MTH 132 Exam 1 Fall 2016

Standard Response Questions. Show all your work to receive credit. Please your
final answer.

#1. (18 pts)
(a) (10 pts) Consider the curve y? + xy + 23 = 3. Find the slope of the curve at the point (1, —2).

Computing O%, on both sides of the equation we get

2uy’ + 1y + 2y +322 =0
2yy + xy' = —(y + 32?)
(2y + )y = —(y + 32%)

,__y+3:z2
R
For x =1 and y = —2 we get
, o —243-12 1 1
S ) I

1
So the slope is . O

(b) (8 pts) If f(x) = sec(sin(z? + x)), what is f'(x)? (Do not simplify your answer!).

f/(z) = (sec(sin(z? + :c)))/
= sec/(sin(z? 4 z)) sin’ (2% + z) (2% + )’

= | tan(sin(z? + z)) sec(sin(z? + z)) cos(x? + z)(2x + 1)




#2. (18 pts) Consider f(x) =1 — 2x.
(a) (12 pts) Use the definition of the derivative to find f'(z).

) = tim L& =1
— lim V1-22z—-+1-2z
. (V1- 2z_— V1—=2z) (V1-2z++1-2z)
TS (z—x)(\/l—Qz—i—\/l—QlL‘)

VT2 (VT
o (z— ) (V1 =22+ 1 -2z)
(1-22)—(1-2x)
2o (z — 1) (\/1—22-1—\/1—233)
= lim Gl
Z—T (z—:];) (\/1—22—|—\/1—2$)
_ —2
I i—msviom)
)
(V1 =22+ 1 - 22)
9
1

V1 —2x

(b) (6 pts) Use part (a) to find an equation of the tangent line of f(z) at x = —4.

F) = ViTE T = va =3
N 1 _ L

So the equation of the tangent line is

that is

#3. (18 pts) A filter filled with liquid is in the shape of a vertex-down cone with a height of 8 inches
and a diameter of 6 inches at its open (upper) end. If liquid drips out of the bottom of the filter



at the constant rate of 7 in®/min, how fast is the level of the liquid dropping when the liquid is 5
inches deep?

Note first that the radius of the filter cone is g = 3. Let
V be the volume, h the height and r the radius of the cone

formed by the water. Then we know that
v

— =7
dt
and we want to compute % when h = 5.

Considering similar triangles we obtain a equation relating
r and h:

r_3
h 8
and so
3
=—h
"7

Observe that the volume of a cone of height A and radius r is

s T 3 3T
V =—-hr?=-h(zh)?=""h3
g™ =3h(gh)" = ¢;

Differentiating with respect to ¢ gives

v _3myodh  97h? dh
dt 647 At 64 dt

and so
dh_ 6 av
dt  97h? dt
Recall that % = —7. So for h = 5 we conclude that
dh 64 44
dh_ 61 o s
dt 9752 225

The question asked how fast the level of the water is dropping, so the final answer is

448w in
225 min
Remark: The answer —%ﬁ also would have received full credit O

#4. (18 pts) A particle moves according to the law of motion s = t3 — 6t> + 5¢,¢ > 0, where t is
measured in seconds and s in feet.



(a) (3 pts) Find the average velocity over the interval [0, 2].

The average velocity on the interval [0, 2] is

s5(2)—s(0) _(2°-6-22+45-2)-0 _8-24+10 _ —6 _ P L2
2—-0 2—-0 2 2 sec

(b) (4 pts) Find the velocity at the time t.

d
v:d—‘z:(t3—6t2+5t)’= 32 12t +5| O

(c) (3 pts) Whats is the acceleration after 6 seconds?

d
a:d—;):(3t2—12t+5)’:6t—12:6(t—2) O
So at t = 6:
ft
=6(6-2)=6-4=24—| O
“ ( ) sec?

(d) (3 pts) What is the speed of the particle when the acceleration is zero? We first compute ¢
when a = 0:

When ¢t = 2 we have
v=23-22-12.245=12—24+5=—7

and the speed is

f
g
sec

(e) (5 pts) For ¢ > 0, when is the particle moving in the positive direction?

We first compute ¢t when v = 0 by using the quadratic formula to solve 3t — 12t + 5 = 0:

‘o —(—12) £ /—(-12)2—4-3-5 124++/144—-60 12++84 124++/4-21
- 2.3 - N 6 N 6

6
12 4+ 221 V21 21
:6:213:21\/9:21\/2

Observe that % < 3 < 4 and so \/g < V4 =2. Thus

7 7
0<2— /s <244/t
< \/;< +\/g

So the graph of v looks like:



and v will be positive on the intervals (0, 2 — %) and on (2 + \/g) Hence the particle is moving
in the positive direction for all ¢ in

) )

#5. (18 pts)
(a) (10 pts) Use the Intermediate Value Theorem to show that there is a solution to the equation
cosx = \/x. (Make sure to justify why you can apply the IVT).

Consider the function f(z) = cosxz — \/x. Both cosz and \/z are continuous functions, so also
f(z) is continuous on its domain, [0, co).

We compute
f(0)=cos0-vV0=1-0=1>0
f(m) =cosm—y/m=-1—/1<0
Thus 0 is between f(0) and f(m) and the IVT shows that there exists a number ¢ in the

interval (0,7) with f(¢) = 0. Then cosc — /¢ = 0 and so cosc = y/c. Hence c¢ is a solution of
cosx = /. O

(b) (8 pts) Consider the function f(z) = 22

cos(x) "
Where is the function continuous on [0,27]? (Ezpress your answer in interval notation)

Both 2 + 2 and cosz are continuous function. Hence also the quotient f(z) = ZiZ

continuous function, that is f(x) is continuous at each point of its domain. The domain of f
consists of all « with cos(z) # 0. In the interval [0, 2] we have cosz = 0 for z = T and z = 2T

.
Hence (in the interval [0,27]) f(x) is continuous at each point of

0 o) o (5

is a




Multiple Choice Circle the best answer. No work needed. No partial credit given.

2

#6. (7 pts) For which real number ¢ does lim “ exist and is finite?

T—2 T —

A c=-2, , C. ¢=0, D. ¢c=1 E. c=2

Note that the denominator of “;%24 is 0 for x = 2. So for the lim,_,o Cf_*;i to exists and be
finite, also the numerator needs to be 0 at x = 2. We compute

c-22+4=0
4ec = —4
c=—1
Thus ¢ = —1 is the only value for ¢ where the limit might exists. If ¢ = —1, then
2+4 —2%+4 24 2)(z — 2
i Ot gy T g, Ty @HDE D) i) ——242) =4
=2 T — 2 z—=2 T — 2 T—2 r—2 22 r—2 z—2
So the limit does exist for ¢ = —1, and B. is the correct answer. ]
|22 — 4]

7. (7pts) C te i :
#1. (7o) Computelimy_ =y

A. —co, [B. -4, C. 0, D. 4 E c.

If x < —2, then |z| > 2 and so 22 > 4 and 22 — 4 > 0. Hence |22 — 4| = 2% — 4 for x < —2. It
follows that

24 24 2)(x —2
lim i | = lim = lim M: lim z—2=(-2)—2=—-4
r——2— T+ 2 z——2— T+ 2 T——2— T+ 2 T——2—
Hence B. is the correct answer. O

-2
#8. (7 pts) Compute the limit: m_lir_%ﬁ m

[A. —<], B. -3, C. -1, D. 1 E. o

If x is close to —3 but larger than —3, then x + 3 is a small positive number. Also x — 2 is close
to —5 (and so negative) and x? is close to 9 (and so positive). Hence xf(;f?))
number. Thus

is a large negative

x—2
m ———--—
e——3+ 22(z + 3)

So A. is the correct answer. O

= —00



#9. (7 pts) For what value of k will f(x) be continuous for all values of z?

{ng’f if 2 < 2

r—

8r—k ifz>2

A k=2 B. k=3 C. k=4, E. No value of k.

If x < 2, then f(z) = xijgk and z — 3 # 0. Thus f(x) is continuous at values of x less than 2.
If x > 2, then f(z) = 8z — k and thus f(z) is continuous at all values of = larger than 2.
So we just need to determine for which values of k the function f(z) is continuous at 2. For

this we compute the left and right hand limit if f(z) at z = 2:

fz) =

a? -3k  2°-3k 4-3k

li =1l = =3k —4
dp =y Ty =y T o
and
lim f(z)= lim 82 —k=8-2—k=16—k.
T2~ T2~
So f(x) is continuous at 2 if and only if 3k — 4 = 16 — k. and so if and only if 4k = 20, that is
if and only of k£ = 5. Thus D. is the correct answer. O
1+h)—g(1
#10. (7 pts) Given the graph y = g(x) below, find the limit }llin% gL+ h) =g )
%
3
5 Y 8(x)
1
0 X

-2 -1 0 1 2 3

A. 0, B. 1, C. 2 D. —1 |E. Does not exist|.

Observe the limit in question is the derivative of g at 1. From the graph we see that the
derivative does not exist:

The left hand limit is the slope of the line at the left and so equal to —1.

The right hand limit is the slope of the line at the right and so equal to 2.

Since the left and right hand limits are different, the limit does not exist. Thus E. is the correct
answer. O

#11. (7 pts) Let h(z) = SFGT(@) Calculate 1/(2) if F(2) = -3, G(2) =5, F'(2) =2 and G'(2) = 6.

A. 6, B. 4, C.44/9, D. 22 [E. —11],

We use the quotient rule to compute h'(x):



(2G(z))' (1 + F(2)) — 2G(z)(1 + F(z))’
(14 F(z))?
_ 2G'(x)(1 4+ F(x)) — 2G(x) F'(x)
(1+ F(z))?

Hence

26/ (2)(1+ F(2) — 2G(2)F'(2)
a (1+F(2)?
2.6 (14(=3)—2-5-2
a (1+(=3))?
12 (—2) — 20
(—2)?
—24 - 20
1
—44
4
= —11

H(2)

So E. is the correct answer.

#12. (7 pts) I T'(x) =2z — ﬁ, then T"(x) =

A z+-%, B, L +L  |C
xr2 T2

8
Mw"_‘

2
1 1 1 1 1
_ol d-1 L1y, -1
;e Tl
_;+1 _3
—= 2 — 2
X 435'
_ 11
:U% 4x%

Thus C. is the correct answer.

#13. (7 pts) Find y” if y = sin(z?).

A. 2cos(z?) — 42%sin(2?)|, B. cos(x?) —sin(2?) C. 2z cos(x?) — 422 sin(x?)
D. 2zcos(x?) + 2xsin(z?), E. —sin(2?).




y = (sin(z?)) = sin’(2?)(2?)" = cos(x?)2z? = 2z cos(z?).

and so

y' = (22 cos(xQ))/
= (2z) cos(z?) + 2x(cos(w2))/
= 2cos(z?) 4 2z cos' (x2)(z?)’
= 2cos(2?) + 2z - (—sin(z?)) - 2z
= 2cos(x?) — 42? sin(x?)

Hence A. is the correct answer.

sin(z? + 67)
. .
A. 0, B. 1, C. -1, D. 6 E. Does not exist.

#14. (7 pts) Find the limit lir%
T—r

sin(z? + 67) I sin(z? + 6x) 22 + 6x

lim = lim
z—0 xT z—0 xT 2 + 6x
. 2%+ 6x sin(x? + 62)
= lim 5
z—0 x T + 6x
.22 +6x | sin(a®+ 62)
= lim im
=0 T =0 x24 62
— lim(z 4+ 6) lim S0
z—0 y—0 Yy
=6-1
=6

Thus D. is the correct answer.



