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Abstract

In this paper a deterministic sparse Fourier transform algorithm is presented which
breaks the quadratic-in-sparsity runtime bottleneck for a large class of periodic func-
tions exhibiting structured frequency support. These functions include, e.g., the
oft-considered set of block frequency sparse functions of the form
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as a simple subclass. Theoretical error bounds in combination with numerical ex-
periments demonstrate that the newly proposed algorithms are both fast and robust
to noise. In particular, they outperform standard sparse Fourier transforms in the
rapid recovery of block frequency sparse functions of the type above.

AMS Subject Classification. 05-04, 42A10, 42A15, 42A16, 42A32, 65T40, 65T50,
68W25, 94A12

1 Introduction

In this paper we consider the problem of deterministically recovering a periodic function
f:0,27] — C as rapidly as absolutely possible via sampling. In particular, we focus on
a specific set of functions f whose dominant Fourier series coefficients are all associated
with frequencies contained in a small number, n, of unknown structured support sets
Si,...,8, C (—=[N/2], | N/2|]]NZ, where N € N is very large. In such cases the function
f will have the form

n

F@) =Y ) cue™?, (1)
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where each unknown S; has simplifying structure (e.g., has |z —y| < B < N for all
z,y € 5j).
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The classical solution for this problem would be to compute the Discrete Fourier Trans-
. N—-1
form (DFT) of N equally spaced samples from f on [0, 27], < f (%)) o in order to
]:

obtain approximations of ¢, for allw € (—[N/2], | N/2]]NZ in O(N log N)-time. Herein,
we instead consider faster deterministic Sparse Fourier Transform (SFT) methods which
are guaranteed to recover such f using a number of samples and operations that scale at
most polynomially in both 2?21 |S;| and log(NN). Such algorithms will always be faster
than classical O(N log(NV))-time methods whenever the cardinalities of the support sets,
|S;j|, are sufficiently small in comparison to N. The main contribution of this paper is the
development of the fastest known deterministic SF'T methods to date for the recovery of
a large class of periodic functions of type (1). Such functions (1) will be referred to as
functions with structured frequency support below.

1.1 Related Work: Sparse Fourier Transforms

The vast majority of the work on sparse Fourier transform methods has focused on the
unstructured frequency sparse case where, e.g., each set S; in (1) is just a singleton set.
In this case functions of the form (1) are simply n-sparse in the Fourier domain. The first
sub-linear time methods developed for rapidly computing the Fourier series coefficients
of such frequency sparse functions were randomized algorithms [2,13,15,30] which fail to
output good solutions with some constant (and usually tunable) probability. In exchange
for this slight unreliability in producing accurate output, the fastest of these randomized
techniques are able to compute the Fourier series of n-sparse f in just nlogo(l) N-time.
The most efficient, numerically stable, and publicly available implementations of these
methods are based on random algorithms developed out of MIT [17,19, 22|, Michigan
[13,15,26], and Michigan State [10,31,41].! We point the reader to a recent survey of
such algorithms, techniques, and implementations for more details [14].

Herein we are interested in deterministic SF'T methods with no probability of failing
to recover the dominant Fourier series coefficients of f. As with randomized techniques,
most methods of this kind (see, e.g., [1,23,24,37]) focus on the recovery of functions
f that are unstructured and (approximately) n-sparse in the Fourier domain. As one
might expect, these techniques are generally slower than their randomized counterparts,
and the fastest run in n? logo(l) N time in the unstructured frequency sparse case.

Note the quadratic runtime of these deterministic methods in n. It is worth mention-
ing that reducing the quadratic runtime dependence on n for unstructured frequency
sparse signals necessitates a similar reduction in the sampling complexity of these deter-
ministic methods which (even when considered independently of the sub-linear runtimes
we demand herein) is known to be notoriously difficult (see, e.g., [7,9,12]). This makes
meaningful runtime reductions of these methods for periodic functions with unstruc-
tured sparsity quite unlikely to occur anytime soon. However, runtime reductions for
functions with structured frequency sparsity should be more tractable. In this paper
we demonstrate this fact by constructing deterministic algorithms which achieve sub-
linear runtimes that scale sub-quadratically in sparsity for a wide class of functions with
structured frequency support.

!The code for all of these implementations is freely available on the web [18,25].



1.2 A General Class of Functions with Structured Frequency Support

Existing sparse Fourier transform techniques have been applied to many signal processing
problems including, e.g., GPS signal acquisition [16], analog-to-digital conversion [29,43],
and wideband communication/spectrum sensing |20, 42]. In all of these applications
the signals under consideration are generally manmade and, therefore, structured in
Fourier space. Herein we will in particular focus on periodic functions f whose dominant
Fourier series coefficients are all associated with integer frequencies belonging to sets
Si,...,5, C (=[N/2], | N/2|]NZ, each of which is generated by an unknown degree < d
polynomial P; € Z[x]. More specifically, we will assume that each set S; is given by

Sj:={Pj(k) : k=1,...,B; e N}, (2)

where 0 < B} < B <« N always holds for some support set cardinality upper bound
B € N. Perhaps the simplest class of structured frequency sparse functions of this
type are the block frequency sparse functions for which each Pj(z) = x + a; for some
aj € (—=[N/2],|N/2| — BN Z.

Though our main results will concern the relatively general setting where our fre-
quency support sets are given by (2), in what follows we will pay particular attention
to the simpler class of block frequency sparse functions. Related block Fourier sparse
structures appear in many signal processing contexts including, e.g., the reconstruction of
multiband signals via blind sub-Nyquist sampling [11,32-35|. This class of block Fourier
sparse functions also appears in related numerical methods for the rapid approximation
of functions which exhibit sparsity with respect to other orthonormal basis functions. For
example, one can rapidly approximate functions which are a sparse combination of high-
degree Legendre polynomials by computing the DFT of samples from a related periodic
function which is always guaranteed to be approximately block frequency sparse [21].

The importance of block frequency sparse functions has already led several authors to
consider deterministic sub-linear time Fourier transforms for this case. Examples include
several approaches which focus on the recovery of periodic functions whose frequency sup-
port is confined to just one block [4,38,39] or several blocks [8]. Herein we significantly
generalize these first block frequency sparse recovery results by developing new determin-
istic SF'T methods which enjoy recovery guarantees for all structured frequency sparse
periodic functions f satisfying both (1) and (2). In particular, the methods proposed
herein can rapidly recover block frequency sparse functions whose frequency support
contains any given number of blocks.

1.3 Notation and Setup

We will always consider continuous 27-periodic functions f: [0,27] — C with f(x) =
Z?:l ZweSj co(f)e™® where the unknown support sets Si,...,S, all satisfy (2). We
will denote the Fourier series coefficients of any such f by c(f) = (cw(f)),ez With
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We will also consider perturbations of f by arbitrary 27-periodic functions n € L2([0, 27])
whose Fourier series coefficients ¢(n) € ¢! and also satisfy |c(n)|/o < ¢ for some € > 0.
We will further denote by c(N) € C¥ the restriction of the sequence c(f +7) to the



frequencies contained in (—[N/2],[N/2|] N Z, and by ¢(N,Z) the embedding of c(V)

into CZ:
(c(N,2)), = {cw(Hn)’ w € (=[N/2], IN/2]]NZ
b w O,

otherwise.

A Fourier coefficient ¢, := ¢,(f + 1) € C will be called significantly large if |c,| > e.
Similarly, a frequency w € Z is energetic if its corresponding Fourier coeflicient ¢, is
significantly large.

For any vector x € CHl with index set I, and subset R C I, we define the vector

xp € Cl by
x;, ifi€eR,
(xRr)i = {

0, otherwise

for all i € I. Furthermore, we denote by 0p; € CM the vector consisting of M zeroes
and by 13, € CM the vector consisting of M ones.

Finally, for any s < |I| we will let the subset R%*" C I be the, in lexicographical order,
first s-clement subset such that |z;| > |z)| for all j € RP* and k € I\R". Thus,
R%" contains the indices of s entries of x with the largest magnitudes. While choosing
s entries with the largest magnitude might not be unique, R is unique. To simplify
notation we set x2" := x gort- We will also say, e.g., that (c(V )Pt = Y ().

Throughout the remalnder of this paper we will always consider samples to be taken
from f + n so that we are recovering a function which is potentially both non-sparse
in Fourier domain and unstructured in its dominant frequency support. However, if, for
example, the nonzero Fourier coefficients of f all satisfy |c,(f)| > 2¢, then the structured
frequency sparsity of f guarantees that

{w : Jeo(f+n)| > et NRE(f+m) C U

It is exactly this type of consideration which will allow us to obtain near-optimal best
Bn-term approximation guarantees for f + 7 via our deterministic SF'T methods below.

1.4 Results

As previously mentioned, we will confine our reconstruction results to the class of periodic
functions, f, with structured frequency support satisfying both (1) and (2) above. Mo-
mentarily ignoring the structure of the support sets, S;, given in (2) one can see that each
such f is approximately Bn-sparse. As a result, it can be recovered in B%n? logo(l) N-
time using the best deterministic SF'Ts for unstructured sparsity [23,24]|. Herein we
obtain the following improved deterministic recovery result by taking the structure of
the support sets (2) into account. It is a simplified corollary of Theorem 3.12 in §3.

Theorem 1.1

Let f,n € L*([0,27]) be as in §1.3. In addition, assume for simplicity that c,(f +
n) =0 for all w ¢ (—=[N/2],|N/2|]NZ, and that B > nlog N where n is the number
of polynomials of degree at most d which are evaluated at most B times to obtain the
energetic frequencies in S1,...,Sy. In this case Algorithm 1 below is guaranteed to always



return a sparse N -length vector xg of Fourier coefficient estimates that satisfies
opt 3 opt
le(N) = xglls < [[e(N) — eha(W) | + VB ( [ =@l ) @

when given access to
( Bd?*n?log® N )
log Blog?(dn)

samples from f +mn on [0,2x]|. Furthermore, the runtime of Algorithm 1 is always

(Bd2n3 log® N)
log?(dn)

Note that algorithm mentioned in Theorem 1.1 will outperform existing deterministic
SFTs with respect to runtime on functions with structured frequency support whenever
B > d’nlog N. Most importantly, it does so while still maintaining a (slightly weakened)
02 / ¢! error guarantee (3) of the same type as the error guarantees of many compressive
sensing methods [12].

Of course nothing comes for free. The error guarantee (3) is only really meaningful
in the setting where the function with structured frequency support, f, dominates the
arbitrary noise n in f + n. If, for example, |c,(f)] < 2¢ for all w € S = U?:l S;
then f + n might not be approximated well by a function with structured frequency
sparsity anymore. In such cases the runtime of Algorithm 1 in Theorem 1.1 will still be
fast, but at the expense of the right hand side of (3) being relatively large (due to the
e-term). As a consequence, one can see that Theorem 1.1 only provides a meaningful
computational improvement over standard deterministic SF'Ts in the case where, e.g.,
both B > d?nlog N and

=l 5 5= e — etV < djﬁ%icw(mi

are true.

If one focuses on the more restrictive case of block frequency sparse functions, where
all support sets S in (2) are generated by evaluating n linear, monic polynomials at B
consecutive points, the methods developed herein also provide the following simplified
result. It is a corollary of Theorem 4.1 in §4.

Theorem 1.2

Let f,n € L*([0,27]) be as in §1.8 and let further f be block frequency sparse. In addition,
assume for simplicity that c,(f+n) =0 for allw ¢ (—[N/2], |N/2||NZ. In this case the
variant of Algorithm 1 presented in §j is guaranteed to always return a sparse N -length
vector xgp of Fourier coefficient estimates that satisfies

le(N) —xglly < 4 |[e(N) = ch(N) | +2Bne
when given access to

o <Bn2 l(;g4 N)
log®n



samples from f +mn on [0,2x]. Furthermore, the runtime of the algorithm is always

0 <Bn2 log Blog* N>
log?n .

Inspecting Theorem 1.2 above one can see that it always provides a theoretical runtime
improvement over existing B?n? logo(l) N-time methods for unstructured sparsity when
applied to block frequency sparse functions. Moreover, a (slightly weakened) ¢! /¢! sparse
approximation error guarantee is obtained. As above, we note that this result represents
a significant improvement over existing techniques for this class of periodic functions as
long as ¢ is sufficiently small (i.e., as long as f + 7 is sufficiently well approximated by a
block frequency sparse function).

1.5 Techniques and Overview

The deterministic SFT algorithms introduced in [23] implicitly construct compressive
sensing matrices M € {0, 1}me with m < N which have several useful properties,
including (7) the restricted isometry property, (ii) they are the adjacency matrices of
highly unbalanced expander graphs, and (4ii) they are d-disjunct group testing matrices.?
In addition to these properties, the matrices M also interact well with the Fourier basis
in the following sense. Let F € CV*N be a discrete Fourier transform matrix. Then,
the matrix product MF is guaranteed to be highly sparse, with fewer than m columns
containing nonzero entries.

It is precisely this collection of properties of M which ultimately allows for the de-
velopment of the improved deterministic SFT algorithms presented in [24]. To get some
intuition for how this works, one can consider the recovery of the approximately sparse
Fourier coefficients ¢(IN) € CV using only the measurements M (c(N)) € C™. The prop-
erties of M make it clear that such recovery is possible via, e.g., standard compressive
sensing methods [12|. In fact, with more work one can show that the special properties
of M allow for the recovery of ¢(V) in just mlogo(l) m-~time, and without compromising
the error guarantees one generally expects from compressive sensing algorithms such as
Basis Pursuit. In addition, only a small number of samples from f + 7 are required, since
MF is highly sparse, and

Mc(N) = (MF) (F'¢(N)) = (MF)x

where x has z; = (f + 1) (2%) Thus, just a few entries of x have to be observed in

order to obtain the necessary measurements M (c(NN)).

In this paper we build on [23,24] by augmenting the number theoretic constructions
of the matrices M above in a way which allows us to benefit from structured frequency
support while simultaneously preserving all the of properties of M needed in order to
maintain extremely fast (i.e., sub-linear) runtimes. Intuitively, this is accomplished by
augmenting a well chosen measurement matrix M from [24] with a set of several addi-
tional vectors (uj)jj‘/i1 C {0,1}" as follows. Let o denote the Hadamard product and
® the row-wise Hadamard product, where the first x rows of A ® B are given as the
Hadamard product of all rows of A with the first row of B, the second k rows as the
Hadamard product of all rows of A with the second row of B and so forth. Below
we will utilize a set of new measurement matrices M ® uy, ..., M ® uy € {0, 1}™*V,

2See [3] for additional details about these matrices and all of their remarkable properties.



Collectively, these new matrices are then shown to still allow all of the measurements
(M®@up) (c(N)),..., M®up) (c(N)) € C™ to be computed using just a few samples
from f + 7. Furthermore, when f + 7 is structured frequency sparse, it is shown that
u; o c(NN) will be guaranteed to be significantly more sparse than c¢(N) for most of the
values of j = 1,..., M. Hence, the deterministic SF'T methods from [23,24] will allow
each such u; o ¢(IN) to be recovered using the measurements

(M@ uy) (¢(N)) = M (uj o c(N))

much faster than one can deterministically recover c¢(N) all at once using the same
techniques.

Finally, the structure of the vectors (uj)j]\/i1 c {0,1}" is then used to rapidly and

accurately reconstruct c(N) from the set of its partial reconstructions of (u; o c¢(N ))J]\/i1

Here it becomes crucial to deal with the fact that the partial reconstructions of ujoc(N)
are incorrect for some values of j. Thankfully, median arguments adapted from earlier
SFT algorithms [13,15| allow this to be handled easily by simply using enough vectors
(uj)j]\i1 in order to guarantee that the majority of the values of j provide good results.
It then just remains to modify the reconstruction procedure from [24] in order to rapidly
recover ¢(IN) from the partial reconstructions of (u; o c(N ))]A/i 1

The remainder of the paper is organized as follows: In §2 the vectors (uj)j]\i1 discussed
above are constructed, and it is proven that u; o ¢(N) will be approximately sparse for
the majority of the u; whenever f +n exhibits sufficiently structured frequency support.
Next, a deterministic reconstruction algorithm is developed for functions with structured
frequency support in §3, and Theorem 1.1 is proven. These results are then improved
for the simpler class of block frequency sparse signals in §4, and Theorem 1.2 is proven.
Finally, the methods developed for block frequency sparse functions are empirically eval-
uated in §5. The paper then concludes with a short discussion of future work in §6.

2 Preliminaries

First, we formally define the notion of polynomially structured sparsity that was already
mentioned in (2) in §1.

Definition 2.1 (P(n,d, B)-structured Sparsity)
Let B,d,n,N € N such that d < B < N and let P;,..., P, € Z[x] be non-constant
polynomials of degree at most d with

d
Pi(x) =) azat,
k=0
where aj;, € (—[N/2],|N/2|] N Z such that for all j € {1,...,n} and z € {1,..., B} we
have Pj(x) € (—[N/2], [N/2]] N Z. Define the n support sets
S;j:={Pj(z):xe{l1,...,B}}

and let S := |J;_; S;. A 2m-periodic function f: [0,27] — C is P(n,d,B)-structured
sparse if it is of the form

fla) =" cu(f)e™”

weS



for some vector of Fourier coefficients (c,(f))wes € CB™.

This means that the at most Bn energetic frequencies of the function f are generated
by evaluating n polynomials of degree at most d with integer coefficients at B points.

Our aim in this paper is to develop a sublinear-time Fourier algorithm for P(n,d, B)-
structured sparse input functions, based on ideas introduced in [23| and [24]. One im-
portant concept for our method is that of a good hashing prime; a prime modulo which
not all frequencies in a support set S; are hashed to the same residue.

Definition 2.2
Let f be a P(n,d, B)-structured sparse function with support set S = U?:1 S; generated
by some polynomials Pi,..., FP,. Then a prime p > B hashes a support set S; well if

H{w mod p:w € S} > 1.

Lemma 2.3

Let f be a P(n,d, B)-structured sparse function with support set S = U?Zl S; defined
by some polynomials Pi,...,FP,. Then a prime p > B hashes a support set S; with
generating polynomial

d
k
Pj(x) = Z ajL
k=0
well if and only if there exists a non-constant coefficient a;j, k # 0, with p t ajj.

Proof. Assume plajj, for all k € {1,...,d}. Then we have for all z € {1,..., B} that

d
Pj(z) = Zajkxk =ajo mod p = |{wmodp:weS;} =1,
k=0

so p does not hash S; well. If, on the other hand, p does not hash S; well, then
Hw mod p:weS;}|=1 = Pj(y)=Pj(z) mod p Vy,z€{l,...,B}.

This means that for fixed y € {1,..., B} the polynomial

d
Q(z) := Py(z) — Pi(y) = Y _ aja® — Pj(y)
k=0

of degree d has B > d zeroes modulo p. Thus @ is the zero polynomial modulo p, and

p| (ajo - R](y)) and p|a]k5 Vj € {17 .- ad}
O

For a good hashing prime and a P(n,d, B)-structured sparse function we can bound
the number of frequencies that are hashed to the same residue.

Lemma 2.4

Let f be a P(n,d, B)-structured sparse function with support set S = U?Zl S; defined
by some polynomials Py, ..., P,. If a support set S; is hashed well by a prime p > B,
then



(i) Pj is not constant modulo p and
(i) Hw=v mod p:w € S;}| < d for all residues v € {0,...,p — 1}.

Proof. 1t is clear that P; is not constant modulo p if [{w mod p:w € S;}| > 1. Assume
now that [{w =v mod p:w € S;}| > d for some v € {0,...,p — 1}. Since all elements
of S; are generated by evaluating P; at B points, we find for a y € {1,..., B} with
P;(y) = v mod p that

Pj(y) = Pj(2) mod p

for d distinct choices of z € {1,..., B}\{y}. Then the polynomial Q(z) := Pj(x) — P;(y)
has at least d + 1 zeroes modulo p, which is a contradiction, so (ii) holds. ]

Let us now assume that there exists a prime p > B that hashes all support sets

Si,...,S, of a P(n,d, B)-structured sparse function well. Then the restriction of any
S; to the frequencies congruent to v modulo p is at most d-sparse for all residues v €
{0,...,p—1}. Consequently, the restriction of S to these frequencies is at most dn-sparse.

In our setting of P(n,d, B)-structured sparse input functions we want to apply the
SFT algorithm in [24] (Algorithm 3) to the restrictions of the function to frequencies
congruent to ¥ modulo w for all residues v, where u is a prime that hashes all support
sets well, since these restrictions are at most dn-sparse.

In general, finding a single well-hashing prime u for all support sets is not possible
without further information on the generating polynomials. However, we can use the
observations presented in the remainder of §2 to find M primes such that the majority of
them hashes all support sets well. As these methods, as well as Algorithm 3 in [24], rely
heavily on the Chinese Remainder Theorem, we state it here as a reminder (see [28]).

Theorem 2.5 (Chinese Remainder Theorem (CRT))

Let nq,...,ny, be patrwise relatively prime integers and N < H;nzl n;. Then the system
of simultaneous congruencies x = a; mod ny,...,Tr = a,, mod n,, has a unique solution
modulo N .

Definition 2.6 (Enumeration of the Natural Primes)
For j € N denote by p; the j-th natural prime number. Additionally, let pg = 1. Then,

p0:17 p1:27 p2:37 p3:57 p4:77

In order to find primes for which the restriction of the frequencies to any residue is
sparse, we first need to define the notion of separation.

Definition 2.7 (Separation)
Let k € N and wy,...,wg € Z. An integer n € N is said to separate wq, ..., wy if

wj mod n#w mod n Vjle{l,...,k}, j#L
The following result about separating primes has been shown in [24].

Lemma 2.8

Let E € N and u; := p, for some r € N. Set M =2-E - |log,, N] + 1. Choose M —1
further primes with u; < --- < wuys and let T' C (—[N/2], |[N/2]|NZ with |T'| < E. Then
more than & of the uy, separate every x € (—[N/2], |N/2]] N Z from all ¢t € T\{z}.



In the next lemma we prove that, for a suitable M, it suffices to find M primes such
that more than half of them separate the leading coefficients of the frequency generating
polynomials from 0 at the same time, in order to guarantee that more than half of them
hash all support sets well.

Lemma 2.9

Let f be P(n,d, B)-structured sparse with support set S = U;‘L:1 S; defined by some
polynomials P;,...,P,, and set E =n+ 1. Let M primes B < u; < --- < uys be given
as in Lemma 2.8. Then more than % of the u,, hash all n support sets Si,...,S, well.

Proof. Let T be the set consisting of the distinct leading polynomial coefficients,

deg(P.
T:= Qj,deg(P;) Z ajkx J€ {1 n}

Then a] deg(p;) 7 0 for all polynomials and, since |T"U {0}| < E, by Lemma 2.8 more

than &L of the U, separate every element of (—[N/2], | N/2]]NZ from all other elements
of TU {()} i.e., from all distinct leading polynomial coefficients and from 0.

Let p be such a prime. Assume that there exists a support set S; that is not well
hashed by p, so that we have

{w mod p:weS;} ={v}
for some residue v € {0,...,p — 1}. Then the polynomial P; that generates S; satisfies
Pij(z)—v=0mod p Vze{l,...,B}.

Consider now the polynomial Q(x) := Pj(x) — v modulo p. It is a polynomial of degree
at most d with B > d zeroes, so it has to be the zero polynomial modulo p, meaning that

plajr Vke{l,...,d} and p|(ajo—v).
Since p separates a; deg( Py) from 0 and the other leading coefficients, we find that

Ajdeg(p;) =0 mod pand @ geg(p §ét mod p Vt e (T U{0}) \{a]deg )}

This is only possible if a; p;) = 0, which is a contradiction. Thus we obtain that

J,deg(

Hw mod p:w € S;}| > 1,

so p hashes all S; well. Consequently, all of the more than % primes u1,...,uy that
separate the leading coefficients from one another and from 0 hash all support sets well.
O

These lemmas imply that applying Algorithm 3 in [24] to the restrictions of the input
function to frequencies congruent to ¥ modulo M primes as defined in Lemma 2.8 yields
the correct frequencies and Fourier coefficients in the majority of the cases, since the
algorithm works well as long as the input function is sparse enough.

10



3 Algorithm for Polynomially Structured Sparse Functions

Before we can begin to develop our algorithm for polynomially structured sparse func-
tions, we need to develop the notation necessary in order to apply Algorithm 3 in [24] to
the frequency restrictions.

3.1 Measurement Matrices

Definition 3.1 (Notation)

Let f: [0,2n] — C be P(n,d, B)-structured sparse with bandwidth N. Let B < u; <
-+ < ups be prime and s7 < --- < sk pairwise relatively prime natural numbers such
that there exist L natural numbers t; < --- < t;, < s1 which satisfy that the set

{tl,...,tL,Sl,...,S](,ul,...,uA4}

is pairwise relatively prime and that

N

t > .
S1U1

=

=1

We set k := Z,Ile Sk, Ai=1+ ZZL:1 t; and p = Z%zl Um,. Further, we define

q:=lem(N,s1,..., 8k, t1,. .., tp, U1, ..., upr).
From now on we always assume that occurring natural numbers ¢, s, ..., sk, t1,...,t1,
ui,. .., upy comply with Definition 3.1.

Definition 3.2
For a given 2m-periodic function f and m € N define the sample vector A,, € C™ by

21y

An(j) = f (m) Vi€ {0,...,m—1}.

Definition 3.3 (Discrete Fourier Transform)
For m € N we denote the discrete Fourier transform of a vector x € C™ by

X = F,.x,

m—1 —2mi

where F,,, := % (wm> i e C™*™ js the m-th Fourier matrix and w,, := e m is the
j7 :0

m-th primitive root of unity.

In order to apply Algorithm 3 in [24] to the restrictions to frequencies that are congru-
ent to ¥ modulo w,, for all residues v € {0,...,u,, —1} and allm € {1,..., M}, we need
to transform the vector K\q into a matrix with sparse columns whose entries correspond
to the frequencies that are congruent to v modulo u,,. For this purpose and also for later
use we recall the definition of the row-wise Hadamard tensor product.

Definition 3.4 (Row-wise Hadamard Product)
Let A € C**™ B € CM™. Then the row-wise Hadamard product A ® B € C#M)*m ig

11



given by
(A@B)]l :AJ mod k,l -B]-_(j mod K)7l7 ] S {0,...,/{)\— 1}, l e {0,...,m— 1},

i.e., the first kK rows are given as the Hadamard product of all rows of A with the first
row of B, the second k rows as the Hadamard product of all rows of A with the second
row of B and so forth.

Lemma 3.5
Let A € C**™ B € C**™. Then every row of A ® B is given as the row tensor product
of a row of A with a row of B.

Definition 3.6 (Measurement Matrices I)

For t1,...,tr,81,-..,8K,u1,-..,up from Definition 3.1 we construct a special u x N
measurement matrix M, s, analogously to the measurement matrix concept used in
[24]. The matrix consists of rows of ones and zeroes, where an entry of a row is one if and
only if its column index is congruent to a certain residue modulo w,,. Let m € {1,..., M}
and v € {0,...,uy, — 1} be a fixed residue modulo u,. Then we define the row ry,, , by

] 1, lf] = v mod Um,
(rup)j =06((j —v) mod up) = { (4)

0, otherwise,

and set
Tuy1,0
L, Iy,
M | Yur,u—1 _ Iu2 Iu2
u,M -— - . .
Tus,0 : :
IuJM IUIM

Tuprup—1

We define the extension Hjps of My, ar to a pu x ¢ matrix by extending all rows ry,,
to columns indexed by j € {0,...,q — 1}, as given by (4). Further, as in [24], we define
the £ x N matrix Mg, g and the (A — 1) x N matrix My, 1, consisting of the rows
corresponding to the possible residues modulo all the s; and ¢;, respectively,

I's; 0 'ty 0

M51,K = and Mt1,L =

rsK,sK—l rtL,tL—l

We set -/th, 1 to be the A x N matrix whose first row contains only ones and whose other

rows are given by My, r,
1y
N L = ( > )
t1, Mtl,L

and define the (k- \) x N row-wise Hadamard product Ry, i := My, k ® Ny, 1, of Mg,
and M17L and its extension Gy, x to a (k- ) x ¢ matrix. Because all s, t; and wu,, thus
have to divide ¢, we set ¢ = lem(N, s1,...,SK,t1,...,tr) as the length of the sample
vector.

Remark 3.7 (Restriction of .//X\q)

12



If we compute the row-wise Hadamard product of Hp; with (A\(])T € C™4, every row
of Hy ® (A\q)T is, by Lemma 3.5, given as the row-wise Hadamard product of a row of
Hr and (A\(])T. Thus every column pl , of (Hy & (A\(])T)T € C7*H corresponds to a
residue v modulo a prime u,,. This column only contains nonzero entries at frequencies
that are congruent to v modulo u,,,

— T —
Plrd) = (Funs ® (A7) = (run )] - (A)y
. — . A, 7), j=v mod up,
=5 ((j — v) mod ) - Ay () = 3 21V .
0, otherwise.

This means that the column pf , of (H M@(&)T)T is the restriction of A\q to frequencies
congruent to v modulo u,,, which is at most dn-sparse for a good hashing prime ;.
Thus for more than M /2 of the w,, we can apply Algorithm 3 in [24] with sparsity dn
column by column. %

3.2 Required Technical Background

In the following we give a short description of Algorithm 3 in [24] and summarize some
of the results proven therein. Said SFT algorithm reconstructs the energetic frequencies
and the corresponding Fourier coefficients of a sparse input function f: [0,27] — C with
bandwidth N from the Fourier transforms of vectors consisting of sit; < N equispaced
samples of f, where s; and ¢; are small primes depending on the bandwidth and sparsity
of the function. The energetic frequencies are reconstructed from their residues modulo
sk and tq,...,tr with the help of the CRT, which is why the primes have to satisfy

L—-1 L
H t < i\lf < Htl.
=1 =1

For a general d-sparse input function the method introduced in [23,24] is not guaran-
teed to work for any prime s;. However, setting K = 8d|log,, N| + 1 and choosing
S1,...,SK as the K smallest primes greater than d and tr, for more than K/2 of them
all energetic frequencies are correctly reconstructed from their residues. These can be
found by comparing the entries of K\Sk and A/'Sk\tl that correspond to the same frequency
for all [. The coefficient estimates are then obtained by taking the medians over the K
coefficient estimates found for the s;. The following remark summarizes the main results
for Algorithm 3 in [24] that are relevant for this paper.

Remark 3.8
Let f:[0,2n] - Cand d < N € N.

(i) (Lemma 5 in [24]) By the CRT, every row of Gy, i is of the form

1, if j =h mod sit;

I

(rsktl,h)j = (I‘s,mh mod s; ® Tt h mod tl)j - {() otherwise
9

for he {0,...,st; — 1}, ke {l,...,K} and l € {0,..., L}, where ty := 1 in order
to have the same notation also for rows of the form ry, 1, mod s, ® 1n-

13



(ii) (Lemma 6 in [24]) If w € (—[N/2], | N/2]] N Z is such that

eal > 4 (g ) = | +let) - v

then w will be reconstructed more than % times.

(ili) (Proof of Theorem 7 in [24]) If w is reconstructed more than & times, then

= cul < V2 (5 o) = e )| + et - e 1)

(iv) (Theorem 7 in [24]) Algorithm 3 in [24] will output an xg € CV satisfying

le(N) = xgll
< [let) — e 0|, + <= et — et + 22V el ) — e, D),

in a runtime of

0 d?log® N log(dlog N) log? % '
log? dlog log %

3.3 Application to Polynomially Structured Sparse Functions

We can now apply Algorithm 3 in [24] with sparsity dn to the columns pl , of (Hu ®

(A\Q)T)T. Recall that pf  is only guaranteed to be at most dn-sparse if u,, hashes all
support sets Si, ..., 5, well. This means that only for columns corresponding to those
primes the algorithm will return all energetic frequencies and good estimates for their
Fourier coefficients. Hence we have to apply the algorithm to every single column of
(Hv ® (K\Q)T)T and choose those frequencies and coefficient estimates that appear for
the more than % well-hashing u,.

In Algorithm 3 in [24], estimates for the Fourier coefficients c,, of the input function f
are calculated from certain entries of Gy, - _//&\q. These entries can be obtained in a fast
way from f by computing DFTs of the vectors Ay, y,.

Remark 3.9

For polynomially structured sparse input functions we now have to show that the entries
of Grx - (Hu ® (A\(])T)T can also be calculated fast. As we want to use the residues
modulo the u,, for the reconstruction as well, an idea similar to the one from [24] leads
to DFTs of the sptjum,-length sample vectors Ay, 4,4, from Definition 3.1. Consider an
entry of G, g - (Hy ® (K\Q)T)T € C*MH that is given as the product of a row of LK,
by Remark 3.8 of the form r,,; 5 for a residue h modulo sit;, with a column pgmﬂ, of

14



(Hy ® (A\(])T)T for a residue v modulo uyy,,

q—1
Cspty,h pgm,u = rsktl,hU)Pgm,,,(j)
7=0
q—1
= d((j —h) mod sgt;) 6 ((j —v) mod um) - Ag(j). (5)
=0

As there can only be nonzero summands in (5) if j = h mod sit; and j = v mod uyy,,
we find with the CRT that j has to be of the form

. Y . q
7 =743 sgtium, ]E{O,..., —1}.
sktlum
Then,
q
Sptium
T -~ .
Csitih * Pupp = g Ay(T+7" - sptium)
J'=0
s tqu 1 —1
ki tm 1 4 72‘rr7,'b(‘r+j/sktlum)
= > Ay(b)e q
j'=0 q b=0
q_l 1 —27ibt Skfum *27‘ib]‘/$ktlum
=Y —Aybe ¢ e a
b0 1 §'=0
—1
d 1 27Tb —27mibT
:Z fl— e b mod
o Sktium q Sktitum
Sptium—1 /I q —omirh! —4
kel 1 27Tb Shtitm 2 b SEptjum
= e q
iy Sktitm q
=Asytrun (T)

By Bézout’s identity, 1 = ged(spty, um) = v - Sgt; + w - uyy, for some v,w € Z, and we
obtain that 7 satisfies

7= ((h—v)w mod st;) - um +v € {0,...,sptium — 1}. (6)

Thus we find that, in the column for the residue v modulo u,,, for fixed sit; only the
sty different values Ag, 44, (7) with 7 depending on h as in (6) are contained. Hence
the column of G1, i - (Hay ® (A,)T)T corresponding to v modulo w, is of the form

ST s T T T o T\ T
b 9 b 9 9
BI” B" ,....B'Y BLY ... B ),

where

—_— ——
m,v

B, (1) = Asityu,, (5 —v)w mod spty) - um +v) Vi €{0,...,sxti — 1} (7)
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The entries of Gr, k- (Hy & (&)T)T can be calculated in a fast way, using K LM DFTs of
vectors of sitju,, equispaced samples with runtime O(stjuy, -log(sktuy,)) for all k, 1, m.

How exactly do we apply Algorithm 3 in [24] to the columns of G, i - (Hm ® (A\q)T)T?
Until now we considered a fixed residue h modulo sit; and a fixed residue v modulo
Um. However, in line 7 of that algorithm we fix the residue h’ modulo s of a frequency
and find its residues modulo the sit; in line 9. In the setting of polynomially structured
sparse functions this means that for a frequency w with residue v modulo u,, and residue
R/ modulo s; we have to find the corresponding residue modulo sgt;u,, for every . Then

7= w mod spuy, = (K —v)w mod si) - Up, + v

holds for the residue of w modulo s;u,,, where Bézout’s identity implies that
1= ged (s, Um) =V sp +w' - Uy,

for some v',w’ € Z. Then the residue of w modulo s;t;u,, is of the form
w mod Sptitmm = T + bmin - Sklm

for a byin € {0,...,t; — 1}, which is given as

bmin := argmin  |Ag, ., (') — Asityun (T + b Spum)| . (8)
be{(),...,tl—l}

Finally, the residue of w modulo #; is

a; :=w mod t; = (7' + buin * SUm) mod 1,

and w can be reconstructed from its residues w = 7 mod spuy,, w = a; mod tq,... w =
ar, mod tr. Recall the notion of the Bg:;’ly) introduced in (7). These vectors are defined

such that if w = v mod u,, and w = h mod sit;, we have

BZZSI;(W mod Sktl) = Asktlum (w mod Sktlum)-

To use this notation, we take the residues modulo sit;u,, again modulo sit;, and obtain
the following,

bmin = argmin A/Sl;u\m(T’) — A'Tktl\um (7" +b- skum)‘
be{0,...,t;—1}
= argmin |Bg"(h') = By ((7" + b+ spum) mod sktl)‘
be{O,...,tl—l}

= argmin (EK-K\Q>
be{0,...,t;—1}

- (QL,K : A\q)

T
rsk,h/’pm,u

T
rsktl,(7/+b5kum) mod syt P,

Algorithm 1 presents itself as a summary of the preceding considerations.
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Algorithm 1 Fourier Approximation

Input: Function f+n, K = 8dn|log,, &£ |+1, M =2(n+1)-|log,, N|+1 and pairwise

u

relatively prime s; < -+ < si,t1 < -+ < tr,B <up <--- <wuy with tp < s1, U

prime and [/, # > S

Output: R,xpr, where R contains the nB frequencies w with greatest magnitude coef-

ficient estimates zg(w).

Initialize R =0, xg = On, ¢ = lem(N, $1, ..., Sk, b1, L, ULy ..., Upp)
Maum—1
— TNT /’I’ITVT /’r-TLT/T v T\T ’
gLvK : (HM ® (Aq) ) A B51 7B81t1 7"‘7BSKtL
m=1,v=0

T T Maum—1
A NTN\T m,v m,v
Ex - (Hur ® (A7) +—<<B& ,...,BIL ))

m=1,v=0

4: for m from 1 to M do

10:

11:

12:
13:
14:

for v from 0 to u,, — 1 do
(R(mv”), x(mv )) + 2dn frequencies with largest magnitude coeflicient estimates

returned by Algorithm 3 in [24] applied to Gr i - (Har ® (J/X\q)T)gT and Ex - (Hy ®
(A\q)T)ZT with sparsity dn.
end for

: end for

for each w € U%zl Uz”:“al R(™) found more than % times do

Re(z,) = Vi%edian . {Re <:U£~Jm’y)> W =w,w € R(mvl’)}
m—t, M

Im(z,) = Vir(l)edian . {Im <x§3m’y)> O =w,w € R(mﬂ/)}
m=1. M

end for
Sort the coefficients by magnitude s.t. |xy, | > |2y,| > -
Output: R = {w1,...,wnB},XR
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3.4 Results for Polynomially Structured Sparse Functions

In order to obtain bounds on the accuracy and runtime of our algorithm we can utilize
some of the results developed in [24], at least for the more than 2/ 5 primes u,, that hash all

support sets S1, ..., S, well, i.e., the primes where the columns pl ., of (Hu® (Aq) nr
are guaranteed to be at most dn-sparse.

Analogously to our previous notation we denote by c(N, up,v), ¢(N,Z, ty,,v) and
c(um, v) the restrictions of ¢(N), ¢(N,Z) and c(f + n), respectively, to the frequencies
congruent to v modulo u,,. Further, recall that C;Z;(N , Um, V) is the optimal 2dn-term
representation of c(N, uy,, V).

The following lemma guarantees that all significantly enough frequencies will be found

and their Fourier coefficients estimated well.

Lemma 3.10
Let N € N and f: [0,27r] — C be P(n,d, B)-structured sparse with noise 1 such that
( ) € ¢! and ||c( )||loo < e. Let uj be a prime and s1, ¢; natural numbers such that with
= 8dn/|log,, i Ni41and M= 2(n+ 1)log,, N|+1 we have that B < uy < --- < upm
are primes, t1 < --- < tp < 81 < --- < Sg, and Uy,..., U\, STy, SK,E1,..., Tt are
pairwise relatively prime with Hle t; > N Set

s1u1

0= max {5(m’”) }
v=0,...,um—1
um hashes well

= max
v=0,...,um—1 2dn H
um hashes well

N, tm,v) = o (Nt )|+ (N, 2, i) = c(um7v>||1}.

Then each w € (—[N/2],|N/2]] N Z with |c,| > € + 4d is added to the output R of
Algorithm 1 in line 14, and its coefficient estimate from lines 10 and 11 satisfies

|zr(w) — cw| < 26.

Proof. Let u,, be a good hashing prime and assume that w € (—[N/2], | N/2|]]NZ is
contained in R(my Opt\R mV) je., that it is one of the dn largest magnitude Fourier
coefficient frequen01es that are congruent to v modulo u,,, but not contained in the set
of frequencies returned by Algorithm 3 in [24] applied to G i - (Hy ® (A\(])T)ZT for
sparsity dn. "

If |cw| < e+ 40, then |¢,| is small enough that not including it in the reconstruction
R does not yield large errors, since 9 is defined as the maximum over the

sm) _ (Nt ) = 5 (Nt )|+ 1€V, Zo ) = (utm, v)

2dn H
for all good hashing primes u,.
If |c,| > e4+4-0 > 4.8 for all good hashing primes u,,, we know by Remark

3.8 (ii) that w will be reconstructed more than & times by Algorithm 3 in [24]. Then w

can only not be contained in R(™") if there are dn + 1 frequencies @ in R("™" )\RgZZ’V)’Opt

(m,v) > (mV)

that satisfy ‘a: . Recall that wu,, hashes all support sets S1, ..., .S, well, so

there are at most dn energetic frequencies congruent to ¥ modulo u,,. Suppose that all
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frequencies with this residue are ordered by magnitude of their Fourier coefficient, i.e.,

Cc m,v >’C m,v >>‘C m,v >C m,v >
‘ wg = wé = - w((ln ' = wsln-‘—l) -
———
<e
Then [cz| < |¢ | < |eo| for all ©. By Remark 3.8 (iii) we have for all & that were
dn+1

reconstructed more than & times by Algorithm 3 in [24] for ¥ modulo u,, that

o™ — o | < V260, )
and further

(xg’”“”) < les| + v250m) (10)

2 > eg| — V25 (11)

(9) - (11) hold for the w and @ from above, and we find for all w € R;Z’V)’Opt\R(m’”) that

F V250 > eg| 4 V26m) > )xém’”)

C (myv)
wdn+1

>|ay| > |eu] — V26U > — V25(m),

C (myv)
Win41

Then

o] < +2v/350m) < £ 4 2/25m ),

C (mw)
wdn+1

which contradicts |c,| > € + 46, so we know that w € R(™"). Since this holds for all
more than % good hashing primes, w will be considered from line 9 onward. We now
prove the accuracy of the coefficient estimate. From (9) it follows that

‘Re <x&m’”)) — Re(cw)‘ < ‘xfum’”) - cw‘ < V26mY) < /26,

and analogously for the imaginary parts. As the estimates hold for more than % of the
hashing primes wu,,, they also hold for the medians in lines 10 and 11. These are taken
over the at most M coefficient estimates :L'gn’y) for w, since for each wu,, an & = w can

appear in at most one set R0™"). Hence, we obtain
IRe (z,) — Re(cy)| < V20 and  |Im (x,) — Im(cy)| < V26,

and finally

2 — ol = V/(Re (2 — ) + (Im (2, — )2 < \/(\/55)2 + (vas) =2

All that remains to be shown is that w will actually be added to R in line 14. Similarly
to (11) we find that |z,| > |c,| — 20. Together with |c,| > & + 4§ this implies that
|z,| > € + 20. Then w is only not included in the output if z,, is not among the Bn
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largest magnitude coefficient estimates, i.e., if there exist Bn other frequencies @ that
satisfy |xg| > |zw|. We know that w is energetic, which means that at least one of these
@ must have a Fourier coefficient with |cgz| < e. Then an analogue to (10) yields

|zw| < |zo] < gl + 20 < e+ 26,

which contradicts |x,| > ¢ 4+ 2d. Hence, w will be added to R in line 14. O
Remark 3.11
One way to ensure that the requirements of Algorithm 1 are met is to define ¢1,...,t1

as the L smallest primes satisfying

L—1 N L
lHltl<Bdn§lHltl

Set s1 as the smallest prime that is greater than both dn and ¢,
$1:=py > max{dn,tr} > py_1.

Instead of taking the minimal K, we can increase it slightly by using that u; > B, i.e.,

N N
K = 8dn {logs1 BJ +1>8dn {bgsl U1J + 1.

Hence, we can now choose the remaining s independently from the u,, to be sk := py_11%
for k € {1,..., K}. The hashing primes u,, can then be found by setting

Uy = py > max{B,SK} > DPy-1,

M = 2(n+1)[log,, N|+1and up, := py_14m form € {1,..., M}. With these definitions

t1,...,tr,81,...,SK,U1,...,up are pairwise relatively prime and satisfy that
L
Sl - H ti > N,
I=1
as well as s > dn and u,, > B for all k and m. O

Using the sg, t; and u,, from Remark 3.11, the following main theorem gives us the
runtime and error bounds of Algorithm 1.

Theorem 3.12

Let N € N and f: [0,2n] — C be P(n,d, B)-structured sparse with noise n such that
c(n) €0t and ||c(n)||o < €. Letty,...,tr, be the smallest primes with Hlel t; > %. Set
s1 as the smallest prime greater than max{dn,ty}, K = 8dn|log,, %J +1andsg,...,sK
as the first K — 1 primes greater than si. Let ui be the smallest prime greater than
max{B,sk}, M =2(n+1)[log,, N]+1 and uy,...,up the first M — 1 primes greater
than uy. Let further § be defined as

1 t
§ = ,_pmax {MHC(N, U, V) — Cony (N, U, V)1 + |6(N, Z, ty, ) — (U, V)”l} .
Um hashes well
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Then the output (R,xg) of Algorithm 1 satisfies
le(N) = xzll2 < HC(N) oY ( )H2 +VBn- (¢ + 6).
If B > sk, the output can be computed in a runtime of

d*n®(B + nlog N) - log? 2-1log® & log N log (dn log %) log? (%)

@]
log? Blog?(dn) loglog %

and the algorithm has a sampling complexity of

d?>n®(B 4 nlog N) - log? % log? % log N log (dn log %) log (%)

O
log? Blog?(dn)loglog Bidn

Proof. For the vector cg(IN), whose entries are the Fourier coefficients ¢, for the fre-
quencies contained in R and zero otherwise, it always holds that

le(N) = xgll2 < le(N) — cr(N)ll2 + [[cr(N) — xrll2. (12)

The square of first summand in (12) can be written as

w==[¥]n
= Z |Cw|2 + Z |cw — CR(W)|2 = Z |Cw|2 + Z |Cw|2 - Z |Cw|2
\—v—/
wER weR wg RO wERPN\R wER\RYY
= o) — g + D D W
weRopt\R wER\RP"

For every w € R%p;\R we know by Lemma 3.10 that |c,| < e + 40, because otherwise it
would be contained in R. Since RBn\R contains at most Bn elements, this yields

o) eI = [|en) — e[+ 3 el D fel

t t
wERP\R wER\RY

<Bn(s+46)? >0
2
< HC(N) — e )H2 + Bn(e + 46)2.
For the second summand in (12) consider an w € R. For each of the more than % 5 good
hashing primes it has to be contained in exactly one of the R"*), so w must have been

reconstructed more than % times by Algorithm 3 in [24], applied to the entries congruent
to v =w mod wu,,. Hence we have by (9) that

‘x&m’”) - Cw‘ < V260" and Jeg(w) - el < 26,
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analogously to the proof of Lemma 3.10. Since R contains at most Bn elements, we find

ler(N) = xgll5 = > |w — zr(w)|? < 4Bné”.
N e

weER <452

Combining all these estimates we obtain that

le(N) = xall </ le(N) — calN)I3 + lea(N) - xxl3
< c(N)—c%ps H + v Bn(e 4+ 46) + 2v Bnd
:HC(N — YN H + vV Bn(e + 60).

In order to determine the runtime of the algorithm let us first consider the runtime of
the calculation of the DFTs in line 2. It was shown in [24,27| that

N N N
tr =0 <log Bdn> and sg =0 <dnlogdn Elog (dnlog B>> .

Let 7 be the prime-counting function,

oL

2<p<a
p prime

If sk < B, we can set uy := p, > B > p,_1 to be the first prime greater than B, so by
the Prime Number Theorem (see [36])

y—I:W(B):(’)(lOSB)

and

B B+nlog N
y—14+M = — 1 N| = .
+ O( gB—i—nogB > (’)< oz B )

An equivalent formulation of the Prime Number Theorem yields for ua; = py—14a that

ur = O((y—1+M)log(y — 1+ M)) =0 <B+nlogN10 <B+nlogN>> |

log B log B

In [27] it was proven that

R2
> p=0 (10 R> '
2<p<R &

p prime

Because estimating Z 1 Um log u,, by summing plog p for all primes less than uy; would
take into account many primes that do not contribute to the sum, we use instead that

M
Z U log Uy, = O(M - upslogupy).

m=1

In line 2 we have to calculate the DFTs of length sitju,, of the vectors Ay, 44, for all
k,l,m. Even if some m € N is not a power of 2, computing a DFT of length m has a
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runtime of O(mlogm) (see |5,40]). Since u; > sk, we obtain a computational effort of

K L M K L M
@ ( Z Sktitm log(sktlum)> =0 (Z Sk Z t U log um>
k =0 m=

=1 1= k=1 =0 m=1

1
t2 52
=0 L. _"K - M - uprlogups
logt; logsk

d*n3(B + nlog N) - log® - log® % log N log(dn log &) log? (%#)

log? Blog?(dn) loglog %

For the sampling complexity we find

t2 2
(Z Sk Ztl Z um) - <lothL 10; SK M- UM>

k=1 =

d?>n®(B + nlog N) - log? % log? % log N log(dn log %) log (%)

=0

log? Blog?(dn) loglog Bidn

Now we can estimate the runtime of the remaining steps of the algorithm. The ¢ in line 1
does not actually have to be computed, it is just defined there in order to introduce more
readable notation. In line 6 we apply Algorithm 3 in [24] to the column corresponding to
the residue v modulo u,, of Gr, i - (Hy ® (A\(J)T)T, which was already computed in line
2. We know from Remark 3.8 that the runtime of Algorithm 3 in [24] is dominated by
the computation of the DFTs; so the runtime of lines 4 to 8 of Algorithm 1 is dominated
by the runtime of line 2. In order to find out for which frequencies line 9 to 12 have to
be executed, we can sort the 2dn Z 1 Um frequencies that are returned by all the calls
of Algorithm 3 in [24] by size and count how often each distinct frequency appears. This
can be done in

M M
O <2dn <Z um> -log (2dn Z um>> = O (dnMuyy - log(dnMuyy))
m=1

m=1
time, so it is also insignificant compared to the DFT computation. There are at most

M um-—1 M

Z Z 2dn—4dn Zum—O 4dn - upr)

m=1 v=0

frequencies that can have been found more than % times. If we fix one of these fre-
quencies, w, then for each u,, there is exactly one residue v(™ ¢ {0,..., Uy — 1} with
w = ™ mod wu,. Since the 2dn frequencies recovered for any fixed residue modulo
some hashing prime are distinct, there can be at most M frequencies @ satisfying @ = w
found for all hashing primes. This means that the medians in lines 10 and 11 are taken
over at most M elements. As medians can be computed by sorting, both lines have a
runtime of O(M log M). Combining these considerations we obtain that lines 9 to 12
require
O (4dn - upr - M log M)

arithmetical operations, which is dominated by the effort of the DFT computations in
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line 2. Finally, sorting the O(4dn - uys) coefficient estimates in line 13 has a runtime of
O(4dnuyy log(4ddnuyy)),

S0, as stated above, the runtime of Algorithm 1 is determined by the one of line 2. [
If f + n is bandlimited, simplifying the above error bound yields Theorem 1.2 in §1.4.

Corollary 3.13
Let N € N and f: [0,27] — C be P(n,d, B)-structured sparse with noise 1 such that
c(n) € 1, ()]l < € and f and f + n are bandlimited to (—[N/2],|[N/2]] N Z.

Choosing the s, t;, uy, as in Theorem 3.12, the output (R, xpg) of Algorithm 1 satisfies
3
t b
o) = el < o) = i), + VB (= 4 5 ot = e ] )-
Proof. By definition of § we have that

0= max {5(””’)} = §m' ")
v=0,...,um—1
U hashes well

B 1
~ 2dn

(N, upy, V') — CSSZ(N, um/,l/')H1 + HC(N,Z,Um/a V') — c(Uny, V,)Hl

for some residue v/ modulo a good hashing prime u,, . Since f and f+n are bandlimited,
the second summand is 0. Due to the fact that f is P(n,d, B)-structured sparse, any
restriction ¢(N, u,,/,v) of c(f) to the frequencies that are congruent to v modulo w,, is
dn-sparse. As there are at most Bn energetic frequencies, we find the following estimate,

U, —1 Uy —1

m’ V) 1 opt
0 < Z ) < Z %Hc(]\f,um/,u) ch”(N’um/7y)H1

t
< o e = e

Y

1

so the error bound from Theorem 3.12 reduces to
lc(N) — xzll2 ch( ) — e3P )H2+\/Bn.(e+65)
SHC( ) — e )H2+\/Bn~ <€+d:szC(N) ey (N H >

O]

4 Algorithm for Functions with Simplified Fourier Structure

The algorithm introduced in §3.3 always uses M hashing primes of which more than M /2
are good. If we can guarantee that one hashing prime suffices, a simplified, faster version
of Algorithm 1 can be applied, which is what we will study in the following.

24



4.1 Structured Sparse Functions Requiring Only One Hashing Prime

If certain additional information about the polynomials generating the support sets
S1,...,5, is known, the number of required hashing primes can be reduced to one.
We know by Lemma 2.3 that a prime u does not hash a support set S; well if and only
if u divides all non-constant coefficients. Thus we can make the following observation.

Theorem 4.1

Let N € N and f: [0,2n] — C be P(n,d, B)-structured sparse with noise n such that
c(n) € 1 and ||c(n)|lo < €. Let the support set S = U?:1 S; of [ be defined by the
non-constant polynomials Pj(x) = Zzzo ajz® for j € {1,...,n}. Let u> B be a prime
such that for all j € {1,...,n} there evists a kj € {1,...,d} withp{ajx;. Then u hashes
all support sets well. Set M =1 and the s; and t; as in Theorem 3.12. If B > sk, the
runtime of Algorithm 1 reduces to

o <ulogu - (dn)? log? £y log? & log (dnlog %) )
2 N ;
log*(dn) log log 57~

while only

u - (dn)? log? Bidn log? % log (dnlog %)
log?(dn) log log Bidn

samples of f +n are being used. If B < sg, we obtain a runtime of

ol (dn)? - log? % log? % log? (dnlog %)
log?(dn) log log %

and a sampling complezity of

ol® (dn)? - log? % log? % log (dnlog %) ‘
log?(dn) log log Bidn

Proof. Lemma 2.3 implies that « hashes all n support sets well, so the restriction to the
frequencies congruent to ¥ modulo u is at most dn-sparse for all residues. Hence, we can
apply Algorithm 3 in [24] to G, i - (Hm ® (:A\q)T)ZT for every residue v modulo u, and
will always obtain a good reconstruction. As there are no residues modulo which more
than dn energetic frequencies can collide, it suffices to set u1 = v and M = 1. Lines 9
to 12 do not have to be executed, since every frequency will be recovered in line 6 for
exactly one residue.

If u > sk, we can define the ¢; and s; as in Remark 3.11. If u < sg, then u might
collide with one of the s; or ¢;. In that case we shift all the ¢; and s, starting by u,
to the next largest prime, so they are at most the next largest prime greater than the
original #; and sg. This does not change the estimates in the proof of Theorem 3.12.

Let us first consider the case that u > sx. We obtain for the computation of the DFTs
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in line 2, which dominates the runtime of Algorithm 1, that they require
K L t2 82
— L K
O (,}1 lgo sktlulog(sktlu)> =0 (u logu - gty . og 5K>

0 (ulogu - (dn)? log? % log? % log (dn log %) >
2 N
log*(dn) log log g~

arithmetical operations and have a sampling complexity of

K L tz 32
_ L Sk
O (Z Z Sktlu) =0 (u logt; log 5K>

k=1 1=0
2 N 1002 N N
_o (u - (dn)?log* 57 log” 3 log (dnlog B)) ‘

log?(dn) loglog Bidn

If u < sk, we obtain a runtime of

L K t2
. f— . L . 2
O (u ZtlZSk log sk> O <u log 1 SK)

_o u - (dn)? - log? % log? % log? (dn log %)
log?(dn) log log Bidn

and a sampling complexity of

K L t2 82
_ L Sk
O <Zzsk““> =0 <u logt; log 5K>

k=1 1=0
2 N 2 N N
_o <u - (dn)? - log* 57 log® 3 log (dnlog B)) ‘

log?(dn) loglog Bidn
O

We now give some conditions on the coefficients of the polynomials Py, ..., P, gener-
ating the support sets Si,..., 5, which guarantee that all S; are hashed well. All of the
conditions arise by tightening the necessary and sufficient requirement of the existence
of a non-constant coefficient that is not divisible by u in Theorem 4.1. Hence, all of
the conditions are sufficient, but they may not be necessary anymore, which might make
them easier to prove in practice.

Lemma 4.2
Let f be P(n,d, B)-structured sparse. In the following cases any prime u > B is guar-

anteed to hash all frequency subsets well,
(i) Vie{l,...,n}: ged(aji1,...,ajq) < B, which includes ged (aj,, ..., aq) = 1,
(i) Vje{l,...,n}3k; € {1,...,d}: |ajkj| < B,
(iii) Vj e {1,...,n}3k; € {1,...,d}: ajx; = 1, which includes monic polynomials,
)

(iv) Vje {1,...,n}: deg(P;) =1 and a;; = 1, which is the block sparse case.
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If we have already fixed a prime u > B that is supposed to be the hashing prime, the
following conditions imply that u indeed hashes all support sets well.

Lemma 4.3
Let f be P(n,d, B)-structured sparse. In the following cases a fixed prime u > B is
guaranteed to hash all support sets well.

(v) (i) to (iv) from Lemma 4.2 hold for u, and B can be changed to u for (i) and (ii)
(vi) Vie{1,...,n}: ut S¢_ aj,

(vii) Vj e {1,...,n}3e; € {0,1}%: ut 34 (1) aj.

4.2 Block Frequency Sparse Functions

Let us consider block frequency sparse functions (condition (iv) in Lemma 4.2) in more
detail. In that case, the support sets S1,...,S, are of the form

S; ={ajo,ajo+1,...,a50+B—1}, je{l,...,n},
and we can improve the runtime of our algorithm even further.

Definition 4.4 ((n, B)-block Sparsity)
A P(n,1, B)-structured sparse function f is called (n, B)-block sparse if the support sets
S1,...,S, are generated by the monic linear polynomials

Pj(z) =z+a;, je{l,...,n}.

For block sparse functions we can extend the definition of good hashing primes to
integers, because we do not require the multiplicative invertibility of all nonzero elements
anymore.

Definition 4.5
Let f be (n, B)-block sparse with support set S = U?:1 S; generated by the polynomials
Py, ..., P,. An integer u > B hashes a support set S; well if

Hw mod u:we S;}|=B Vje{l,...,n}.

Remark 4.6

For an (n, B)-block sparse function f any integer uw > B hashes every support set S;
well, since it consists of B consecutive frequencies. Thus for every residue v modulo u
the restriction of S to the frequencies congruent to v is at most n-sparse,

Hw=v mod u:we S} <n Vve{0,...,u—1}.
O

If f is (n, B)-block sparse, we can choose the hashing integer u to be the smallest
power of 2 that is greater than the block length B. Then u = O(B), which allows us to
give better runtime estimates. Additionally, computing DFTs of length s - ¢ - u, where s
and t are small primes and wu is a power of 2 is faster than if u were a prime of the same
size.

27



Corollary 4.7
Let N € N and f: [0,27] — C be (n, B)-block sparse with noise 1 such that c(n) € ¢
and [[c(n)|lcc < e. Set u:= 2% where a := |log, B] + 1, M =1 and the s; and ¢; as in

Theorem 3.12. If u > sk, the runtime of Algorithm 1 is given by

o Blog B - n?log? % log? % log (n log %)
log? nloglog % 7

and otherwise, if u < sg, by

" (Bn2 -log? £-log? ¥ log? (nlog g)) |

log? nloglog %
In both cases the algorithm has a sampling complexity of

o Bn? - 1og? % log? % log (n log %) '
log? nloglog %

Proof. Choosing u as a power of 2 implies that we now have to slightly modify the t;
and sg. Similar to the choice of the primes in Remark 3.11, we take the smallest L odd
primes such that their product is greater than or equal to %,

L—1 N L
1 < — < t t1 := 3.
H l un = H s 1
=1 =1
This means that ¢; = p;y1. Let s; be the smallest prime that is greater than n and ty,
81 :=py > max{n,tr} > py_1.

In this setting we can use the minimal K,

N
K =8n {log51 J + 1.
u

The remaining s can be set as s; := p,_14x for k € {1,...,K}. Then the set
{t1,...,tp,81,...,8K,u} is pairwise relatively prime, u > B and

L

N
Htlzsuv
=1 1U1

so the CRT can be applied. Since we chose t; = 3, the prime ¢;, in this case is at most
the smallest prime greater than the ¢y from Remark 3.11 for d = 1, and thus we still

have that
N N N
tL:O(log) and sg =0 (nlognlog <nlog>> .
un u U

28



Using additionally that u = O(B), the runtime of Algorithm 1 for u > sk is given by
K L 52 t2
O > sityul t =0 (ulogu - —&—. L

(k 2 sptiulog(sy lu)> (U OB U logtL>

0 BlogB-n log log2 X 10g (nlog B)
B log? nlog log & Bn '

If u < sk, we obtain a runtime of

K L 2
7
@) ( E E sktlulog(sktlu)> =0 (u 5% - og tL>

k=1 1=0
_o (Bn2 - log? % log? % log? (nlog g)) '

log? nloglog %
In both cases the number of required samples of f + 7 is

K L 82 t2
§ E _ X K L
© ( Sktlu) -9 <u log sk log tL>

k=1 1=0

0 Bn? - 1og? % log? % log (n log %) '
log? nloglog %

O
If f + n is bandlimited, we can prove the 1-norm error bound in Theorem 1.2 in §1.4.

Corollary 4.8

Let N € N and f: [0,27] — C be (n, B)-block sparse with noise n such that n € ¢!,
lc(M|loo < € and f and f + n are bandlimited to (—[N/2], | N/2|] N Z. Setting u :=
up := 2% where a := |logy B] + 1, M = 1 and the s; and t; as in Theorem 3.12, the
output (R,xpg) of Algorithm 1 satisfies

Ic(N) — xp1 < 4 Hc( - C;P;(N)Hl + 2Bne.

Proof. As we do not have to take medians over the estimates obtained for the different
hashing primes, we can consider the following inequality,

5]
leV) ~xali= > el = Z Z I

S Ve [F] 41

w=r mod u

u—1
3D SRNIEFTES SR
v=0 weR(LY) ng(l )
w=r mod u w=r mod u
u—1
3 D S D S D S )]
v=0 weR(l,u) ngT(,Ll,u),opt WER’ELLV)’OPt\R(l’V) UJER(LV>\R7<.,,17V)7OPE
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By (9) the 2n elements of R satisty |c, — | < v/26(%). From the proof of Lemma

3.10 it follows that |c,| < &4 2v/260%) for all w € R%l’y)’Opt\R(l’”), because otherwise w
would be added to R(*). Recall the definition of 6(1¥),
1
50 = eV, v) = SN )|+ eV, 2w, v) = elu ),

2n

=0

since f + n is bandlimited. Combining these considerations we find that

u—1
[e(N) —xg[1 < Z (2\@11(5(1’”) + ||le(N, u,v) — cP(N, u, 1/)“1 +n (5 + 2\/55(171/)))
v=0

:g) <Hc(N,u, v) = PN, u, )|, + 4v/3n (;n eV, u,v) = B (N, V>H1>>

+nue.

Because f is (n, B)-block sparse, every restriction ¢(N, u, v) of ¢(f+n) to the frequencies
that are congruent to ¥ modulo w is n-sparse, so we can use the same idea as in the proof
of Corollary 3.13 to obtain

[e(N) = xgll1 < HC(N) — COBPYE(N)H1 +2v2- HC(N) — chthn(JV)H1 + nue

<4. HC(N) — c%prt(]\f)H1 + 2Bne.

5 Numerical Evaluation

In this section we evaluate the performance of two different variants of Algorithm 1 in-
cluding (i) the deterministic variant for block sparse functions described in §4.2 (referred
to as the Fourier Algorithm for Structured sparsiTy (FAST) below), and (éi) a random-
ized implementation of Algorithm 1 which only utilizes a small random subset of the M
hashing primes used by FAST for each choice of its parameters (referred to as the Fourier
Algorithm for Structured sparsiTy with Randomization (FASTR) below). Both of these
C++ implementations are publicly available.?> We also compare these implementations’
runtime and robustness characteristics with GFFT,* FFTW 3.3.4,> and sFFT 2.0.9
Note that FAST and FASTR are both designed to approximate functions that are
(n, B)—block sparse in Fourier space. This means that both FAST and FASTR take
upper bounds on the number of blocks, n, and length of each block, B, present in the
spectrum of the functions they aim to recover as parameters. In contrast, both GFFT
(a deterministic sparse Fourier transform [41]) and SFFT 2.0 (a randomized noise ro-
bust sparse Fourier transform [19]) only require an upper bound on the effective sparsity,
s, of the function’s Fourier coefficients. Herein s is always set so that s = Bn for

3http: //na.math.uni-goettingen.de/index.php?section=gruppe&subsection=software.

4Also available at http://na.math.uni-goettingen.de/index.php?section=gruppe&subsection=
software.

Shttp://www.fftw.org/

Shttps://groups.csail.mit.edu/netmit/sFFT/
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Figure 1: Runtime plots for several algorithms and implementations of sparse Fourier
transform for different B settings

these methods. Finally, FF'TW is a highly optimized and publicly available implementa-
tion of the traditional FFT algorithm which runs in O(N log IV)-time for input vectors
of length N. All the FFTW results below were obtained using FFTW 3.3.4 with its
FFTW _MEASURE plan.

For the runtime experiments below the trial signals were formed by choosing sets of
frequencies with (n, B)—block sparsity uniformly at random from (—[N/2], | N/2]]NZ.
Each frequency in this set was then assigned a magnitude 1 Fourier coefficient with a
uniformly random phase. The remaining frequencies were all set to zero. Every data
point in a figure below corresponds to an average over 100 trial runs on 100 different
trial signals of this kind. For different n, B and N, the parameters in each randomized
algorithm (i.e. FASTR and sFFT 2.0) were chosen so that the probability of correctly
recovering an (n, B)-block sparse function was at least 0.9 for each run. Finally, all
experiments were run on a Linux CentOS machine with 2.50GHz CPU and 16 GB of
RAM.

5.1 Runtime as Block Length B Varies: N =2%, n=2and n =3

In Figure la we fix the number of blocks to n = 2 and the bandwidth to N = 226,
and then perform numerical experiments for 10 different block lengths B = 22, 23, ...
211 We then plot the runtime (averaged over 100 trial runs) for FAST, FASTR, GFFT,
sFFT 2.0 and FFTW. As expected, the runtime of FEFTW is constant with increasing
sparsity. The runtimes of all the sparse Fourier transform algorithms other than GFFT
are approximately linear in B, and they have similar slopes. Figure 1a demonstrates that
allowing a small probability of incorrect recovery always lets the randomized algorithms
(FASTR and sFFT 2.0) outperform the deterministic algorithms with respect to run-
time. Among the deterministic algorithms, FAST is always faster than GFFT, and only
becomes slower than FFTW when the value of B is greater than 256. The runtimes of
both FASTR and sFFT 2.0 are still comparable with the one of FFTW when the block
length B is 2048. Comparing with sFFT 2.0, FASTR has better runtime performance
on these block sparse functions, and is the only algorithm that is still faster than FFTW
when B = 2048. In Figure 1b we use the same settings of N and B as in the previous
experiment and increase the number of blocks n from 2 to 3. With these settings the
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Figure 2: Runtime comparison for bandwidth N = 226 and block length B = 32.

largest sparsity s = Bn increases from 4048 (2 - 2!1) to 6144 (3 - 2!'). The respective
results for the methods are similar in this plot.

5.2 Runtime as Number of Blocks n Varies: N =22 and B = 32

In Figure 2 we fix the bandwidth N = 226 and block length B = 32, then vary the
number of blocks n from 1 to 10. Looking at Figure 2, we can see that the deterministic
sparse FFTs, GFFT and FAST, both have runtimes that increase more rapidly with n
than those of their randomized competitors. Among the three deterministic algorithms,
FAST has the best performance when the number of blocks is smaller than 6. Similar
to the previous experiments, FFTW becomes the fastest deterministic algorithm when
the sparsity s = Bn gets large enough (greater than 224 in this experiment). The two
randomized algorithms are both faster than FFTW by an order of magnitude when the
number of blocks is 10. Similarly, FASTR is always faster than sFFT 2.0 for the examined
value of N.

5.3 Runtime as Signal Size N Varies: n =2 and B = 64

In Figure 3 we fix the number of blocks n = 2 and block length B = 64, then test
the performance of the different algorithms with various bandwidths N. It can be seen
in Figure 3 that FFTW is the fastest deterministic algorithm for small bandwidth val-
ues. However, the runtime of FFTW becomes slower than the one of FAST when the
bandwidth N is greater than 224, GFFT is the slowest deterministic algorithm for this
sparsity level for all plotted N. Comparing randomized SF'T algorithms, FASTR always
performs better than sFFT 2.0 when the bandwidth is greater than 2!8.

5.4 Robustness to Noise

To test the robustness of the methods to noise we add Gaussian noise to each of the signal
samples utilized in each method and then measure the contamination of the recovered
Fourier series coefficients for (n, B)-block sparse functions f: [0, 27] — C with bandwidth
N = 222, number of blocks n = 3, and block length B = 2%. More specifically, each

method considered herein utilizes a set of samples from f given by f = (f(z;))"",

j:()l for
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Figure 4: Robustness to noise for bandwidth N = 222 and n = 3 blocks of length B = 24,

some g, ..., Tm—1 € [0,27) with m < N. For the experiments in this section we instead
provide each algorithm with noisy function evaluations of the form (f(z;) +nj);7:()1,
where each n; € C is a complex Gaussian random variable with mean 0. The n; are then
rescaled so that the total additive noise n = (nj);?:(]l achieves the signal-to-noise ratios
(SNRs) considered in Figure 4.7

Recall that the two randomized algorithms compared herein (SFT 2.0 and FASTR)
are both tuned to guarantee exact recover of block sparse functions with probability at
least 0.9 in all experiments. For our noise robustness experiments this ensures that the
correct frequency support, S, is found for at least 90 of the 100 trial signals used to
generate each point plotted in Figure 4. All the other (deterministic) methods always
find this correct support for all noise levels considered herein after sorting their output
Fourier coefficient estimates by magnitude. Figure 4 plots the average ¢'-error over the
true Fourier coefficients for frequencies in the correct frequency support S of each trial
signal, averaged over the at least 90 trial runs at each point for which each sparse Fourier

"The SNR is defined to be SNR = 20log ( 112 ), where f and n are as given above.

Inll2
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transform correctly identified S. More specifically, it graphs

ﬁz‘cw_xw

weS

)

where ¢, are the true Fourier coefficients for frequencies w € S, and x,, are their recovered
approximations, averaged over the at least 90 trial signals where each method correctly
identified S.

Looking at Figure 4 one can see that all of the Fourier transform algorithms in our
experiments are robust to noise. Overall, however, the deterministic algorithms (FAST,
GFFT and FFTW) are more robust than randomized algorithms (FASTR and sFFT
2.0). As expected, FFTW is the most robust algorithm in this experiment, followed
closely by GFFT. For the randomized algorithms, FASTR is more robust than sFFT 2.0.

6 Conclusion

In this paper we developed the fastest known deterministic SF'T method for the recov-
ery of polynomially structured sparse input functions. However, there are still some
remaining avenues for future research. To begin with one could try to find other types of
structured sparsity that also guarantee an upper bound on the sparsity of the frequency
restrictions for all possible residues. Considering a structure generated by polynomials
was merely the most obvious choice, as polynomials naturally agree well with hashing
modulo prime numbers and therefore interact well with the the number theoretic con-
structions used herein. One could also investigate whether utilizing structured sparsity
might actually improve the runtimes of existing randomized SF'T algorithms for unstruc-
tured sparsity.

It would also be interesting to know whether the results presented herein can be trans-
ferred to the non-periodic, continuous case, i.e., to sparse functions defined on the whole
real line. Results in [6] about porting randomized SFT algorithms to the continuous
setting suggest that this should be possible for a randomized version of Algorithm 1.
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