∣ = p.

Theorem 2.2.21 (First Sylow Theorem). Let G be a finite group, p a prime and S ∈ Sylp(G). Let

∣G∣ = pkl with k ∈ N, l ∈ Z+ and p ∤ l (pk is called the p-part of ∣G∣). Then ∣S∣ = pk. In particular,

Sylp(G) = {P ≤ G ∣ ∣P ∣ = pk}

and G has a subgroup of order pk.

Proof. Let S ∈ Sylp(G). Since S is a p-group we have ∣S∣ = pm for some m ∈ N. Put N ∶= NG(S). By
2.2.16 we have S ⊴ N .

Suppose for a contradiction that p divides ∣N/S∣. Then by Cauchy’s Theorem N/S has a subgroup
P of order p. By the Correspondence Theorem, there exists a subgroup Q of N with S ≤ Q and
P = Q/S. Lagrange’s Theorem shows that

∣Q∣ = ∣Q/S∣∣S∣ = ∣P ∣∣S∣ = ppm = pm+1.

Thus Q is a p-subgroup of G with S ≤ Q and S ≠ Q. But this a contradicts S ∈ Sylp(G).

Thus p does not divide ∣N/S∣. By 2.2.17 we have

∣G/N ∣ = ∣SylP (G)∣ ≡ 1 (modp) .

So p does not divide ∣G/N ∣. Two application of Lagrange’s Theorem give

∣G∣ = ∣G/N ∣∣N ∣ = ∣G/N ∣∣N/S∣∣S∣ = pmn, wheren ∶= ∣G/N ∣∣N/S∣

Since p divides neither G/N nor N/S, we get p ∤ n. Since pmn = ∣G∣ = pkl conclude that pn = pk.
Thus ∣S∣ = pk.

We proved that any p-Sylow subgroup of G has order pk. Conversely by 2.2.4(b) any subgroup
of order pk of G is a Sylow p-subgroup of G, so
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Sylp(G) = {P ≤ G ∣ ∣P ∣ = pk}.

Example 2.2.22. (1) Find the Sylow 2-subgroups of Sym(3).

We have ∣Sym(3)∣ = 3! = 2 ⋅ 3. The subgroups of order 2 of Sym(3) are ⟨(1,2)⟩, ⟨(1,3)⟩ and
⟨(2,3)⟩ and so by the First Sylow Theorem

Syl2(Sym(3)) = {⟨(1,2)⟩, ⟨(1,3)⟩, ⟨(2,3)⟩}.

(2) Find and count the Sylow 5-subgroups of Sym(5)

We have ∣Sym(5)∣ = 5! = 23 ⋅ 3 ⋅ 5. So the Sylow 5-subgroups are the subgroups of order 5. Let
H ≤ Sym(5) with ∣H ∣ = 5. Let (1) ≠ h ∈ H. Then ∣h∣ = 5 and so h = (a, b, c, d, e) is five cycle.
There are 120 choices for the tuple (a, b, c, d, e). But any of the five cycles

(a, b, c, d, e), (b, c, d, e, a), (c, d, e, a, b), (d, e, a, b, c), (e, a, b, c, d)

is also equal to h. Hence there are 120
5 = 24 elements of order five in Sym(5). Since H = ⟨h⟩ any

of the four elements of order five in H uniquely determines H. Thus there are 24
4 = 6 Sylow

5-subgroups in G. Note here that 6 ≡ 1 (mod 5) in accordance with the Third Sylow Theorem.

(3) Let G be any group of order 120 and s5 the number of 5-Sylow subgroups of G. The Third Sylow
Theorem says that s5 ∣ 120 and s5 ≡ 1 (mod 5). So 5 ∤ s5 and since 120 = 5 ⋅ 24 we conclude
that s5 ∣ 24. The number less or equal to 24 and congruent to 1 modulo 5 are 1,6,11,16 and
21. Of these only 1 and 6 divide 24. So s5 = 1 or 6.

Lemma 2.2.23. Let G be a finite group and p a prime. Let S be a Sylow p-subgroup of G. Then S
is normal in G if and only if S is the only Sylow p-subgroup of G and if and only if ∣Sylp(G)∣ = 1.

Proof. By the Second Sylow Theorem

Sylp(G) = {gSg−1 ∣ g ∈ G}.

So Sylp(G) = {S} if and only if S = gSg−1 for all g in G and so by 1.8.6(e) if and only if S is
normal in G.

Example 2.2.24. (1) ⟨(1,2,3)⟩ is the only Sylow 3-subgroup of Sym(3) and so ⟨(1,2,3)⟩ ⊴ Sym(3)
by 2.2.23.

(2) Sym(3) has three Sylow 2-subgroups, and so ⟨(1,2)⟩ ⋬ Sym(3) by 2.2.23.

Definition 2.2.25. A group G is called simple if {e} and G are the only normal subgroups of G.
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Example 2.2.26. Let G be a simple group of order 168. We will show that G is isomorphic to a
subgroup of Sym(8).

Let s7 be the number of Sylow 7-subgroups of G and let S be a Sylow 7-subgroup of G. By the
First Sylow Theorem, ∣S∣ = 7 and so S ≠ {e} and S ≠ G. Since G is simple, S ⋬ G and so by 2.2.23
s7 ≠ 1. Since ∣G∣ = 168 = 7 ⋅ 24, the Third Sylow Theorem implies that s7 ≡ 1 (mod 7) and s7∣∣G∣.
Hence s7 ∣ 24. The numbers which are less or equal to 24 and are 1 modulo 7 are 1,8,15 and 22. Of
these only 1 and 8 divide 24. As s7 ≠ 1 we have s7 = 8.

Put I ∶= Syl7(G) and let φ ∶ G→ Sym(I) be the homomorphism associated to the action of G on
I by conjugation (see 2.1.3(a)). So for g in G we have φ(g)(S) = gSg−1.

Suppose that Kerφ = G. Then φ(g) = eSym(I) = idI for all g ∈ G and so

S = φ(g)(S) = gSg−1.

for all g ∈ G. Thus by 1.8.6(e), S ⊴ G, a contradiction, since G is simple.

Hence Kerφ ≠ G. By 1.9.2 Kerφ ⊴ G. Since G is simple we get Kerφ = {e}. Thus by 1.9.3 φ is
1-1 and so by 1.6.5(d),

(∗) G ≅ Imφ ≤ Sym(I)

Since ∣I ∣ = ∣Syl7(G)∣ = s7 = 8, there exist a bijection β ∶ I → {1,2, . . . ,8}. Hence by Homework 3#6
there exists an isomorphism α ∶ Sym(I) → Sym(8).

Thus Homework 6#3 shows that Imφ ≅ α(Imφ) ≤ Sym(8). Since G ≅ Imφ we conclude G ≅

α(Imφ), see Homework 6#1, and so G is isomorphic to a subgroup of Sym(8).
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Chapter 3

Field Extensions

3.1 Vector Spaces

Definition 3.1.1. Let K be a field. A vector space over K (or a K-space ) is a tuple (V,+,◇) such
that

(i) (V,+) is an abelian group.

(ii) ◇ ∶ K × V → V is a function called scalar multiplication .

(iii) a ◇ (v +w) = (a ◇ v) + (a ◇w) for all a ∈ K, v,w ∈ V .

(iv) (a + b) ◇ v = (a ◇ v) + (b ◇ v) for all a, b ∈ K, v ∈ V .

(v) (ab) ◇ v = a ◇ (b ◇ v) for all a, b ∈ K, v ∈ V .

(vi) 1K ◇ v = v for all v ∈ V

The elements of a vector space are called vectors. The usually just write kv for k ◇ v.

Notation 3.1.2. K be field and (V,+,◇) be vector space.

(a) 0V denotes the identity of + in V .

(b) Let v ∈ V . Then −v denotes the inverse of v with respect to +.

(c) Let n ∈ Z and v ∈ V . Then nv denotes the n’th power of v with respect to +.

Example 3.1.3. Let K be a field.

(1) Z1 = {0} is a K-space via f ◇ 0 = 0 for all k ∈ K.

(2) Let n ∈ N. Then Kn is an K-space via k ◇ (a1, . . . , an) = (ka1, . . . , kan) for all k, a1, . . . , an ∈ K.

87
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(3) The ring K[x] of polynomials with coefficients in K is a K-space via

k ◇ (a0 + a1x + . . . anx
n) = (ka0) + (ka1)x + . . . (kanx

n)

for all k, a0, . . . , an ∈ K.

Lemma 3.1.4. Let K be a field and V a field.

(a) 0Kv = v for all v ∈ K.

(b) (−1K)v = −v for all v ∈ V .

(c) k0V = 0V for all k ∈ K.

(d) Let n ∈ N, let a ∈ K, let (k1, . . . , kn) and (l1 . . . , ln) be lists in K and let (v1, . . . , vn) be a list in
V . Then

a
n

∑
i=1

kivi =
n

∑
i=1

(aki)vi

and
n

∑
i=1

kivi +
n

∑
i=1

livi =
n

∑
i=1

(ki + li)vi

Proof. I will just write 1 for 1K and 0 for 0K.
(a) :

0 ◇ v + 0V = 0 ◇ v = (0 + 0) ◇ v = (0 ◇ v) + (0 ◇ v).

So by the Cancellation Law 1.4.7, 0 ◇ v = 0V .

(b):

0V = 0 ◇ v = (1 + (−1)) ◇ v = (1 ◇ v) + (−1) ◇ v = v + (−1) ◇ v.

So by 1.4.8(c), (−1) ◇ v = −v.

(c)

0V + k ◇ 0V = k ◇ 0V = k ◇ (0V + 0V ) = k ◇ 0V + k ◇ 0V

and so by the Cancellation Law 1.4.7, k ◇ 0V = 0V .
(d) Is readily verified.

Definition 3.1.5. Let K be a field and V and K-space. Let L = (v1, . . . , vn) ∈ V
n be a list of vectors

in V .

(a) L is called K-linearly independent if for all a1, a2, . . . , an ∈ K:

a1v1 + av2 + . . . avn = 0V Ô⇒ a1 = a2 = . . . = an = 0K.
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(b) Let (a1, a2 . . . , an) ∈ Kn. Then a1v1 + a2v2 + . . . + anvn is called a K-linear combination of L.

SpanK(L) = {a1v1 + a2v2 + . . . anvn ∣ (a1, . . . , an) ∈ Kn}

is called the K-span of L. In other words, SpanK(L) consists of all the K-linear combination of
L. Recall that an empty sum is defined to be 0V , so 0V is linear combination of the empty list
() and SpanK(()) = {0V }.

(c) We say that L spans V over K, if V = SpanK(L), that for all v ∈ V there exists k1, . . . , kn ∈ K
with

v = k1v1 + . . . knvn.

(d) We say that L is a basis of V if L is K-linearly independent and spans V over K.

(e) We say that L is a K-linearly dependent if it’s not linearly independent, that is, if there exist
k1, . . . , kn ∈ K, not all 0K such that

k1v1 + kv2 + . . . kvn = 0V .

Example 3.1.6. (1) Put ei = (0K, . . . ,0K,1K,0K, . . . ,0K) ∈ Kn where the 1K is in the i-position.
Then (e1, e2, . . . , en) is a basis for Kn, called the standard basis of Kn.

(2) (1K, x, x
2, . . . xn) is a basis for Kn[x], where Kn[x] is set of all polynomials with coefficients in

K and degree at most n.

(3) The empty list () is basis for Z1.

Lemma 3.1.7. Let K be a field, V a K-space and L = (v1, . . . , vn) a list of vectors in V . Then L is
a basis for V if and only if for each v ∈ V there exists uniquely determined k1, . . . , kn ∈ K with

v =
m

∑
i=1

kivi.

Proof. Ô⇒: Suppose that L is a basis. Then L spans v and so for each v ∈ V there exist k1, . . . , kn
with

v =
m

∑
i=1

kivi.

Suppose that also l1, . . . , ln ∈ K with

v =
m

∑
i=1

livi.

Then
m

∑
i=1

(ki − li)vi =
m

∑
i=1

kivi −
m

∑
i=1

livi = 0V .

Since L is linearly independent we conclude that ki − li = 0K and so ki = li for all 1 ≤ i ≤ n. So the
ki’s are unique.
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⇐Ô: Suppose each v in V is a unique linear combination of L. Then clearly L spans V . Let
k1, . . . , kn ∈ K with

m

∑
i=1

kivi = 0V

Since also
m

∑
i=1

0Kvi = 0V

the uniqueness assumption gives k1 = k2 = . . . = kn = 0K. Hence L is linearly independent and thus a
basis for V .

Lemma 3.1.8. Let K be field and V a K-space. Let L = (v1, . . . , vn) be a list of vectors in V . The
L is linearly dependent if and only if there exists 1 ≤ i ≤ n such that vi is linear combination of
(v1, . . . , vi−1, vi+1, . . . , vn).

Proof. Ô⇒: Suppose L is linearly dependent. Then there exists k1, . . . , kn ∈ K, not all 0K such that

n

∑
i=1

kivi = 0V .

Choose 1 ≤ i ≤ i with ki ≠ 0. Then

kivi = −
n

∑
j=1
j≠i

kjvj

and so

vi =
n

∑
j=1
j≠i

(k−1
i kj)vj

is a linear combination of (v1, . . . , vi−1, vi+1, . . . , vn).

⇐Ô: Suppose next that 1 ≤ i ≤ n and vi is linear combination of (v1, . . . , vi−1, vi+1, . . . , vn). Then

vi = k1v1 + . . . + ki−1vi−1 + ki+1vi+1 + . . . + knvn

for some kj ∈ K. Thus

k1v1 + . . . + ki−1vi−1 + (−1K)vi + ki+1vi+1 + . . . + knvn = 0V .

Since −1K ≠ 0K this shows that L is linearly dependent.

Lemma 3.1.9. Let K be field, V an K-space and L = (v1, v2, . . . vn) a list of vectors in V . Then the
following three statements are equivalent:

(a) L is basis for V .
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(b) L is a minimal spanning list, that is L spans V but for all 1 ≤ i ≤ n,

(v1, . . . , vi−1, vi+1, . . . , vn)

does not span V .

(c) L is maximal linearly independent list, that is L is linearly independent, but for all v ∈ V ,
(v1, v2, . . . , vn, v) is linearly dependent.

Proof. We will show that (a) ⇐⇒ (b) and that (a) ⇐⇒ (c).

(a)Ô⇒ (b): Suppose L is basis. Then L spans V and L is linearly independent. By 3.1.8 the lat-
ter implies that vi is not a linear combination of (v1, . . . , vi−1, vi+1, . . . , vn). So (v1, . . . , vi−1, vi+1, . . . , vn)
does not span V . Thus L is a minimal spanning list.

(b) Ô⇒ (a): Suppose L is a minimal spanning list. Then L spans V so we only need to show
that L is linearly independent. Suppose not. Then by 3.1.8 there exists 1 ≤ i ≤ n such that vi is
linear combination of (v1, . . . , vi−1, vi+1, . . . , vn). Without loss, i = 1. Then

v1 =
n

∑
i=2

kivi).

for some ki ∈ K. Let v ∈ V . Since L spans V we know that

v =
n

∑
i=1

aivi

for some ai ∈ K. Thus

v = a1 (
n

∑
i=2

kivi) +
n

∑
i=2

aivi =
n

∑
i=2

(a1ki + ai)vi.

Thus v ∈ Span(v2, . . . , vn). Hence (v2, . . . , vn) spans V , a contradiction to the definition of a
minimal spanning list.

(a) Ô⇒ (c): Suppose L is basis of V and let v ∈ V . Then L spans V , so v is a linear
combination of L. Thus 3.1.8 shows that (v1, v2, . . . , vn, v) is linearly dependent, so L is maximal
linear independent list.

(c) Ô⇒ (a): Suppose L is maximal linear independent list. Then L is linear independent, so
we only need to show that L spans V . Let v ∈ V . By assumption (v1, . . . , vn, v) is linearly dependent
and so

(
n

∑
i=1

aivi) + av = 0V

for some a1, a2, . . . , an, a in K not all 0K. If a = 0K, then since L is linearly independent, ai = 0K for
all 1 ≤ i ≤ n, contrary to the assumption. Thus a ≠ 0 and
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v =
n

∑
i=1

(−a−1ai)vi.

So L spans V .

Definition 3.1.10. Let K be a field and V and W K-spaces. A K-linear function from V to W is
function

f ∶ V →W

such that

(a) f(u + v) = f(u) + f(v) for all u, v ∈W

(b) f(kv) = kf(v) for all k ∈ K and v ∈ V .

A K-linear function is called a K-isomorphism if it’s 1-1 and onto.
We say that V and W are K-isomorphic and write V ≅K W if there exists a K-isomorphism from

V to W .

Example 3.1.11. (1) The function K2 → K, (a, b) ↦ a is K-linear.

(2) The function K3 → K2, (a, b, c) ↦ (a + 2b, b − c) is K-linear.

(3) We claim that the function f ∶ K→ K, k ↦ k2 is K-linear if and only if K = {0K,1K}.

Indeed, if K = {0K,1K}, then k = k2 for all k ∈ K and so f is K-linear.

Conversely, suppose f is K-linear. Then for all k ∈ K,

k2 = f(k) = f(k ⋅ 1K) = kf(1K) = k12
K = k

So 0K = k2 − k = k(k − 1K). Since K is a field and hence an integral domain we conclude that
k = 0K or k = k − 1K. Hence k = 0K or k = 1K and thus K = {0K,1K}.

(4) For f = ∑ni=0 fix
i ∈ K[x] define

f ′ =
n

∑
i=1

ifix
i−1.

Then

D ∶ K[x] → K[x], f ↦ f ′

is a K-linear function.

Lemma 3.1.12. Let K be a field and V and W be K-spaces. Suppose that (v1, v2, . . . , vn) is basis of
V and let w1,w2, . . .wn ∈W . Then

(a) There exists a unique K-linear function f ∶ V →W with f(vi) = wi for each 1 ≤ i ≤ n.

(b) f(∑ni=1 kivi) = ∑
n
i=1 kiwi. for all k1, . . . , kn ∈ K.
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(c) f is 1-1 if and only if (w1,w2, . . . ,wn) is linearly independent.

(d) f is onto if and only if (w1,w2, . . . ,wn) spans W .

(e) f is an isomorphism if and only if (w1,w2, . . . ,wn) is a basis for W .

Proof. (a) and (b): If f ∶ V →W is K-linear with f(vi) = wi, then

(∗) f (
n

∑
i=1

kivi) =
n

∑
i=1

kif(vi) =
n

∑
i=1

kiwi.

for all k1, . . . , kn ∈ K.
So (b) holds. Moreover, since (v1, . . . vn) spans V , each v in V is of the form ∑ni=1 kivi and so by

(∗), f(v) is uniquely determined. Thus f is unique.
It remains to show the existence of f . Since (v1, . . . , vn) is a basis for V , any v ∈ V can by

uniquely written as v = ∑i=1 kivi. So we obtain a well-defined function

f ∶ V →W,
n

∑
i=1

kivi →
n

∑
i=1

kiwi.

It is now readily verified that f is K-linear and f(vi) = wi. So f exists.

(c)

f is 1-1

⇐⇒ Kerf = {0V } − 1.9.3

⇐⇒ for all v ∈ V ∶ f(v) = 0W Ô⇒ v = 0V −Definition of Kerf

⇐⇒ for all k1, . . . , kn ∈ K ∶ f(
n

∑
i=1

kivi) = 0W Ô⇒
n

∑
i=1

kivi = 0V − (v1, . . . , vn) spans V

⇐⇒ for all k1, . . . , kn ∈ K ∶ f(
n

∑
i=1

kivi) = 0W Ô⇒ k1 = . . . = kn = 0K − (v1, . . . , vn) is lin. indep.

⇐⇒ for all k1, . . . , kn ∈ K ∶
n

∑
i=1

kiwi = 0W Ô⇒ k1 = . . . kn = 0K − (b)

⇐⇒ (w1, . . . ,wn) is linearly indep. −Definition of lin. indep.

So (c) holds.

(d) We compute

Im f = {f(v) ∣ v ∈ V } −Defintion of Im f

= {f(
n

∑
i=1

kivi) ∣ k1, . . . kn ∈ K} − (v1, . . . , vn) spans V

= {
n

∑
i=1

aiwi ∣ k1, . . . kn ∈ K} − (b)

= Span(w1,w2, . . . ,wn) −Definition of Span
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Note that f is onto if and only if Im f =W , if and only of Span(w1, . . . ,wn) =W , and if and only
if (w1, . . . ,wn) spans W .

(e) follows from (c) and (d).

Corollary 3.1.13. Let K be a field and W a K-space with basis (w1,w2 . . . ,wn). Then the function

f ∶ Kn →W, (a1, . . . an) ↦
n

∑
i=1

aiwi

is a K-isomorphism. In particular,

W ≅K Kn.

Proof. By Example 3.1.6(1), (e1, e2, . . . , en) is basis for Kn. Also f(ei) = wi and so by 3.1.12 f is an
isomorphism.

Definition 3.1.14. Let K be a field and (V,+,◇) a K-space. A K-subspace of (V,+,◇) is a K-space
(W,⊕, ◻) such that and W ⊆ V . Then W is called a K-subspace of V provided that

(I) W ⊆ V .

(II) u⊕w = u +w for all u,w ∈W .

(III) k ◻ w = k ◇w for all k ∈ K and w ∈W .

Proposition 3.1.15 (Subspace Proposition). Let K be a field, V a K-space and W a subset of V .
Define

⊕ ∶W ×W →W, (u,w) → u +w

and

◻ ∶ K ×W →W, (k,w) → k ◇w.

Then (W,⊕, ◻) is well-defined K-subspace of (V,+, ◻) if and only if

(i) 0V ∈W .

(ii) v +w ∈W for all v,w ∈W .

(iii) kw ∈W for all k ∈ K, w ∈W .

Proof. Observe first that ⊕ and ◻ are well-defined if and only if (ii) and (iii) holds. So we may
assume that (ii) and (iii) hold and that ⊕ and ◻ are well-defined.

Ô⇒: Suppose (W,⊕, ◻) is a K-subspace of (V,⊕, ◻). Then (W,⊕) is a subgroup of (V,+) and
the Subgroup Proposition 1.5.4 shows that 0V ∈W .

⇐Ô: Suppose that (iii) holds. Let w ∈ W . Then −w = (−1K)w ∈ W and the the Subgroup
Proposition shows that (W,⊕) is a subgroup of (V,+). In particular, (W,⊕) is a groups. Since (V,+)
is abelian, also (W,⊕) is abelian, indeed:
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u⊕w = u +w = w + u = w ⊕ v

for all u,w ∈W . Similarly, all the remaining Axioms of a vector space holds for (W,⊕, ◻) since they
hold for (V,, ◇). We leave the details to the reader.

Proposition 3.1.16 (Quotient Space Proposition). Let K be field, V a K-space and W a K-subspace
of V .

(a) V /W ∶= {v +W ∣ v ∈ V } together with the addition

+V /W ∶ V /W × V /W → V /W, (u + V, v +W ) ↦ (u + v) +W

and scalar multiplication

◇V /W ∶ K × V /W → V /W, (k, v +W ) ↦ kv +W

is a well-defined vector space.

(b) The function

π ∶ V → V /W, v ↦ v +W

is an onto and K-linear. Moreover, Kerφ =W .

Proof. (a) By Theorem 1.8.11 (V /W,+V /W ) is a well-defined group. We have

(u +W ) + (v +W ) = (u + v) +W = (v + u) +W = (v +W ) + (v +W )

and so (V /W,+V /W ) is an abelian group. Thus Axiom (i) of a vector space holds.

Let k ∈ V and u, v ∈ V with u+W = v+W . Then u−v ∈W and since W is a subspace, k(u−v) ∈W .
Thus ku − kv ∈ W and ku +W = kv +W . So ◇V /W is well-defined and Axiom (ii) of a vector space
holds. The remaining four axioms (iii)-(vi) are readily verified.

(b) By 1.9.4 π is an onto homomorphism of groups and Kerπ =W . Let k ∈ K and v ∈ V . Then

π(kv) = kv +W = k(v +W ),

and so π is a K-linear function.

Lemma 3.1.17. Let K be field, V a K-space, W a subspace of V . Let (w1, . . . ,wl) be a basis for W
and let (v1, . . . , vl) be a list of vectors in V . Then the following statements are equivalent

(a) (w1,w2, . . . ,wk, v1, v2, . . . vl) is a basis for V .

(b) (v1 +W,v2 +W, . . . , vl +W ) is a basis for V /W .
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Proof. Put B ∶= (w1,w2, . . . ,wk, v1, v2, . . . , vl).

(a) Ô⇒ (b): Suppose that B is a basis for V . Let T ∈ V /W . Then T = v +W for some v ∈ V .
Since B is spanning list for V there exist a1, . . . , ak, b1, . . . bk ∈ K with

v =
k

∑
i=1

aiwi +
l

∑
j=1

bjvj .

Since ∑ki=1 aiwi ∈W we conclude that

T = v +W = (
k

∑
i=1

bivi) +W =
k

∑
i=1

bi(vi +W ).

Therefore (v1 +W,v2 +W, . . . , vl +W ) is a spanning list for V /W .

Now suppose that b1, . . . bl ∈ K with

l

∑
j=1

bi(vi +W ) = 0V /W .

Then (∑lj=1 bivi) + W = W and ∑lj=1 bivi ∈ W . Since (w1,w2, . . . ,wk) spans W there exist
a1, a2 . . . , ak ∈ K with

l

∑
j=1

bivi =
k

∑
i=1

aiwi,

and so
k

∑
i=1

(−ai)wi +
l

∑
j=1

bjvj = 0V .

Since B is linearly independent, we conclude that −a1 = −a2 = . . . = −ak = b1 = b2 = . . . = bl = 0K. Thus
(v1 +W,v2 +W, . . . , vl +W ) is linearly independent and so a basis for V /W .

(b) Ô⇒ (a): Suppose (v1 +W,v2 +W, . . . , vl +W ) is a basis for W . Let v ∈ V . Then v +W =

∑lj=1 bi(vi +W ) for some b1, . . . bl ∈ K. Thus

v −
l

∑
i=1

bivi ∈W,

and so

v −
l

∑
i=1

bivi =
k

∑
i=1

aiwi

for some a1, . . . , ak ∈ K. Thus

v =
k

∑
i=1

aiwi +
l

∑
j=1

bjvj ,
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and B is a spanning list.

Now let a1, . . . , ak, b1, . . . bk ∈ K with

(∗)
k

∑
i=1

aiwi +
l

∑
j=1

bjvj = 0V .

Since ∑ki=1 aiwi ∈W , this implies

l

∑
j=1

bj(vj +W ) = 0V /W .

Since (v1 +W,v2 +W, . . . , vl +W ) is linearly independent, b1 = b2 = . . . = bl = 0. Thus by (*)

k

∑
i=1

aiwi = 0V ,

and since (w1, . . . ,wk) is linearly independent, a1 = . . . = ak = 0K.

Hence B is linearly independent and so a basis.

Lemma 3.1.18. Let K be field, V a K-space and (v1, . . . , vn) and (w1, . . .wm) be bases for V . Then
n =m.

Proof. The proof is by induction on min(n,m). If n = 0 or m = 0, then V = {0V }. So V contains no
non-zero vectors and n =m = 0.

Suppose now that n ≥ 1 and m ≥ 1. Without loss n ≤ m. Put W = Span(w1). Clearly (v1 +

W, . . . , vn+W ) is a spanning list for V /W . Relabeling the v′is we may assume that (v1+W, . . . , vk+W )

is a minimal spanning sublist of (v1 +W, . . . , vn +W ). So by 3.1.9(a), (v1 +W, . . . , vk +W ) is a basis
for V /W .

By 3.1.9(b) the basis (v1, . . . , vn) is a maximal linearly independent list. Hence (w1, v1, . . . , vn)
is linearly dependent , and so cannot be a basis for V . As w1 is basis for W we conclude from
3.1.17 that (v1 +W, . . . , vn +W ) is not basis for V /W . It follows that k ≠ n and so k < n. The
induction assumption now implies that any basis for V /W has size k. Since w1 is a basis for W and
(w1, . . . ,wn) is a basis for V , 3.1.17 implies that (w2 +W, . . . ,wm +W ) is a basis for V /W . Hence
k =m − 1 and so m = k + 1 ≤ n ≤m. Thus n =m.

Definition 3.1.19. A vector space V over the field K is called finite dimensional if V has a (finite)
basis (v1, . . . , vn). n is called the dimension of K and is denoted by dimK V . (Note that this is
well-defined by 3.1.18).

Lemma 3.1.20. Let K be a field and V an K-space with a finite spanning list L = (v1, v2, . . . , vn).
Then some sublist of L is a basis for V . In particular, V is finite dimensional and dimK V ≤ n.

Proof. Let B be spanning sublist of L of minimal length. Then B is a minimal spanning list and
3.1.9(b) shows that B is basis for V .
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The next lemma is the analogue of Lagrange’s Theorem for vector spaces:

Theorem 3.1.21 (Dimension Formula). Let V be a vector space over the field K. Let W be an K-
subspace of V . Then V is finite dimensional if and only if both W and V /W are finite dimensional.
Moreover, if this is the case, then

dimK V = dimKW + dimK V /W.

Proof. Suppose first that W and V /W are finite dimensional. Let (w1,w2 . . .wk) be basis for W and
(v1 +W, . . . vl +W ) a basis for V /W .

Then by 3.1.17 (w1, . . . ,wl, v1, . . . , vl) is basis for V . Thus

(∗) V is finite dimensional and dimK V = k + l = dimKW + dimK V /W.

Suppose next that V is finite dimensional and let (z1, . . . , zn) be a basis for V . Then (z1+W,z2+

W, . . . , zn +W ) is a spanning list for V /W . So by 3.1.20

(∗∗) V /W is finite dimensional.

It remains to show that W is finite dimensional. Let (z1, . . . , zk) be a linear independent list in
W and put Z ∶= Span(z1, . . . , lk).. Then (z1, . . . , zk) is a basis for Z. By (**) know that V /Z is finite
dimensional, so (*) gives

dimV = dimZ + dimV /Z ≥ k

Thus we can choose k ∈ N maximal such that there exists a linearly independent list (z1, . . . , zk) in
W . Then (z1, . . . , zk) is a maximal linear independent list in W and so 3.1.9 shows that (z1, . . . , zk)
is a basis for W .

Corollary 3.1.22. Let V be a finite dimensional vector space over the field K and L a linearly
independent list of vectors in V . Then L is a sublist of basis of V . In particular, L has length at
most dimK V .

Proof. Let W = Span(L). Then L is a basis for W . By 3.1.21 V /W is finite dimensional and so has
a basis (v1 +W,v2 +W, . . . , vl +W ) for some list (v1, . . . , vl) in V . Let L = (w1, . . .wk). Then 3.1.17
shows that (w1, . . . ,wk, v1, . . . vl) is a basis for V .

3.2 Simple Field Extensions

Definition 3.2.1. Let (K,+, ⋅) be a field. A subfield of (K,+, ⋅) is a field (F,⊕,⊙) such that

(i) F ⊆ K,

(ii) a⊕ b = a + b for all a, b ∈ K.
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(iii) a⊙ b = a ⋅ b for all a, b ∈ K.

If F is a subfield of K we also say that K is an extension field of F and that F ≤ K is a field extension.

Proposition 3.2.2 (Subfield Proposition). Let (K,+, ⋅) be a field and F a subset of K. Define

⊕ ∶ F × F→ F, (a, b) ↦ a + b.

and

⊙ ∶ F × F→ F, (a, b) ↦ a ⋅ b.

Then (F,⊕,⊙) is a well-defined subfield of (K,+, ⋅) if and only of

(I) a + b ∈ F for all a, b ∈ F.

(II) 0K ∈ F.

(III) −a ∈ F for all a ∈ F.

(IV) ab ∈ F for all a, b ∈ F.

(V) 1K ∈ F.

(VI) a−1 ∈ F for all a ∈ F with a ≠ 0K.

Proof. Readily verified.

Example 3.2.3. Q ≤ R and R ≤ C are field extensions.

Lemma 3.2.4. Let F ≤ K be a field extension. Then K is vector space over F, where the scalar
multiplication is given by

F × K→ K, (f, k) ↦ fk

Proof. Using the axioms of a field it is easy to verify the axioms of a vector space.

Definition 3.2.5. A field extension F ≤ K is called finite if K is a finite dimensional F-space.. dimF K
is called the degree of the extension F ≤ K.

Example 3.2.6. (1, i) is an R-basis for C and so R ≤ C is a finite field extension of degree 2. We
claim that Q ≤ R is not finite. Indeed, by 3.1.13 every finite dimensional vector space over Q is
isomorphic to Qn for some n ∈ N and so by A.3.9 is countable. Since by A.3.8, R is not countable, R
is not finite dimensional over Q.

Lemma 3.2.7. Let F ≤ K be a field extension and V a K-space. Then with respect to the restriction
of the scalar multiplication to F, V is an F-space. If V is finite dimensional over K and F ≤ K is
finite, then V is finite dimensional over F and

dimF V = dimF K ⋅ dimK V.

Proof. It is readily verified that V is indeed on F-space. Suppose now that V is finite dimensional over
K and that F ≤ K is finite. Then there exist a K-basis (v1, . . . , vn) for V and an F-basis (k1, . . . , km)

for K. We will show that

B ∶= (kivj ∣ 1 ≤ i ≤m,1 ≤ j ≤ n)
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is an F-basis for V .
To show that B spans V over F, let v ∈ V . Then since (v1, . . . , vn) spans V over K there exists

l1, . . . , ln ∈ K with

(∗) v =
n

∑
j=1

ljvj .

Let 1 ≤ j ≤ n. Since (k1, . . . , km) spans K over F there exists a1j , . . . amj ∈ F with

(∗∗) li =
m

∑
i=1

aijki.

Substituting (∗∗) into (∗) gives

v =
m

∑
j=1

(
n

∑
i=1

aijki) vj =
m

∑
j=1

n

∑
i=1

aij(kivj).

Thus B spans V .
To show that B is linearly independent over F, let aij ∈ F for 1 ≤ i ≤m and i ≤ j ≤ n with

m

∑
j=1

n

∑
i=1

aij(kivj) = 0V .

Then also

m

∑
j=1

(
n

∑
i=1

aijki) vj = 0V .

Since ∑mi=1 aijki ∈ K and (v1, . . . , vn) is linearly independent over K we conclude that for all
1 ≤ j ≤ n:

m

∑
i=1

aijki = 0K.

Since (k1, k2, . . . , km) is linearly independent over F this implies aij = 0F for all 1 ≤ i ≤m and all
1 ≤ j ≤m. Thus B is a basis for V over F, V is finite dimensional over F and

dimF V =mn = dimF K ⋅ dimK V.

Corollary 3.2.8. Let F ≤ K and K ≤ E be finite field extensions. Then also F ≤ E is a finite field
extension and

dimF E = dimF K ⋅ dimK E.

Proof. By 3.2.4 E is a K-space. So the corollary follows from 3.2.7 applied with V = E.
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Before proceeding we recall a few definition and facts from ring theory.

Definition 3.2.9. Let R be a ring.

(a) Let I be a subset of R. Then I is an ideal in R if I is an additive subgroup of R and ri ∈ I
and ir ∈ I for all r ∈ R and i ∈ I.

(b) Let a ∈ R. Then (a) ∶= ⋂{I ⊆ R ∣ I is an ideal in R,a ∈ I}.

(c) Let a ∈ R. Then Ra ∶= {ra ∣ r ∈ R}

Lemma 3.2.10. Let R is a commutative ring with identity and a ∈ R. Then Ra = (a). In particular,
Ra is the smallest ideal of R containing a, that is

(a) Ra is an ideal of R.

(b) a ∈ Ra.

(c) If I is an ideal of R with a ∈ R, then Ra ⊆ I.

Proof. See [Hung, Theorem 6.2].

Lemma 3.2.11. Let F be a field and I a non-zero ideal in F[x].

(a) There exists a unique monic polynomial p ∈ F[x] with I = (p) = F[x]p.

(b) F[x]/I is an integral domain if and only if p is irreducible and if and only if F[x]/I is field.

Proof. (a) We will first show the existence of p. Since I ≠ {0F} we can choose s ∈ I of minimal degree
with respect to s ≠ 0F. Put p ∶= lead(s)−1 ⋅ s. Then s is monic, deg p = deg q and, since I is an ideal,
p ∈ I.

Let f ∈ I. . By the Division Algorithm [Hung, Theorem 4.4], f = qp + r where q, r ∈ F[x] with
deg r < deg p. Since I is an ideal and f, p ∈ I we get r = f − qp ∈ I. Since deg r < deg p = deg q, the
minimal choice of deg q shows that r = 0F . Thus f = qp ∈ (p). Hence I ⊆ (p). As p ∈ I and I is an
ideal, (p) ⊆ I. Thus I = (p).

Suppose that also p̃ ∈ F[x] is monic with I = F[x]p̃. Then p̃ ∈ F[x]p and so p ∣ p̃. Similarly p ∣ p̃.
Since p and p̃ are monic, [Hung, Exercise 4.2 4(b)] gives p = p̃. So p is unique.

(b) This is [Hung, Theorem 5.10].

Definition 3.2.12. Let R be a commutative ring with identity, S a subring of R with 1R ∈ S and a
in R.

(a) Then S[a] ∶= {f(a) ∣ f ∈ S[x]} ⊆ R.

(b) a is called algebraic over S, if there exists a non-zero f ∈ S[x] with f(a) = 0S. Otherwise a is
called transcendental over S.

Example 3.2.13. Consider the field extension Q ≤ C.
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(1)
√

2 is the a root of x2 − 2 and so
√

2 is algebraic over Q.

(2) i is a root of x2 + 1 so i is algebraic over Q.

(3) π is not the root of any non-zero polynomial with rational coefficients. So π is transcendental.
The proof of this fact is highly non-trivial and beyond the scope of this lecture notes. For a
proof see Appendix 1 in [Lang].

Lemma 3.2.14. Let R be a commutative ring with identity, S a subring of R with 1R ∈ S and a in
R

(a) The function φa ∶ S[x] → R,f ↦ f(a) is a ring homomorphism.

(b) Imφa = S[a] is a subring of R with S ⊆ R and a ∈ S[a].

(c) φa is 1-1 if and only if Kerφa = {0S} and if and only if a is transcendental over S.

Proof. (a) Let f, g ∈ S[x]. Then

φa(f + g) = (f + g)(a) = f(a) + g(a) = φa(f) + φa(g)

and similarly φa(fg) = φa(f)φa(g). We remark that the assertion (f + g)(a) = f(a) + g(a) and
(fg)(a) = f(a)g(a) really needs a justification, but leave the the details to the reader.

(b) Imφa = {φa(f) ∣ f ∈ S[x]} = {f(a) ∣ f ∈ S[x]} = S[a]. By Corollary 3.13 in Hungerford [Hung]
the image of a homomorphism is a subring and so S[a] is a subring of S.

Let s ∈ S and put f = s. Then f ∈ S[x] and s = f(a) ∈ S[a].
Let g = 1Rx. Then g ∈ S[x] and a = g(a) ∈ S[a].

(c) By 1.9.3 φa is 1-1 if and only if Kerφa = {0F}. Now

Kerφa = {f ∈ S[x] ∣ φa(f) = 0R} = {f ∈ F[x] ∣ f(a) = 0R},

and so Kerφa = {0S} if and only if there does not exist a non-zero polynomial f ∈ S[x] with f(a) = 0R,
that is if and only if a is transcendental.

Theorem 3.2.15. Let F ≤ K be a field extension and a ∈ K. Suppose that a is algebraic over F. Then

(a) There exists a unique monic polynomial pa ∈ F[x] with Kerφa = (pa).

(b) φa ∶ F[x]/(pa)→ F[a], f + (pa)↦ f(a) is a well-defined isomorphism of rings.

(c) pa is irreducible.

(d) F[a] is a subfield of K.

(e) Put n ∶= deg pa. Then (1, a, . . . , an−1) is an F-basis for F[a]

(f) F ≤ F[a] is finite and dimF F[a] = deg pa.



3.2. SIMPLE FIELD EXTENSIONS 103

(g) Let g ∈ F[x]. Then g(a) = 0K if and only if pa ∣ g in F[x].

Proof. (a) By 3.2.14(c), Kerφa ≠ {0F}. By 3.2.14(a) is a ring homomorphism and so by Theorem
6.10 in Hungerford [Hung], Kerφa is an ideal in F[x]. Thus by 3.2.11, Kerφa = (pa) for a unique
monic polynomial pa ∈ F[x].

(b): By definition of pa, Kerφa = (pa). By 3.2.14(a) φa is a ring homomorphism and so (b) follows
from the First Isomorphism Theorem of Rings, [Hung, Theorem 6.13].

(c) and (d): As K is a field we know that K is an integral domain. Since F[a] is a subring of
K this shows that F[a] is an integral domain. By (b) F[a] ≅ F[x]/(pa) and so also F[x]/(pa) is an
integral domain. Hence by 3.2.11(b), pa is irreducible and F[x]/(pa) is a field. Since F[a] ≅ F[x]/(pa)
also F[a] is a field. Thus (c) and (d) are proved.

(e) Let T ∈ F[x]/(pa). Then T = f +(pa) for some f ∈ F[x]. Let r ∈ F[x]. By 1.7.6 f +(pa) = r+(pa)
if and only f = r + g for some g ∈ (pa) and so if and only if f = r + qpa for some q ∈ F[x]. By the
Division Algorithm there exist unique q, r ∈ F[x] with

f = qpa + r, and deg r < deg pa

and we conclude that there exists a unique r ∈ F[x] with

T = r + (pa) and deg r < n.

Any r ∈ F[x] with deg r < n can be uniquely written as r = ∑ni=0 bix
i, where bi ∈ F. Hence there

exist unique b0, . . . , bn−1 ∈ F with

T =
n−1

∑
i=0

bix
i + (pa),

that is with

T =
n−1

∑
i=0

bi (x
i + (pa)).

Thus by 3.1.7
( 1 + (pa), x + (pa), . . . , x

n−1 + (pa) )

is a F-basis for F[x]/(pa). Since φa is an isomorphism and φa(x
i + (pa)) = ai we conclude from

3.1.12(e) that

( 1, a, a2, . . . , an−1)

is a basis for F[a].

(f) Follows from (e).

(g) Note that g(a) = 0K if and only if φa(g) = 0K, if and only if g ∈ Kerφa, if and only if g ∈ (pa),
if and only if g = qpa for some q ∈ F[x], and if and only if pa ∣ g in F[x].

Definition 3.2.16. Let F ≤ K be a field extension and let a ∈ F be algebraic over F. The unique
monic polynomial pa ∈ F[x] with Kerφa = (pa) is called the minimal polynomial of a over F.
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Lemma 3.2.17. Let F ≤ K be a field extension and a ∈ K be algebraic over F. Then pa is the unique
monic irreducible polynomial in F[x] with pa(a) = 0F .

Proof. Note that pa ∣ pa in F[x] and so 3.2.15(g) shows that pa(a) = 0F . By definition pa is monic
and by 3.2.15(c), pa is irreducible.

Suppose now that p is a monic, irreducible polynomial in F[x] with p(a) = 0. Then 3.2.15(g)
shows that pa ∣ p. Since p is irreducible, the only monic polynomials dividing p are 1F and p. As p
has a root, (namely a), pa ≠ 1F. Thus p = pa.

Example 3.2.18. (1) It is easy to see that x3 − 2 has no root in Q. Since x3 − 2 has degree 3,
[Hung, Corollary 4.18] implies that x3 − 2 is irreducible in Q[x]. So 3.2.17 implies that x3 − 2
is the minimal polynomial of 3

√
2 over Q. Hence by 3.2.15(e)

(1,
3
√

2, (
3
√

2)2) = (1,
3
√

2),
3
√

4)

is a basis for Q[ 3
√

2]. Thus

Q[
3
√

2] = {a + b
3
√

2 + c
3
√

4 ∣ a, b, c ∈ Q}.

(2) Let ξ = e
2π
3
i = cos(2π

3 ) + i sin(2π
3 ) = −1

2 +
√

3
2 i. &%

'$
T
T

rr r1
iξ

Then ξ3 = 1 and ξ is a root of x3−1. x3−1 is not irreducible, since (x3−1) = (x−1)(x2+x+1).
So ξ is a root of x2 + x + 1. x2 + x + 1 does not have a root in Q and so is irreducible in Q[x].
Hence the minimal polynomial of ξ is x2 + x + 1. Thus

Q[ξ] = {a + bξ ∣ a, b ∈ Q}.

Lemma 3.2.19. (a) Let α ∶ R → S and β ∶ S → T be ring isomorphisms. Then

β ○ α ∶ R → T, r → β(α(r))

and
α−1 ∶ S → R,s→ α−1(s)

are ring isomorphism.

(b) Let R and S be rings, I an ideal in R and α ∶ R → S a ring isomorphism. Put J = α(I). Then

(a) J is an ideal in S.

(b) β ∶ I → J, i→ α(i) is a ring isomorphism.

(c) γ ∶ R/I → S/J, r + I → α(i) + J is a well-defined ring isomorphism.

(d) α((a)) = (α(a)) for all a ∈ R. That is α functions to ideal in R generated by a to the
ideal in S generated in α(a).
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(c) Let R and S be commutative rings with identities and σ ∶ R → S a ring isomorphism. Then

R[x] → S[x],
n

∑
i=1

fix
i ↦

n

∑
i=1

σ(i)xi

is a ring isomorphism. In the following, we will denote this ring isomorphism also by σ. So if
f = ∑ni=0 fix

i ∈ F[x], then σ(f) = ∑ni=0 σ(fi)x
i.

Proof. Readily verified.

Corollary 3.2.20. Let σ ∶ K1 → K2 be a field isomorphism. For i = 1,2 let Ki ≤ Ei be a field extension
and suppose ai ∈ Ei is algebraic over Ki with minimal polynomial pi. Suppose that σ(p1) = p2. Then
there exists a field isomorphism

σ̌ ∶ K1[a1] → K2[a2]

with

ρ(a1) = a2 and ρ ∣K1= σ

Proof. By 3.2.19(c)

σ ∶ K1[x] → K2[x], f ↦ σ(f)

is a ring isomorphism. By 3.2.19(b:a)

σ((p1)) = (σ(p1)) = (p2)

and so by 3.2.19(b:c)

(∗) K1[x]/(p1)→ K2[x]/(p2), f + (p1)↦ σ(f) + (p2)

is an isomorphism

By 3.2.15(b)

(∗∗)
K1[x]/(p1)→ K1[a1], f + (p1)↦ f(a1)

K2[x]/(p2)→ K2[a2], f + (p2)↦ f(a2)

both are isomorphism. Hence we obtain an isomorphism

ρ ∶ K1[x] → K1[x]/(p1) → K2[x]/(p2) → K2[x]

f(a1) ↦ f + (p1) ↦ σ(f) + (p2) ↦ σ(f)(a2)

Let k ∈ F1. To compute ρ(k), choose f = k ∈ K1[x]. Then

f(a1) = k, σ(f) = σ(k) ∈K2, σ(f)(a2) = σ(k)
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Thus
ρ(k) = σ(k).

To compute ρ(a1), choose f = x ∈ K1[x]. Then

f(a1) = a1, σ(f) = σ(x) = x, σ(f)(a2) = a2.

So
ρ(a1) = a2.

3.3 Splitting Fields

Definition 3.3.1. A field extension F ≤ K is called algebraic if each k ∈ K is algebraic over F.

Lemma 3.3.2. Any finite field extension is algebraic.

Proof. Let F ≤ K be a finite field extension. Put n ∶= dimF K and let a ∈ K. By 3.1.20 any F-linearly
independent list in K has lengthy at most n. Thus (1F, a, . . . , a

n) is F-linearly dependent and so
there exist f0, . . . , fn ∈ F, not all 0F , with ∑ni=1 fia

i = 0F. Put f = ∑ni=1 fix
i ∈ F[x]. Then f ≠ 0F and

f(a) = 0F . Thus a is algebraic over F.

Example 3.3.3. R ≤ C is algebraic but Q ≤ R is not.

Definition 3.3.4. Let R be a commutative ring with identity, S a subring of R with 1R ∈ S, n ∈ N
and a1, a2 . . . , an ∈ K. For n = 0 define S[] = S, and for n ≥ 1, inductively define

S[a1, a2, . . . , ak] ∶= S[a1, a2, . . . , ak−1][ak] ⊆ R

Definition 3.3.5. Let F ≤ K be field extensions and f ∈ F[x]. We say that f splits in K if there exist
a1 . . . an ∈ K with

(i) f = lead(f)(x − a1)(x − a2) . . . (x − an).

We say that K is a splitting field for f over F if f splits in K and

(ii) K = F[a1, a2, . . . , an].

Example 3.3.6. Consider the extension R ≤ C.

(1) x2 + 1 = (x − i)(x − (−i)) and C = R[i] = R[i,−i]. So C is splitting field of x2 + 1 over C.

(2) x2 = (x−0)(x−0), but C ≠ R = R[0]. So x2 splits over C, but C is not a splitting field of C over
R.

Proposition 3.3.7. Let F be a field and f ∈ F[x]. Then there exists a splitting field K for f over F.
Moreover, F ≤ K is finite of degree at most n!.
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Proof. The proof is by induction on deg f . If deg f ≤ 0, then f = lead(f) and so F is a splitting field
for f over F. Now suppose that deg f = k + 1 and that the proposition holds for all fields and all
polynomials of degree k. Let p be an irreducible divisor of f and put E ∶= F[x]/(p). By 3.2.11 E is a
field. We identify a ∈ F with a + (p) in E. So F is a subfield of E. Put b ∶= x + (p) ∈ F and n = deg f .
Then E = F[b]. Since p ∣ f we have f ∈ (p) and so f + (p) = (p) = 0E. Hence

f(b) =
n

∑
i=0

bix
i =

n

∑
i=0

fi(x + (p))
i
=

n

∑
i=0

fix
i + (p) = f + (p) = (p) = 0E,

and so b is a root of f in E. By the Factor Theorem [Hung, 4.15] f = (x− b) ⋅ g for some g ∈ E[x]. As
degf = k + 1 we have deg g = k. So by the induction assumption there exists a splitting field K for g
over E with dimE K ≤ k!. By 3.2.11

dimF E = deg p ≤ deg f = k + 1

and so by 3.2.8

dimF K = dimF E ⋅ dimE K ≤ (k + 1) ⋅ k! = (k + 1)!

Moreover, there exist a1, . . . , ak ∈ K with

(i) g = lead(g)(x − a1)(x − a2) . . . (x − ak);

(ii) K = E[a1, a2, . . . , ak]; and

Note that leadf = leadg, f = (x − b) ⋅ g and E = K[b]. Hence

(iv) g = lead(f)(x − b)(x − a1)(x − a2) . . . (x − ak), and

(v) K = F[b][a1, a2, . . . , ab] = F[b, a1, . . . , an].

Thus K is a splitting field for f over F.
So the theorem also holds for polynomials of degree k + 1 and, by the Principal of Mathematical

Induction, for all polynomials.

Lemma 3.3.8. Let F be a field, f ∈ F[x] and K a splitting field for f over F. Suppose a is a root of
f in K and put E ∶= F[a]. Then there exists a unique g ∈ E[x] with f = (x− a) ⋅ g and, K is a splitting
field for g over E.

Proof. Note that a is a root of f in E and so the factor theorem shows that f = (x − a)g for some
g ∈ E. Since E[x] is an integral domain, g is unique. Since K is a splitting field for f there exists
b, a1, . . . , an ∈ K with

f1 = b ⋅ (x − a1)(x − a2) . . . (x − an)

Since a is a root of f we may assume that a = a1. Since

(x − a1)g = (x − a)g = f = (x − a1) ⋅ b ⋅ (x − a2) . . . (x − an)
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we get
g = b ⋅ (x − a2) . . . (x − an)

Note that

K = F[a1, . . . , an] = F[a][a2, . . . , an] = E[a2, . . . an]

and so K is a splitting field for g over E.

Theorem 3.3.9. Suppose that

(i) σ ∶ F1 → F2 is an isomorphism of fields;

(ii) For i = 1 and 2, fi ∈ F[x] and Ki a splitting field for fi over Fi; and

(iii) σ(f1) = f2

Then there exists a field isomorphism

σ̌ ∶ K1 → K2 with σ̌ ∣F1= σ.

Suppose in addition that

(iv) For i = 1 and 2, pi is an irreducible factor of fi in F[x] and ai is a root of pi in Ki; and

(v) σ(p1) = σ(p2).

Then σ̌ can be chosen such that
σ(a1) = a2.

Proof. The proof is by induction on deg f . If deg f ≤ 0, then K1 = F1 and K2 = F2 and so the theorem
holds with σ = σ̌.

So suppose that deg f = k+1 and that the lemma holds for all fields and all polynomials of degree
k.

If (iv) and (v) hold let pi and ai as there.
Otherwise let p1 be any irreducible divisor of f1 in F1[x]. Put p2 ∶= σ(p1). By 3.2.19(c),

σ ∶ K1[x] → K2[x] is a ring isomorphism. Thus p2 is a irreducible divisor of f2. Since fi splits over
K, there exists a root ai for pi in Ki.

Put Ei ∶= Ki[ai]. By 3.2.20 there exists a field isomorphism ρ ∶ E1 → E2 with ρ(a1) = a2 and
ρ ∣F1= σ. By the factor theorem f1 = (x − a1) ⋅ g1 for some g1 ∈ E1[x]. Put g2 ∶= ρ(g1) ∈ E2[x]. Since
ρ(a1) = a2 we get

f2 = ρ(f1) = ρ((x − a1) ⋅ g1) = ρ(x − a1)ρ(f1) = (x − a2) ⋅ g2.

For 3.3.8 we conclude that Ei is a splitting field for gi over Ei. So by the induction assumption
there exists a field isomorphism σ̌ ∶ K1 → K2 with σ̌ ∣Ei= ρ. We have σ̌(a1) = ρ(a1) = a2 and
σ̌ ∣F1= ρ ∣F1= σ.

Thus the theorem holds for polynomials of degree k+1 and so by induction for all polynomials.
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Corollary 3.3.10. Let F be a field, f ∈ F[x] and let K,K1,K2 be splitting fields of f over F.

(a) There exists a field isomorphism ρ ∶ K1 → K2 with ρ ∣F= idF. .

(b) Let p be an irreducible divisor of f in F[x] and let a1and a2 be roots of p in K. Then there
exists a field isomorphisms ρ ∶ K→ K with ρ ∣F= idF and σ(a1) = a2.

Proof. (a): Apply 3.3.9 with

F1 = F2 = F, σ = idF, f1 = f2 = f

(b): Apply 3.3.9 with

F1 = F2 = F, K1 = K2 = K, σ = idF, f1 = f2 = f, p1 = p2 = p

Example 3.3.11. By Example 3.3.6(1) C is splitting field of x2 + 1 over R. Moreover x2 + 1 is
irreducible over R and i and −i are roots of x2 + 1. Hence 3.3.10(b) shows that there exists a field
isomorphism ρ ∶ C→ C with

ρ ∣R= idR and ρ(i) = −i.

Let a, b ∈ R. Then

ρ(a + bi) = ρ(a) + ρ(b)ρ(−i) = a + b(−i) = a − bi

This shows ρ is complex conjugation. In particular, complex conjugation is an isomorphism of
fields.

3.4 Separable Extension

Definition 3.4.1. Let F be a field and f ∈ F[x].

(a) Let K be a splitting field for f over K and a1, . . . , an ∈ K with

f = lead(f)(x − a1) . . . (x − an)

We say that f has a double root if ai = aj for some 1 ≤ i < j ≤ n.

(b) If f is irreducible in F[x], then f is called separable over F provided that f does not have a
double root. In general, f is called separable over F provided that all irreducible divisors of f
in F[x] are separable over F.

(c) Let F ≤ K be a field extension. Then a ∈ K is called separable over K if a is algebraic over F and
the minimal polynomial of a over F is separable over F.

(d) A field extension F ≤ K is called separable if each a ∈ K is separable over F.
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Example 3.4.2. Let Z2 ≤ E be a field extension and let t ∈ E be transcendental over Z2. Put

K = Z2(t) = {ab−1 ∣ a, b ∈ Z2[t], b ≠ 0Z2}

and

F = Z2(t
2).

By Homework 11#2 F and K are subfields of E. It is easy to see that t ∉ F. Since −1Z2 = 1Z2 ,

x2 − t2 = (x − t)(x + t) = (x − t)2.

So t is a double root of x2 − t2. Since t ∉ F, x2 − t2 has no root in F and so by [Hung, Corollary
4.18] is irreducible in F[x]. Hence by 3.2.17 x2 − t2 is the minimal polynomial of t over F. Since t
is a double root of x2 − t2, x2 − t2 is not separable. So also t is not separable over F and K is not
separable over F.

Lemma 3.4.3. Let F ≤ E and E ≤ K be field extensions.

(a) Let a ∈ K be algebraic over F. Then a is algebraic over E. Moreover, if pE
a is the minimal

polynomial of a over E, and pF
a is the minimal polynomial of a over F, then pE

a divides pF
a in

E[x].

(b) If f ∈ F[x] is separable over F, then f is separable over E.

(c) If a ∈ K is separable over F, then a is separable over E.

(d) If F ≤ K is separable, then also F ≤ E and E ≤ K are separable.

Proof. (a) Since pF
a(a) = 0F and pE

a ∈ F[x] ⊆ E[x] we see that a is algebraic over E. Moreover, as a is
a root of pF

a . we know that pF
a divides pE

a by 3.2.15(g).

(b) Let f ∈ F[x] be separable over F. Then f = p1p2 . . . pk for some irreducible pi ∈ F[x]. Moreover,
pi = qi1qi2 . . . qili for some irreducible qij ∈ E[x]. Since f is separable, pi has no double roots. Since
qij divides pi also qij has no double roots. Hence qij is separable over E and so also f is separable
over E.

(c) Since a is separable over E, pF
a has no double roots. By (a) pE

a divides pF
a and so also pE

a has
no double roots. Hence a is separable over E.

(d) Let a ∈ K. Since F ≤ K is separable, a is separable over F. So by (c), a is separable over
E. Thus E ≤ K is separable. Let a ∈ E. Then a ∈ K and so a is separable over F. Hence F ≤ E is
separable.

3.5 Galois Theory

Definition 3.5.1. Let F ≤ K be field extension. AutF(K) is the set of all field isomorphism α ∶ K→ K
with α ∣F= idF.
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Lemma 3.5.2. Let F ≤ K be a field extension. Then AutF(K) is a subgroup of Sym(K).

Proof. Clearly idK ∈ AutF(K). Let α,β ∈ AutF(K). Then by 3.2.19(a) α ○ β is a field isomorphism.
If a ∈ F, then α(β(a)) = α(a) = a and so (α ○ β) ∣F= idF. So α ○ β ∈ AutF(K). By 3.2.19(a) α−1 is
a field isomorphism. Since α ∣F= idF also α−1 ∣F= idF and so α−1 ∈ AutF(K). So by the Subgroup
Proposition 1.5.4, AutF(K) is a subgroup of Sym(K).

Example 3.5.3. What is AutR(C)?

Let σ ∈ AutR(C) and a, b ∈ R. Since σR = idR we have σ(a) = a and σ(b) = b. Thus

(∗) σ(a + bi) = σ(a) + σ(b)σ(i) = a + bσ(i).

So we need to determine σ(i). Since i2 = −1, we get

σ(i)2 = σ(i2) = σ(−1) = −1.

Thus σ(i) = i or −i. If σ(i) = i, then (*) shows that σ = idC and if σ(i) = −i, (*) shows that σ is
complex conjugation. By Example 3.3.11, complex conjugation is indeed an automorphism of C and
thus

AutR(C) = {idC , complex conjugation.}

Definition 3.5.4. Let F ≤ K be a field extension and H ⊆ AutK(F). Then

FixK(H) ∶= {k ∈ K ∣ σ(k) = k for all σ ∈H}.

FixK(H) is called the fixed-field of H in K.

Lemma 3.5.5. Let F ≤ K be a field extension and H a subset of AutF(K). Then FixK(H) is subfield
of K containing F.

Proof. By definition of AutF(K), σ(a) = a for all a ∈ F, σ ∈ H. Thus F ⊆ FixK(H). In particular,
0F,1F ∈ FixK(H).

Let a, b ∈ FixK(H) and σ ∈H. Then

σ(a + b) = σ(a) + σ(b) = a + b,

and so a + b ∈ FixK(H).

σ(−a) = −σ(a) = −a,

and so −a ∈ FixK(H).

σ(ab) = σ(a)σ(b) = ab,
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and so ab ∈ FixK(H). Finally if a ≠ 0F, then

σ(a−1) = σ(a)−1 = a−1,

and so a−1 ∈ FixK(H).
Thus FixK(H) is a subfield of K by the Subfield Proposition.

Example 3.5.6. What is FixC(AutR(C))?
By Example 3.5.3, AutR(C) = {idC, σ}, where σ is complex conjugation. Let a, b ∈ R. Then

idC(a + bi) = a + bi and σ(a + bi) = a − bi.

So a + bi is fixed by idC and σ if and only if b = 0, that is if and only if a + bi ∈ R. Thus

FixC(AutR(C)) = R.

Lemma 3.5.7. Let F ≤ K be a field extension and a ∈ K.

(a) Let σ ∈ AutF(K) and f ∈ F[x]. Then σ(f(a)) = f(σ(a)).

(b) AutF(K) acts on K via σ ◇ k = σ(k).

(c) Define F(a) ∶= {de−1 ∣, d, e ∈ F[a], e ≠ 0F∣}. Then StabAutF(K)(a) = AutF(a)(K)

Proof. (a) Let f = ∑ni=0 fix
i with fi ∈ F. Then σ(fi) = fi, so

σ(f(a)) = σ (
n

∑
i=0

fia
i) =

n

∑
i=0

σ(fi)σ(a)
i =

n

∑
i=0

fiσ(a)
i = f(σ(a)).

(b) Just recall from 3.5.2 that AutF(K) ⊆ Sym(K) and from Example 2.1.2(2) that Sym(K) acts
in K via σ ◇ k = σ(k).

(c) Put
H ∶= StabAutF(K)(a) = {σ ∈ AutF(K) ∣ σ(a) = a}.

Since F ⊆ F(a) and a ∈ F(a) we have
AutF(a)(K) ⊆H.

Note that a ∈ FixK(H) and by 3.5.5 FixK(H) is a subfield of K containing F. So by Homework 10#8,
F(a) ⊆ FixK(H). Thus H ⊆ AutF(a)(K), so H = AutF(a)(K).

Proposition 3.5.8. Let F ≤ K be a field extension and 0F ≠ f ∈ F[x]. Let R be the set of roots of f
in K, let a ∈ R and let

S ∶= {σ(a) ∣ σ ∈ AutF(K)}.

(a) S ⊆ R. In particular, R is AutF(K) invariant and AutF(K) acts in R.

(b) F[a] = F(a),
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(c)

∣AutF(K)/AutF[a])(K)∣ = ∣S∣

Proof. (a) Let b ∈ S. Then b = σ(a) for some σ ∈ AutF(K). Thus

f(b) = f(σ(a))
3.5.7(a)
= σ(f(a)) = σ(0K) = 0K.

So b ∈ R and S ⊆ R.

(b) Since a is a root of f , we know that a is algebraic over F. Hence by 3.2.15(c) F[a] is a subfield
of K, so F[a] = F(a).

(c)

∣S∣ = ∣{σ(a) ∣ σ ∈ AutF(K)}∣ − definition of S

= ∣AutF(K)/StabAutF(K)(a)∣ − 2.1.16

= ∣AutF(K)/AutF[a])(K)∣ − 3.5.7(c)

= ∣AutF(K)/AutF[a])(K)∣ − (b)

Definition 3.5.9. Let F ≤ K be field extension.

(a) F ≤ K is called Galois if there exists a separable polynomial f ∈ F[x] such that K is a splitting
field of f over F.

(b) An intermediate field of F ≤ K is a subfield E of K with F ⊆ E.

Lemma 3.5.10. Let F ≤ E and E ≤ K be field extension. If F ≤ K is Galois, then also E ≤ K is Galois.

Proof. Suppose F ≤ K is Galois. Then K is the splitting field of a separable polynomial f ∈ F[x] over
F. Hence there exists a1, . . . , an ∈ K with

f = lead(f)(x − a1) . . . (x − an), and K = F[a1, . . . , an]

Then

K = F[a1, . . . , an] ⊆ E[a1, . . . an] ⊆ K

and so K = E[a1, . . . , an]. Thus K is a splitting field of f over E. By 3.4.3(b), f is separable over E
and so E ≤ K is Galois.

Theorem 3.5.11. Let F ≤ K be a Galois extension. Then

∣AutF(K)∣ = dimF K.
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Proof. The proof is by induction on dimF K. If dimF K = 1, then K = F and AutF(K) = {idF}. So the
theorem holds in this case.

Suppose now dimF K > 1 and that theorem holds for all finite field extensions of degree less than
dimF K. Let f ∈ F[x] be separable polynomial such that K is the splitting field of f over F. Since
dimK K > 1 we have K ≠ F. Also K = F[a1, . . . , am] where a1, . . . , am are the roots of f in K. So there
exists a root a of f in K with a ∉ F. Let pa be the minimal polynomial of a over F. Since a is a root
of f we conclude from 3.2.15 that pa ∣f in F[x], and that pa is irreducible. Since f is separable this
implies that pa has no double roots. Since f splits over K, also pa splits over K. Let R be the set of
roots of pa in K. It follows that

(∗) ∣R∣ = deg pa.

Put
S ∶= {σ(a) ∣ σ ∈ AutF(K)}.

We will show that S = R.
Let b ∈ R. Then both a and b are roots of pa. Also pa is an irreducible divisor of f . Thus by

3.3.10(b) there exists a field isomorphism ρ ∶ K→ K with

ρ ∣F= idF and ρ(a) = b.

Then ρ ∈ AutF(K) and so b = ρ(a) ∈ S. Hence R ⊆ S. By 3.5.8(a) we have S ⊆ R, so

(∗∗) R = S.

We compute

∣AutF(K)/AutF[a](K)∣ = ∣S∣ − 3.5.8(c)

= ∣R∣ − (∗∗)

= deg pa − (∗)

= dimF F[a] − 3.2.15(e)

Thus

(∗ ∗ ∗) ∣AutF(K)/AutF[a](K)∣ = dimF F[a].

By 3.5.10 F[a] ≤ K is Galois. By 3.2.8 we have

(+) dimF K = dimF F[a] ⋅ dimF[a] K

Since a ∉ F we have dimF F[a] ≥ 2 and so (+) implies dimF[a] K < dimF K. Hence induction
assumption shows that
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(++) ∣AutF[a](K)∣ = dimF[a] K.

Hence

∣AutF(K)∣ = ∣AutF(K)/AutF[a](K)∣ ⋅ ∣AutF[a](K)∣ − Lagrange’s

= dimF F[a] ⋅ dimF[a] K − (∗ ∗ ∗) and (++)

= dimF K − (+)

Example 3.5.12. By Example 3.2.18 x3−2 is the minimal polynomial of 3
√

2 over Q and dimQ Q [ 3
√

2] =

3. The other roots of x3 − 2 are ξ 3
√

2 and ξ2 3
√

2, where ξ ∶= e
2π
3
i ∈ C, ξ3 = 1 and ξ ≠ 1. Note that

x3 −1 = (x−1)(x2 +x+1). So ξ is a root of x2 +x+1. Since ξ ∉ R, ξ ∉ Q [ 2
√

2]. Thus x2 +x+1 has not

root in Q[ 3
√

2]. It follows that x2 + x + 1 is irreducible over Q[ 3
√

2] and so x2 + x + 1 is the minimal
polynomial of ξ over Q [ 3

√
2]. Put K ∶= Q [ 3

√
2, ξ]. Then dim

Q[ 3√2] K = deg(x2 + x + 1) = 2 and so

dimQ K = dimQ Q [
3
√

2] ⋅ dim
Q[ 3√2] K = 3 ⋅ 2 = 6.

Note that

K = Q [
3
√

2, ξ
3
√

2, ξ2 3
√

2] ,

and so K is the splitting field of x3−2 over Q. Let R ∶= { 3
√

2, ξ 3
√

2, ξ2 3
√

2} be the set of roots of x3−2.
By 3.5.8, R is AutQ(K)-invariant and so by 2.2.11(b), AutQ(K) acts on R. The homomorphism
associated to this action is

Φ ∶ AutF(K) → Sym(R), σ ↦ σ ∣R .

By Homework 12, Φ is 1-1. By 3.5.11 ∣AutF(K)∣ = dimQ K = 6. Since also ∣Sym(R)∣ = 6 we
conclude that Φ is a bijection, so

AutF(K) ≅ Sym(R) ≅ Sym(3).

Lemma 3.5.13. Let F ≤ K be a field extension and G a finite subgroup of AutF(K) with FixK(G) = F.
Then F ≤ K is finite and dimF K ≤ ∣G∣.

Proof. Put m ∶= ∣G∣ and let G = {σ1, σ2, . . . , σm} with σ1 = idK.

Let n ∈ N and let (k1, k2, . . . , kn) be an F-linear independent list in K. Let C1,C2, . . . ,Cn be the
columns of the matrix
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[σi(kj)]1≤i≤m
1≤j≤n

=

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

k1 k2 . . . kn

σ2(k1) σ2(k2) . . . σ2(kn)

⋮ ⋮ ⋮ ⋮

σm(k1) σm(k2) . . . σm(kn)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

.

Claim: (C1,C2, . . . ,Cn) is linearly independent over K.

Before we prove the Claim we will show that Lemma follows from the Claim. Since Km has
dimension m over K, 3.1.22 implies that any K-linear independent list in Km has length at most
m. So if (C1,C2, . . . ,Cn) is linearly independent, then n ≤ m. In particular, there exists a maximal
F-linear independent list (a1, a2, . . . , al) in K. If follows that (a1, . . . , al) is an F-basis for K and l ≤m.
Thus dimF K ≤ ∣G∣.

We now proof the Claim via a proof by contradiction. So suppose the Claim is false and under
all the F linear independent list (k1, . . . , kn) for which (C1,C2 . . . ,Cn) is linearly dependent over K
choose one with n as small as possible. Then there exist l1, l2 . . . ln ∈ K not all zero with

(1)
n

∑
j=1

lkCj = 0⃗.

If l1 = 0K, then ∑j=2 ljCj = 0⃗ and so also (k2, . . . , kn) is a counterexample. This contradicts the
minimal choice of n.

Hence l1 ≠ 0K. Note that also ∑j=1 l
−1
1 ljCj = 0⃗. So we may assume that l1 = 1F.

Suppose that lj ∈ F for all 1 ≤ j ≤ n. Considering the first coordinates in the equation (1) we
conclude

n

∑
j=1

ljkj = 0F,

a contradiction since (k1, . . . , kn) is linearly independent over F. So there exists 1 ≤ k ≤ n with lk ∉ F.
Note that l1 = 1F ∈ F and so k > 1. Without loss k = 2. So l2 ∉ F. Since FixK(G) = F, l2 ∉ FixK(G)

and so there exists ρ ∈ G with ρ(l2) ≠ l2. Note that (1) is equivalent to the system of equation

n

∑
j=1

ljσ(kj) = 0F for all σ ∈ G.

Applying ρ to each of these equation we conclude

n

∑
j=1

ρ(lk)(ρ ○ σ)(kj) = 0F for all σ ∈ G.

Since σ = ρ ○ (ρ−1 ○ σ) these equations with ρ−1 ○ σ in place of σ give
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n

∑
j=1

ρ(lj)σ(kj) = 0F for all σ ∈ G,

and so

(2)
n

∑
j=1

ρ(lj)Cj = 0⃗.

Subtracting (1) from (2) gives

n

∑
j=1

(ρ(lj) − lj)Cj = 0⃗.

Since l1 = 1F = ρ(1F), ρ(l1) − l1 = 0F and so

(3)
n

∑
j=2

(ρ(lj) − lj)Cj = 0⃗.

Since ρ(l2) ≠ l2, ρ(l2) − l2 ≠ 0F. So not all the coefficient in (3) are zero, a contradiction to the
minimal choice of n.

Proposition 3.5.14. Let F ≤ K be a field extension and let G a finite subgroup of AutF(K). Suppose
that FixK(G) = F and let a ∈ K. Let a1, a2, . . . an be the distinct elements of Ga = {σ(a) ∣ σ ∈ G}. Let
pa be the minimal polynomial of a over F.

(a) a is algebraic over F.

(b) pa = (x − a1)(x − a2) . . . (x − an).

(c) pa splits over K.

(d) F ≤ K is separable.

Proof. Put q = (x − a1)(x − a2) . . . (x − an). Then q ∈ K[x]. We will show that q ∈ F[x].

Let σ ∈ G. Then

(∗) σ(q) = σ((x − a1)(x − a2) . . . (x − an)) = (x − σ(a1))(x − σ(a2)) . . . (x − σ(an)).

By 2.1.11 σ(b) ∈ Ga for all b ∈ Ga. Also σ is injective. It follows that the function

Φ ∶ Ga→ Ga, b↦ σ(b)

is well-defined and injective. Since G is finite, also Ga is finite. Thus Φ is a bijection. It follows that
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(x − σ(a1))(x − σ(a2)) . . . (x − σ(an)) = (x − a1)(x − a2) . . . (x − an) = q.

Thus by (∗)

(∗∗) σ(q) = q.

Note that q = ∑ni=0 kix
i for some k0, k1, . . . , kn ∈ K. Then

n

∑
i=0

kix
i = q

(∗∗)
= σ(q) = σ (

n

∑
i=0

kix
i) =

n

∑
i=0

σ(ki)x
i,

and so

ki = σ(ki) for all0 ≤ i ≤ nand all σ ∈ G.

It follows that for all 0 ≤ i ≤ n,

ki ∈ FixK(G) = F.

Hence q ∈ F[x].

Since a = idK(a), there exists 1 ≤ i ≤ n with a = ai. Thus q(a) = 0F and 3.2.15(g) implies that
pa ∣ q in F[x]. Note that a is a root of pa and pa is irreducible. Hence 3.5.8 shows that each b ∈ Ga
is a root of pa. In particular, x − b divides pa in K[x]. Hence also q divides pa in K[x]. We proved
that pa ∣q and q ∣pa. As pa and q are both monic, we conclude that pa = q. Hence

pa = (x − a1)(x − a2) . . . (x − an).

As ai ∈ K for all 1 ≤ i ≤ n this shows that pa splits over K. Since the ai’s are pairwise distinct, pa
is separable. So a is separable over K. Since a ∈ K was arbitrary, F ≤ K is separable.

Definition 3.5.15. Let F ≤ K be algebraic field extension. Then F ≤ K is called normal if for each
a ∈ K, pa splits over K.

Theorem 3.5.16. Let F ≤ K be a field extension. Then the following statements are equiva-
lent.

(a) F ≤ K is Galois, that is K is the splitting field of a separable polynomial in F[x] over F.

(b) AutF(K) is finite and F = FixK(AutF(K)).

(c) F = FixK(G) for some finite subgroup G of AutF(K).

(d) F ≤ K is finite, separable and normal.
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Proof. (a) Ô⇒ (b): Suppose F ≤ K is Galois. Then 3.5.11 AutF(K) is finite of order dimF K. Let
E = FixK(AutF(K)). Then AutF(K) ⊆ AutE(K) ⊆ AutF(K) and so

(∗) AutF(K) = AutE(K).

By 3.5.10 E ≤ K is Galois. So we can apply 3.5.11 to F ≤ K and E ≤ K. Hence

dimE K ≤ dimF E ⋅ dimE K 3.2.8
= dimF K 3.5.11

= ∣AutF(K)∣
(∗∗)
= ∣AutE(K)∣

3.5.11
= dimE K.

Hence equality must hold everywhere in the above inequalities. Thus dimE K = dimF K and so
dimF E = 1 and E = F.

(b) Ô⇒ (c): Just choose G ∶= AutF(K).

(c) Ô⇒ (d): By 3.5.13 F ≤ K is finite. By 3.5.14 F ≤ K is separable, and pa splits over K for all
a ∈ F. Thus F ≤ K is normal.

(d) Ô⇒ (a): Since F ≤ K is finite there exists a K-basis (a1, a2, . . . , an) for K. Then K ⊆

F[a1, a2 . . . , an] ⊆ K. So

(∗∗) K = F[a1, a2 . . . , an].

Let pi be the minimal polynomial of ai over F. Since F ≤ K is separable, pi is separable over F.
Since F ≤ K is normal, pi splits over F. Put f ∶= p1p2 . . . pn. Then f is separable and splits over K.
Each ai, 1 ≤ i ≤ n is a root of pi and so of f . Let a1, a2, . . . , an, . . . , am be all the roots of f in K.
Then

K
(∗∗)
= F[a1, a2 . . . , an] ⊆ K ⊆ F[a1, a2 . . . , am] ⊆ K

and so

K = F[a1, a2 . . . , am].

Thus K is a splitting field of f over F.

Lemma 3.5.17. Let F ≤ K be a field extension. Let σ ∈ AutF(K) and let E be subfield field of K
containing F. Then

σAutE(K)σ−1 = Autσ(E)(K)
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Proof. Let ρ ∈ AutF(K). Then

ρ ∈ Autσ(E)(K)

⇐⇒ ρ(k) = k for all k ∈ σ(E) − Definition of Autσ(E)(K)

⇐⇒ ρ(σ(e)) = σ(e) for all e ∈ E − Definition of σ(E)

⇐⇒ σ−1(ρ(σ(e)) = e for all e ∈ E − σ is a bijection

⇐⇒ (σ−1ρσ)(e) for all e ∈ E − Definition of σ−1ρσ

⇐⇒ σ−1ρσ ∈ AutE(K) − Definition of AutE(K)

⇐⇒ ρ ∈ σAutE(K)σ−1 − 1.8.1(c)

Lemma 3.5.18. Let F ≤ K be a Galois extension and E an intermediate field of F ≤ K. The following
are equivalent:

(a) F ≤ E is normal.

(b) F ≤ E is Galois.

(c) E is invariant under AutF(K), that is σ(E) ⊆ E for all σ ∈ AutF(K).

(d) E = σ(E) for all σ ∈ AutF(K).

Proof. (a) Ô⇒ (b): Suppose F ≤ E is normal. Since F ≤ K is separable, 3.4.3(d) implies that F ≤ E
is separable. Since F ≤ K is finite, 3.1.21 implies that F ≤ E is finite. Thus F ≤ E is Galois by 3.5.16.

(b) Ô⇒ (c): Suppose F ≤ E is Galois. Let a ∈ E and σ ∈ AutF(K). By 3.5.8 σ(a) is a root of pa
in K. Since F ≤ E is normal, pa splits over E. Hence all roots of pa in K are in E, so σ(a) ∈ E.

(c) Ô⇒ (d): See 2.2.11(b).

(d) Ô⇒ (a): σ(E) = E for all σ ∈ AutF(∣K). Since F ≤ K is Galois we conclude that 3.5.16
F = FixK(G) for some finite subgroup G of AutF(K). So by 3.5.14 pa splits over K and if b is a root
of pa, then b = σ(a) for some σ ∈ G. b = σ(a) = σ(E) = E. So pa splits over E and F ≤ E is normal.

Theorem 3.5.19 (Fundamental Theorem of Galois Theory). Let F ≤ K be a Galois Extension. Let
E be an intermediate field of F ≤ K and G ≤ AutF(K).

(a) The function
E→ AutE(K)

is a bijection between to intermediate fields of F ≤ K and the subgroups of AutF(K). The inverse
of this function is given by

G→ FixK(G).
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(b) ∣G∣ = dimFixK(G) K and dimE K = ∣AutE(K)∣.

(c) F ≤ E is normal if and only if AutE(K) is normal in AutF(K).

(d) If F ≤ E is normal, then the function

AutF(K)/AutE(K) → AutF(E), σAutE(K) → σ ∣E

is a well-defined isomorphism of groups.

Proof. Let E be an intermediate field of F ≤ K and G ≤ AutF(K). By 3.5.10

(∗) E ≤ K is Galois.

Hence by 3.5.11

(∗∗) AutE(K) = dimE K.

(a) Since E ≤ K is Galois, 3.5.16 shows that

(∗ ∗ ∗) FixK(AutE(K)) = E.

Put L ∶= FixK(G). Then

(+) G ≤ AutL(K)

We compute

∣AutL(K)∣
(∗∗)
= dimE K

3.5.13
≤ ∣G∣

(+)
≤ ∣AutL(K)∣

It follows that equality holds everywhere. In particular,

(++) ∣G∣ = dimL K = dimFixK(G) K

and ∣G∣ = AutL(K). As G ⊆ AutL(∣K), this gives G = AutL(K), that is

(+++) AutFixK(G)(K) = G.

By (∗ ∗ ∗) and (+++) the two functions in (a) are inverse to each other. Thus (a) holds.

(b) The first statement is (++) and the second statement is (∗∗).

(c) We have
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F ≤ E is normal

⇐⇒ σ(E) = E for all σ ∈ AutF(K) − 3.5.18

⇐⇒ Autσ(E)(K) = AutE(K) for all σ ∈ AutF(K) − (a)

⇐⇒ σAutE(K)σ−1 = AutE(K) for all σ ∈ AutF(K) − 3.5.17

⇐⇒ AutE(K) ⊴ AutF(K) − 1.8.6(e)

(d) By 3.5.18 E is AutF(K)-invariant. So by 2.2.11(b) AutF(K) acts on E. The homomorphism
associated to this action is

α ∶ AutF(K) → Sym(E), σ ↦ σ ∣E .

In particular, σ ∣E is a bijection from E to E. Clearly σ ∣E is a homomorphism. Thus σ ∣E is a
field isomorphism. Moreover, (σ ∣E) ∣F= σ ∣F= idF and so σ ∣E∈ AutF(K). Thus Imα ≤ AutE(K). Let
ρ ∈ AutE(K). Then by 3.3.9, applied with F1 = F2 = E, K1 = K2 = K, f1 = f2 = f and σ = ρ there exists
a field isomorphism ρ̂ ∶ K → K with ρ̌ ∣E= ρ. Since ρ̌ ∣F= ρ ∣E= idF, ρ̌ ∈ AutF(K). Then ρ = α(ρ̌) and so
ρ ∈ Imα and Imα = AutF(E).

Note that σ ∈ Kerα if and only if α ∣E= idE. So Kerα = AutE(K). Hence (d) follows from the First
Isomorphism Theorem.

Example 3.5.20. Let K be the splitting field of x3 − 2 over Q in C. Let

ξ = e
2π
3
i, a =

3
√

2, b = ξ
3
√

2, and c = ξ2 3
√

2.

By Example 3.5.12

K = Q[a, ξ], dimQ K = 6 and AutQ(K) ≅ Sym(R) ≅ Sym(3),

where R = {a, b, c} is the set of roots of x3 − 2. For (x1, . . . xn) a cycle in Sym(R) let σx1...xn be
the corresponding element in AutQ(K). So for example σab is the unique element of AutQ(K) with
σab(a) = b, σab(b) = a and σab(c) = c. Then by 1.9.21 the subgroup of AutQ(K) are

{idK}, ⟨σabc⟩, AutQ(K), ⟨σab⟩, ⟨σac⟩, ⟨σbc⟩, ⟨σac⟩.

Moreover, the first three (subgroups of order 1,3 or 6) are normal, while the last three (subgroups of
order 2) are not normal.

We now compute the corresponding intermediate fields:

Observe that

FixK({idK}) = K.
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⟨σab⟩ has order 2. Hence by the FTGT 3.5.19(b), dimFixK(⟨σab)⟩ K = 2. Since dimQ K = 6, 3.2.8
implies that dimQ FixK(⟨σab⟩) = 3. Since c is fixed by σab and dimQ Q[c] = deg pc = deg(x3 − 2) = 3 we
have

FixK(⟨σab⟩) = Q[c] = Q [ξ2 3
√

2] .

Similarly,

FixK(⟨σac⟩) = Q[b] = Q [ξ
3
√

2]

and
FixK(⟨σbc⟩) = Q[a] = Q [

3
√

2] .

Note that dimQ Q[ξ] = 2 and so dimQ[ξ] K = 3. Hence ∣AutQ[ξ]K∣ = 3. Since AutQ(K) has a unique
subgroup of order 3 we get AutQ(K) = ⟨σabc⟩ and so

FixK(⟨σabc⟩) = Q[ξ].

Let us verify that σabc indeed fixes ξ. From b = aξ and c = bξ we have ξ = a−1b = b−1c and so

σabc(ξ) = σabc(a
−1b) = (σabc(a))

−1σabc(b) = b
−1c = ξ.

Finally by 3.5.16
FixK(AutQ(K)) = Q.

Note that the roots of x2 + x + 1 are ξ and ξ2. So Q[ξ] is the splitting field of x2 + x + 1 and
Q ≤ Q[ξ] is a normal extension, corresponding to the fact that ⟨σabc⟩ is normal in AutF(K).

Since pa = x
3 − 2 and neither b or c are in Q[a], pa does not split over Q[a]. Hence Q ≤ Q[a] is

not normal, corresponding to the fact that ⟨σbc⟩ is not normal in AutF(K).
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Appendix A

Sets

A.1 Equivalence Relations

Definition A.1.1. Let ∼ be a relation on a set A. Then

(a) ∼ is called reflexive if a ∼ a for all a ∈ A.

(b) ∼ is called symmetric if b ∼ a for all a, b ∈ A with a ∼ b.

(c) ∼ is called transitive if a ∼ c for all a, b, c ∈ A with a ∼ b and b ∼ c.

(d) ∼ is called an equivalence relation if ∼ is reflexive, symmetric and transitive.

(e) For a ∈ A we define [a]∼ ∶= {b ∈ R ∣ a ∼ b}. We often just write [a] for [a]∼. If ∼ is an
equivalence relation then [a]∼ is called the equivalence class of ∼ containing a.

(f) A/∼∶= {[a]∼ ∣ a ∈ A}.

Remark A.1.2.

Suppose P (a, b) is a statement involving the variables a and b. Then we say that P (a, b) is a
symmetric in a and b if P (a, b) is equivalent to P (b, a). For example the statement a + b = 1 is
symmetric in a and b. Suppose that P (a, b) is a symmetric in a and b, Q(a, b) is some statement
and that

(∗) For all a,b P (a, b) Ô⇒ Q(a, b).

Then we also have

(∗∗) For all a,b P (a, b) Ô⇒ Q(b, a).

Indeed, since (*) holds for all a, b we can use (*) with b in place of a and a in place of b. Thus

For all a,b P (b, a) Ô⇒ Q(b, a).

125
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Since P (b, a) is equivalent to P (a, b) we see that (**) holds. For example we can add −b to both
sides of a + b = 1 to conclude that a = 1 − b. Hence also b = 1 − a ( we do not have to repeat the
argument.)

Theorem A.1.3. Let ∼ be an equivalence relation on the set A. Let a, b ∈ A. Then the following
statements are equivalent:

(a) a ∼ b.

(b) b ∈ [a].

(c) [a] ∩ [b] ≠ ∅.

(d) [a] = [b].

(e) a ∈ [b]

(f) b ∼ a.

Proof. (a) Ô⇒ (b): Suppose a ∼ b. Since [a] = {b ∈ A ∣ a ∼ b} we get b ∈ [a].

(b) Ô⇒ (c): Suppose b ∈ [a]. Since ∼ is reflexive we have b ∼ b and so b ∈ [b]. Thus b ∈ [a] ∩ [b]
and [a] ∩ [b] ≠ ∅.

(c) Ô⇒ (d): Suppose [a] ∩ [b] ≠ ∅. Then there exists c ∈ [a] ∩ [b]. We will first show that
[a] ⊆ [b]. For this let, d ∈ [a].

c ∈ [b], c ∈ [a], and d ∈ [a].

The definition of an equivalence class implies:

b ∼ c, a ∼ c, and a ∼ d,

Since ∼ is symmetric, this gives

b ∼ c, c ∼ a, and a ∼ d

Since ∼ is transitive,

b ∼ a and a ∼ d

and then
b ∼ d.

So d ∈ [b]. This shows that [a] ⊆ [b]. The situation is symmetric in a and b, so we also get
[b] ⊆ [a]. Hence [a] = [b].

(d) Ô⇒ (e): Since a is reflexive, we have a ∼ a, so a ∈ [a]. If [a] = [b] we get a ∈ [b].

(e) Ô⇒ (f): If a ∈ [b], the definition of [a] implies b ∼ a.

(f) Ô⇒ (a): If b ∼ a, then a ∼ b since ∼ is symmetric.

Corollary A.1.4. Let ∼ be an equivalence relation on the set A.

(a) Let a ∈ A. Then a is contained a unique equivalence class X of ∼, namely X = [a]∼.

(b) A/∼ is a partition of A, that is each elements of A is contained in a unique element of A/ ∼.
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Proof. (a) Let a ∈ A and X ∈ A/∼. We need to show that a ∈X if and only if X = [a]. By definition
of an equivalence class, X = [b] for some b ∈ A. Hence

a ∈X

⇐⇒ a ∈ [b] −Principal of Substitution

⇐⇒ [a] = [b] −A.1.3(d),(e)

⇐⇒ [a] =X −Principal of Substitution

(b) follows from (a).

A.2 Bijections

Definition A.2.1. Let f ∶ A→ B be a function.

(a) f is called 1-1 or injective if a = c for all a, c ∈ A with f(a) = f(c).

(b) f is called onto or surjective if for all b ∈ B there exists a ∈ A with f(a) = b.

(c) f is called a 1-1 correspondence or bijective if for all b ∈ B there exists a unique a ∈ A with
f(a) = b.

(d) Im f ∶= {f(a) ∣ a ∈ A}. Im f is called the image of f .

Observe that f is 1-1 if and only if for each b in B there exists at most one a ∈ A with f(a) = b.
So f is 1-1 correspondence if and only f is 1-1 and onto.

Also f is onto if and only if Im f = B.

Definition A.2.2. (a) Let A be a set. The identity function idA on A is the function

idA ∶ A→ A, a→ a.

(b) Let f ∶ A→ B and g ∶ B → C be function. Then g ○ f is the function

g ○ f ∶ A→ C, a→ g(f(a)).

g ○ f is called the composition of g and f .

Lemma A.2.3. Let f ∶ A→ B and B → C be functions.

(a) If f and g are 1-1, so is g ○ f .

(b) If f and g are onto, so is g ○ f .
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(c) If f and g is a bijection, so is g ○ f .

Proof. (a) Let x, y ∈ A with (g ○ f)(x) = (g ○ f)(y). Then g(f(x)) = g(f(y)) Since g is 1-1, this
implies f(x) = f(y) and since f is 1-1, x = y. Hence g ○ f is 1 − 1.

(b) Let c ∈ C. Since g is onto, there exists b ∈ B with g(b) = c. Since f is onto there exists a ∈ A
with f(a) = b. Thus

(g ○ f)(a) = g(f(a)) = g(b) = c,

and so g ○ f is onto.
(c) Suppose f and g are bijections. By (a) , g ○ f is 1-1 and by (b) g ○ f is onto. So also g ○ f is

a bijection.

Definition A.2.4. Let f ∶ A→ B be a function.

(a) If C ⊆ A, then f(C)∶= {f(c) ∣ c ∈ C}. f(C) is called the image of C under f .

(b) If D ⊆ B, then f−1(D)∶= {c ∈ C ∣ f(c) ∈D}. f−1(D) is called the inverse image of D under f .

Lemma A.2.5. Let f ∶ A→ B be a function.

(a) Let C ⊆ A. Then C ⊆ f−1(f(C)).

(b) Let C ⊆ A. If f is 1-1 then f−1(f(C)) = C.

(c) Let D ⊆ B. Then f(f−1(D)) ⊆D.

(d) Let D ⊆ B. If f is onto then f(f−1(D)) =D.

Proof. (a) Let c ∈ C, then f(c) ∈ f(C) and so c ∈ f−1(f(C)). Thus (a) holds.
(b) Let x ∈ f−1(f(C)). Then f(x) ∈ f(C) and so f(x) = f(c) for some c ∈ C. Since f is 1-1, x = c

and so f−1(f(C)) ⊆ C. By (a) C ⊆ f−1(f(C)) and so (b) holds.
(c) Let x ∈ f−1(C). Then f(x) ∈ C and so (d) holds.
(d) Let d ∈ D. Since f is onto, d = f(a) for some a ∈ D. Then f(a) ∈ D and so a ∈ f−1(D). It

follows that d = f(a) ∈ f(f−1(D)). Thus D ⊆ f(f−1(D)). By f(f−1(D)) ⊆D and so (d) holds.

Lemma A.2.6. Let f ∶ A→ B be a function and suppose A ≠ ∅.

(a) f is 1-1 if and only if there exists a function g ∶ B → A with g ○ f = idA.

(b) f is onto if and only of there exists a function g ∶ B → A with f ○ g = idB.

(c) f is a bijection if and only if there exists a function g ∶ B → A with f ○ g = idB and g ○A = idB.

Proof. Ô⇒: We first prove the ’forward’ direction of (a), (b) and (c). Since A is not empty, we can
fix an element a0 ∈ A. Let b ∈ B. If b ∈ Im f choose ab ∈ A with f(ab) = b. If b ∉ Im f , put ab = a0.
Define

g ∶ B → A, b→ ab



A.3. CARDINALITIES 129

(a) Suppose f is 1-1. Let a ∈ A and put b = f(a). Then b ∈ Im f and so f(ab) = b = f(a). Since f
is 1-1, ab = a and so g(f(a)) = g(b) = ab = a. Thus g ○ f = idA.

(b) Suppose f is onto. Then B = Im f and so f(ab) = b for all b ∈ B. Thus f(g(b)) = f(ab) = b
and f ○ g = idB.

(c) Suppose f is a 1-1 correspondence. Then f is 1-1 and onto and so by (a) and (b), f ○ g = idB
and g ○ f = idA.
⇐Ô: Now we establish the backward directions.
(a) Suppose there exists g ∶ B → A with g ○ f = idA. Let a, c ∈ A with f(a) = f(c).

f(a) = f(c)

Ô⇒ g(f(a)) = g(f(c))

Ô⇒ (g ○ f)(a) = (g ○ f)(a)

Ô⇒ idA(a) = idA(c)

Ô⇒ a = c .

Thus f(a) = f(c) implies a = c and f is 1-1.

(b) Suppose there exists g ∶ B → A with f ○ g = idB. Let b ∈ B and put a = g(b). Then
f(a) = f(g(b)) = (f ○ g)(b) = idB(b) = b and so f is onto.

(c) Suppose there exists g ∶ B → A with g ○ f = idA and f ○ g = idB. Then by (a) and (b), f is 1-1
and onto. So f is a 1-1 correspondence.

A.3 Cardinalities

Definition A.3.1. Let A and B be sets. We write A ≈ B if there exists a bijection from A to B.
We write A ≺ B if there exists injection from A to B.

Lemma A.3.2. (a) ≈ is an equivalence relation.

(b) If A and B are sets with A ≈ B, then A ≺ B.

(c) ≺ is reflexive and transitive.

(d) Let A and B be sets. Then A ≺ B if and only if there exists C ⊆ B with A ≈ C.

Proof. (a) Let A be a set. Then idA is a bijection and so A ≈ B. Hence ≈ is reflexive. Let

f ∶ A→ B

be a bijection. Then by A.2.6(c) there exists a bijection g ∶ B → A. So ≈ is symmetric. Let f ∶ A→ B
and g ∶ B → C be bijections. Then by A.2.3(c) g ○ f is a bijection and so A ≈ C and ≈ is transitive.

(b) Obvious since any bijection is an injection.
(c) By (a) A ≈ A and so by (b) A ≺ A. A.2.3(a) shows that ≺ is transitive.
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(c) Suppose f ∶ A→ B is an injection. Then A ≈ Im f and Im f ⊆ B.
Suppose that A ≈ C for some C ⊆ B. By (b) A ≺ C. The inclusion function from C to B shows

that C ≺ B. Since ≺ is transitive we get A ≺ B.

Definition A.3.3. Let A be a set. Then ∣A∣ denotes the equivalence class of ≈ containing. An
cardinal is a class of the form ∣A∣, A a set. If a, b are cardinals then we write a ≤ b if there exist sets
A and B with a = ∣A∣, b = ∣B∣ and A ≺ B.

Lemma A.3.4. Let A and B be sets.

(a) ∣A∣ = ∣B∣ if and only if A ≈ B.

(b) ∣A∣ ≤ ∣B∣ if and only if A ≺ B.

Proof. (a) follows directly from the definition of ∣A∣.
(b) If A ≺ B, then by definition of ′ ≤′, ∣A∣ ≤ ∣B∣. Suppose that ∣A∣ ≤ ∣B∣. Then there exist sets

A′ and B′ with ∣A∣ = ∣A′∣, ∣B∣ = ∣B′∣ and A′ ≺ B′. Then also A ≈ A′ and B ≈ B′ and so by A.3.2,
A ≺ B.

Theorem A.3.5 (Cantor-Bernstein). Let A and B be sets. Then A ≈ B if and only if A ≺ B and
B ≺ A.

Proof. If A ≈ B, then by A.3.2(a) B ≈ C and by A.3.2(b), A ≺ B and B ≺ C.
Suppose now that A ≺ B and B ≺ A. Since B ≺ A, A.3.2(d) implies B ≈ B∗ for some B∗ ⊆ A.

Then by A.3.2 B∗ ≺ A and A ≺ B∗. So replacing B by B∗ we may assume that B ⊆ A. Since A ≺ B,
A ≈ C for some C ⊆ B. Let f ∶ A→ C be a bijection. Define

E ∶= {a ∈ A ∣ i = fn(d) for some n ∈ N, d ∈ A ∖B},

and

g ∶ A→ A, a→

⎧⎪⎪
⎨
⎪⎪⎩

f(a) if a ∈ E

a if a ∉ E
.

We will show that g is 1-1 and Im g = B.
Let x, y ∈ A with g(x) = g(y). We need to show that x = y.

Case 1: x ∉ E and y ∉ E.
Then x = g(x) = g(y) = y.

Case 2’: x ∈ E and y ∉ E.
Then x = fn(d) for some d ∈ A ∖ B and y = g(y) = g(x) = f(x) = fn+1(d). But then y ∈ E, a

contradiction.

Case 3: x ∉ E and y ∈ E.
This leads to the same contradiction as in the previous case.

Case 4: x ∈ E and y ∈ E.
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Then f(x) = g(x) = g(y) = f(y). Since f is 1-1 we conclude that x = y.

So in all four cases x = y and g is 1-1.

We will now show that Im g ⊆ B. For this let a ∈ A.

If a ∈ E, then g(a) = f(a) ∈ C ⊆ B.

If a ∉ E, then a ∈ B since otherwise a ∈ A ∖ B and a = f0(a) ∈ E. Hence g(a) = a ∈ B. Thus
Im g ⊆ B.

Next we show that B ⊆ Im g. For this let b ∈ B.

If b ∉ E, the b = g(b) ∈ Im g.

If b ∈ E, pick n ∈ N and d ∈ A ∖B with b = fn(a). Since b ∈ B, b ≠ d and so n > 0. Observer that
fn−1(d) ∈ E and so b = f(fn−1(d)) = g(fn−1(d)) ∈ Im g. Thus B ⊆ Im g.

It follows that B = Im g. Therefore g is a bijection from A to B and so A ≈ B.

Corollary A.3.6. Let c and d be cardinals. Then c = d if and only if c ≤ d and d ≤ c.

Proof. Follows immediately from A.3.5 and A.3.4.

Definition A.3.7. Let I be a set. Then I is called finite if the exists n ∈ N and a bijection f ∶ I →
{1,2, . . . , n}. I is called countable if either I is finite or there exists a bijections f ∶ I → Z+.

Example A.3.8. We will show that

∣Z+∣ < ∣R∣,

where < means ≤ but not equal. In particular R is not countable Since ∣[0,1)∣ ≤ ∣R∣ it suffices to show
that ∣Z+∣ < ∣[0,1)∣. Since the function Z+ → [0,1, n → 1

n is 1-1, ∣Z+∣ ≤ ∣[0,1)∣. So it suffices to show
that ∣Z+∣ ≠ ∣[0,1)∣.

Let f ∶ Z+ → [1,0) be function. We will show that f is not onto. Note that any r ∈ [0,1) can be
unique written as

r =
∞
∑
i=1

ri
10i

,

where ri is an integer with 0 ≤ ri ≤ 9, and not almost all ri are equal to 9. (almost all means all but
finitely many). For i ∈ Z+ define

s(i) ∶=

⎧⎪⎪
⎨
⎪⎪⎩

0 if f(i)i ≠ 0

1 if f(i)i = 0
.

This definition is made so that s(i) ≠ f(i)i for all i ∈ Z+.

Put s ∶= ∑∞
i=1

s(i)
10i

. Then for any i ∈ Z+, si = s(i) ≠ f(i)i and so s ≠ f(i). Thus s ∉ Im f and f is
not onto.

We proved that there does not exist an onto function from Z+ to [1,0). In particular, there does
not exist a bijection from Z+ to [1,0) and ∣Z+∣ ≠ ∣[1,0)∣.

Lemma A.3.9. (a) Let A and B be countable sets. Then A ×B is countable.
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(b) Let A be a countable set. Then Bn is countable for all positive integers n.

Proof. (a) It suffices to show that Z+ ×Z+ is countable. Let (a, b), (c, d) ∈ Z+. We define the relation
< on Z+ ×Z+ by (a, b) < (c, d) if one of the following holds:

max(a, b) < max(c, d);

max(a, b) = max(c, d), and a < c; or

max(a, b) = max(c, d), a = c and b < d

So (1,1) < (1,2) < (2,1) < (2,2) < (1,3) < (2,3) < (3,1) < (3,2)) < (3,3) < (1,4) < (2,4) < (3,4) <
(4,1) < (4,2) < (4,3) < (4,4) < (1,5) < . . .

Let a1 = (1,1) and inductively let an+1 smallest element (with respect to ′ <′) which is larger than
an in Z+ ×Z+. So a2 = (1,2), a3 = (2,1), a4 = (2,2), a5 = (1,3) and so on. We claim that

f ∶ Z+ → Z+ ×Z+, n→ an

is a bijection. Indeed if n <m, then an < am and so f is 1-1. Let (c, d) ∈ Z+ × Z+. Then max(a, b) <
max(c, d) for all (a, b) with (a, b) < (c, d). Hence there exist only finitely many (a, b)′s with (a, b) <
(c, d). Let (x, y) be the largest of these. Then by induction (x, y) = an for some n and so (c, d) = an+1.
Thus f is onto.

(b) The proof is by induction on n. If n = 1, (b) clearly holds. So suppose that (b) holds for n = k.
So Ak is countable. Since Ak+1 = A ×Ak, (a) implies that Ak+1 is countable. So by the Principal of
Mathematical Induction, (b) holds for all positive integers n.
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