MTH 132 Exam 2/Solutions Fall 2018

Standard Response Questions. Show all your work to receive credit. Please your final answer.

#1. (6 pts) Find the most general antiderivative of f(z) = 2% — sec(c) tan(z) + 54~.

2Vx
Solution: |
Exﬁ —secz + vz + C
#2. (8 pts) Determine the value(s) of a such that
a+1
/ (22 + 3) dz = 10
Solution:
The definite integral is the area of the region between
y=0and y =2x+3 from x = a to x = a+ 1. This area Y
is a trapezoid of height 1 and bases 2a+3 and 2(a+1)+3 =S
and so has area
2 1 2 1 3 4
(2a+1)+ (2(a+1) + ).1: at8 o 4
2 2
So f;+l(2x + 3)dz = 2a + 4 and we need to find a 2(a+1)+3
number a such that 2a+3
2a+4 =10
2a =6 1 -
@ a+1

Remark: We could also have calculated the definite integral using the Fundamental Theorem of Calculus:

a+1
a

a+1
/ (22 + 3) dz = [2® + 3z]

= ((a+1)?+3(a+1)) - (a® + 3a)

=+ 20+ 143+ 3 —a% —3q
=2a+4

#3. (14 pts)

A small region has the shape of a rectangle attached to a semicircle, so that the diameter of the
semicircle is equal to the width of the rectangle. The perimeter is 2 m.

What is the width of such a region which has the largest possible area?

What is the largest possible area?

Use one of the techniques of MTH 132 to justify that your solution indeed maximizes the area.




Solution: The area of the rectangle is 2xy and the area of the semicircle is %mcz. So the total area is
s
A=2xy+ 51‘2.

The perimeter consists of the bottom (of length 2x), the two sides (each of length y) and the semicircle (of
perimeter % - 2mx). Hence the total perimeter is

P =2z +2y+mx
We know that P = 2, so

2=2x+2y+nx
20=2—2x+mx

s
:1— _ —
Y z 23:

Substituting in the formula for A gives

A:2x<1—x—%x)+%x2

=2$—2$2—ﬂ'$2+g$2
:235—2562—%962

Thus
A =24z — 7z
=2—(4+m)z
2
= 4 —
) (o -a)

It follows that A’ = 0 for z = 4_%. Moreover

2 2
A >0 for x < and A’ <0 for z > :
44+ 44+

Thus the | First Derivative Test for Absolute Extrema | shows that A has an absolute maximum at x = H%.
The width of the region with maximal area is

2 4
2 =2 = m
447 44+

and the maximal area is



A:2x—2x2—zm2

2
9 9 2 2
—|2 _9 (2
4+ 44+ 2\4+7
4 8 2w

T 44w (4+m)? (4+m)2

(16 + 47) — 8 — 27

(4 +m)?

8 + 2m
(44 7)2
_ 24+

(44 m)?

2 2
4+7rm

#4. (7 pts) Given f(z) = 5a?/? — 22°/3
(a) (4 pts) Determine all its critical points.
Solution:
() = (5372/3 — 23:5/3)/
_2,
3

5e~1/3 — g . 2x2/3

10
Y (x_1/3 _ m2/3>

3
_ W1 o
3 l/3
101 — x1/322/3
T3 s
101 —x
T3 /8

Thus f/ =0 at =1 and f’(z) is not defined at = 0. Note that both z = 0 and = 1 are in the domain
of f, thus the critical numbers are

(b) (4 pts) Classify the critical points as local minima/maxima /neither.

Solution:
(—00,0) | (0,1) | (1,00)
Il =gz F + -
zl/3 — + +
A N S
f N\ a ¢




Thus f has a ‘ local minimum at x =0 ‘ and a ‘ local maximum at x =1

#5. (7 pts) Determine the absolute extrema of the function f(x) =z — 2sinz on the interval [0, 7]. (v/3 =~ 1.73)

Solution: Note that f(z) is continuous, so we can use the Continuous Closed Interval Method.

f(x)=(z—2sinz) =1—2cosz
Hence [’ is defined for all z and

f(x)=0
1—2cosx=0

2cosx =1

1

cosSx = 3

In the interval [0, 7] the only solution of cosz = § is # = . Thus % is the only critical number. Next we

compute the values of f at the endpoints and the critical points:

£(0) =0 —2sin(0) =0—2-0 =0
s s T V3 33
N=l ogint =2 _g¥2 22 17-11-17=-0.
f(3) 5 —2sing =2 22 =17 7=-06<0
f(r)=m—2sint =7—-2-0 == >0

The largest of these values is 7, and the smallest is § — v/3. Thus the absolute maximum value of f on [0, 7]

T
is , attained at x = 7, and the absolute minimum value of f on [0, 7] is 3 V3|, attained at z = &

#6. (6 pts) Compute lim (\/ 422 + 3z — Qx).
Tr—00

Solution: We first compute

_ VA4r? 43z — 22 V422 + 324+ 2 V4 + 3z — (2z)?

422 + 3z — 2z = =
1 Vidz? + 3z + 2z Vidz? + 3z — 2z
_ A"+ 3z —4a” B 3
V4x? + 3z + 2z 22 (4+ 3) + 2z
. 3z _ 3y
z\[4+ 2+ 22 ¢<4+%+@
3

44342



and so

lim V422 + 3z — 2z = lim 3 3 3

#7. (8 pts) The acceleration of an object moving along the z-axis is a(t) = 3sint. What are its velocity and position
functions, v(t) and s(t), if v(0) = 1 and s(0) = 37
Solution: Recall that a = v/, so v is an antiderivative of 3sint. Thus

v=—3cost+ C,

C a constant. This gives

1=v(0)=-3cos0+C=-3-1+4C=C-3
and so C' =1+ 3 = 4. Hence

s = —3sint+ 4t + D,

and since s’ = v,

D a constant. So

3=35(0)=—3sin0+4-0=—-0+0+D=D

and

s:’—3sint+4t—|—3.

Multiple Choice. Circle the best answer. No work needed.
No partial credit available.

#8. (4 pts) Determine all values of ¢ satisfying the Mean Value Theorem for the function f(x) = 2® — 4z on the interval
—1<x<3.

A (D)2 B. +/1 C. 5 D. 3

Solution 1: Recall that the number ¢ in the Mean Value Theorem lies in the open interval (—1,3). Note that
1< % <4 andsol < \/g < 2 and —\/g < —1. So of the given possible answers only \/g (which is equal to

(%)1/2) lies in (—1,3). Hence A. is the only possible correct answer.

Solution 2: According to the Mean Value Theorem, c¢ is in (a,b) and



We have a = —1, b= 3,

f(x):373—4x
f'(z) = 32% -4
f8)=3%-4.-3=271-12=15
f(-1)=(-1*-4-(-1)=-1+4=3
g fB)—f(-1) 15-3 12
ASIO=T oy T T
32=34+4=7
2T
c==+ g

Of \/g and —\/g only \/g lies in the interval (—1,3). So ¢ = \/g — (%)1/2 and A. is the correct answer.

#9. (4 pts) If the length of a side of a cube is measured to be 5cm with a maximum error of 0.1 cm, use differentials
to estimate the maximum error in the surface area.

B. 11.2cm? C. 3cm?

Solution: Let x be the length of the side of the cube and S the surface area. The surface area consists of six
squares of height z. So S = 622. Thus

D. 60cm? E. 6cm

d d62?
_de: 6z

ds = =2
o dx dx

dz = 12z dz

For x =5 and dz = Az = 0.1 we get

dS=12-5-0.1=60-0.1 = 6 cm?

Thus A. is the correct answer.

(o ] 2.
#10. (4 pts) Compute lim —22
n—o0 P n

A0

Solution 1:
> 2i
P

i=1

and so

C. 2
2 <
_EZ@
Zon(n —1)

ok 2

D. DNE



20 1
Jm 3 = g (1-7) =1-0=1

So B. is the correct answer.

Solution 2: We will write the limit as a limit of right hand sums R,, = > | f(x;)Az. Recall that z; = a+iAx
and Az = b’T" So we want to find f, Az, a and b such that

fla+iAx)Ax

So we can choose f(z) =2z, a =0 and Az = 1. Then

1
b:a—i-nAx:O—i—nE:l
Thus

oo

: 2 ¢
2 e = Jim ) flaohe
b
:/ f(z)dx

1
:/ 2x dw
0

-

:12_02
=1

Hence B. is the correct answer.

#11. (4 pts) Which function should you apply Newton’s method to, in order to estimate v/5?

A, z2-25 B. Vb6—2a2 C. z-5 D. z2-5

Solution: We need a function f with f(v/5) = 0. This holds for f = 22> — 5. So D. is a correct answer. To
make sure that none of the others work:

(VB)2—25=5-25+#0
V65— (VB2 =v5-5#0
VE—5#£0

So D. is indeed the only correct answer.



202 .
t
#12. (4 pts) The derivative of f(z) = / % dt is
1
sin o sin(2m2) 42 sin 4z sin(:p2)
O B. S35 C. D. 7

Solution: Let } . 5

sin sin

=— d G t)dt = dt.
@) = 15 and Gla)= [ gyar= [

By the Fundamental Theorem of Calculus G'(z) = g(z). So

(/1 S dt) — (G(a?))

= G'(22?)(22?%)

= g(22%)dx

_ sin(2x?) iz
1+ (222)2
4z sin(22?)

T 14dat

Hence D. is the correct answer.

#13. (4 pts) Determine the value of f_05 |z + 3|dx.  (Hint: Draw a picture of the region the integral represents, and
find the area using simple formulas form geometry.)

A. —65 B. -55 C. 05 D. 5.5 E. 65
Solution:

Y
=4

The definite integral is the area of the region between

y =0and y = |z+3| from £ = —5 to = 0. This region 3

consists of two triangles: One of height 2 and base 2 and

one of height 3 and base 3. The area of a triangle with y=|3—z|

height % and base b is 1hb. So ~ 2

/5+3|d 122+133 EROY 6.5 !

x xrx = — - . — . . ES = — = 0.
1 2 2 2 2
, { ! w 1 w w P

Hence E. is the correct answer. -6 -5 -4 -3 -2 1 1

= —1

#14. (4 pts) Using linear approximation, what is the best estimate of v/4.17

A 244 B. 2+ 55 C. 2+ D. 2.




Solution: Let f(xz) = +/z and a = 4. Then

f'@=5=
fl)= === =2

L(z) = f(a) + f'(a)(z — a)

1
and so
VIT~LA1) =2+ ~(41—4) =242 .01 =242 — 24
ST AT I T T
Hence A. is the correct answer.
#15. (4 pts) Select the true statements about the function f(x) = (mf;;r%:

A. The function has no vertical asymptotes and only one slant asymptote.

B. The function has only one vertical asymptote and only one slant asymptote.
C. The function has only two vertical asymptote and no slant asymptotes.

’ D. The function has only two vertical asymptote and only one slant asymptote.

. 5 w3 T T w2
Solution: Since f(z) = (m+2)'&_1) = (1452)(;1_)1

of f, but neither —2 nor 1 are zeros of the numerator of f. It follows that

y We see that x = —2 and = 1 are the zeros of the denominator

lim f(z) =400 and lim f(z)=+oc0

x—2+ r——1%

Thus

r=2 and r=-—1

are the vertical asymptotes of f(x).
Note that (x —2)(z +1) =22 -2z +x—2=2% — 2 — 2 and

z + 1
-z —-2[a° t @
2 - 22 - 2z
2 + 3z
2 = r — 2
dr + 2
SO ( 2) 2
4y + 92 r(4+ = 1+ =
fl@)=xz+ +x2—x—2 T + +x2(1—%—12*2 x(l_%_w%)
and 9
. 1+ZE
Mg J@) —le+l) = lim TH ey =0

Thus x + 1 is the only slant asymptote of f(x). So D. is the correct answer.



#16. (4 pts) Estimate the area A under the graph y = x(x — 2), between z = 0 and & = 4, using 4 rectangles of
equal width, with heights of the rectangles determined by the height of the curve at the left endpoints and the right
endpoints.

A. A =1 using left endpoints; A = 8 using right endpoints.
B. A = —1 using left endpoints; A = 9 using right endpoints.
C. A = 10 using left endpoints; A = 2 using right endpoints.

D. A = 2 using left endpoints; A = 10 using right endpoints.

Solution:

Ly

y=x(xz — 2)

] 1

y=x(z — 2)

Ry

Each interval has length 4f:0 = 1. So the partition points are 0, 1,2, 3,4. We compute

Thus

T

0

1 |2

3

4

z(z —2)

0

—110

3

8

Li=0+(-1)4+0+3)-1=2
Ry=(-1+0+3+38)-1

Thus D. is the correct answer.

=10

More Challenging Question(s)

#17. (14 pts) The function f(z) has all of the following properties.

1.

lim f(z)=—-o00

r—2~

lim f(z)= o0

r—2+

#(2) DNE.
lim f(z)=0.

f(-2)=2
f5) =1

10.
11.
12.
13.

£(0) =o.

f'(x) >0if . < =2 or & > 5.

flr) <0if 2<z<2o0r2<z<b.

f'(5) =0.
f'(=2)=0
f"(z)>0ifx < —3orz>2.

f/l(m

<0if -3<z<2.

)
)



Complete the following sentences:

(a) The domain of the function is: ‘ (=00, —2) U (2,00) ‘

(b) Such function must have vertical asymptote(s), with equation(s): .
(c) There must be a horizontal asymptote with equation .
(d) There must be a local maximum of , and a local minimum of .

(e) Such function must have inflection point(s) at = = .

(f) The function must be negative on .

(g) Sketch the curve.

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I
n ; ; ; ; ; ; I ; ; ; ;
6 -5 -4 3 2 -1 1 2 3 4 5 6
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

Solution: Since f(2) does not exist, 2 is not in the domain. We know that f’ > 0 for © < =2, f/(-2) = 0,
ff'>0for 2<x<2, f'(x) <0for 2 <z <5, f/(5) =0 and f'(x) > 0 for 5 < x. Thus f’(x) is defined for all

x # 2 and so also f is defined for all z # 2. Thus the domain of f is | (—00,2) U (2, 00) ‘

Since lirri2 f(z) = oo, we know that ‘ x = 2 is a vertical asymptote ‘
r—2

As lim f(x) =0, we know that ‘ y = 0 is a horizontal asymptote. ‘
r—r—00

We have
‘(—007—2)‘(—2,2)‘(2,5)‘(5,00)
AN
f / N\ N\ e

Also f(—2) = 2 and f(5) = 1. So the first derivative test shows that f has a‘ local maximum value of 2 at z = —2

and a ‘ local minimum value of 1 at z =5 ‘




From the information on the second derivative we have

| (—OO, _3) | (_3a2) | (5700)
+ +
U

f/l

f
Hence f changes concavity at * = —3 and x = 2. But f is not defined at x = 2. So the only
|inﬂection point of f is at x = —3 |

U N

Since f(0) = 0 and f is decreasing on (—2,2) we see that| f is negative on (0,2). |




