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Abstract

The widespread use of multisensor technology and the emergence of big datasets have created the need to develop tools to
reduce, approximate, and classify large and multimodal data such as higher-order tensors. While early approaches focused on
matrix and vector based methods to represent these higher-order data, more recently it has been shown that tensor decomposition
methods are better equipped to capture couplings across their different modes. For these reasons, tensor decomposition methods
have found applications in many different signal processing problems including dimensionality reduction, signal separation, linear
regression, feature extraction, and classification. However, most of the existing tensor decomposition methods are based on the
principle of finding a low-rank approximation in a linear subspace structure, where the definition of the rank may change depending
on the particular decomposition. Since many datasets are not necessarily low-rank in a linear subspace, this often results in high
approximation errors or low compression rates. In this paper, we introduce a new adaptive, multi-scale tensor decomposition
method for higher order data inspired by hybrid linear modeling and subspace clustering techniques. In particular, we develop
a multi-scale higher-order singular value decomposition (MS-HoSVD) approach where a given tensor is first permuted and then
partitioned into several sub-tensors each of which can be represented as a low-rank tensor with increased representational efficiency.
The proposed approach is evaluated for dimensionality reduction and classification for several different real-life tensor signals
with promising results.

Index Terms

Higher-order singular value decomposition, tensor decomposition, multi-scale decomposition, data reduction, big data
applications.

I. INTRODUCTION

Data in the form of multidimensional arrays, also referred to as tensors, arise in a variety of applications including
chemometrics, hyperspectral imaging, high resolution videos, neuroimaging, biometrics and social network analysis [1]-[3].
These applications produce massive amounts of data collected in various forms with multiple aspects and high dimensionality.
Tensors, which are multi-dimensional generalizations of matrices, provide a useful representation for such data. A crucial step
in many applications involving higher-orders tensors is multiway reduction of the data to ensure that the reduced representation
of the tensor retains certain characteristics. Early multiway data analysis approaches reformatted the tensor data as a matrix
and resorted to methods developed for classical two-way analysis. However, one cannot discover hidden components within
multiway data using conventional matrix decomposition methods as matrix based representations cannot capture multiway
couplings focusing on standard pairwise interactions. To this end, many different types of tensor decomposition methods have
been proposed in literature [4]-[9].

In contrast to the matrix case where data reduction is often accomplished via low-rank representations such as singular value
decomposition (SVD), the notion of rank for higher order tensors is not uniquely defined. The CANDECOMP/PARAFAC
(CP) and Tucker decompositions are two of the most widely used tensor decomposition methods for data reduction [10], [11].
For CP, the goal is to approximate the given tensor as a weighted sum of rank-1 tensors, where a rank-1 tensor refers to the
outer product of n vectors with n being equal to the order of the tensor. The Tucker model allows for interactions between
the factors from the different modes resulting in a typically dense, but small, core tensor. This model also introduces the
notion of Tucker rank or n-rank, which refers to the n-tuple of ranks corresponding to the tensor’s unfoldings along each of
its modes. Therefore, low rank approximation with the Tucker model can be obtained by projections onto low-rank factor
matrices. Unlike the CP decomposition, the Tucker decomposition is in general non-unique. To help obtain meaningful and
unique representations by the Tucker decomposition, orthogonality, sparsity, and non-negativity constraints are often imposed
on the factors yielding, e.g., the Non-Negative Tensor Factorization (NTF) and the Sparse Non-Negative Tucker Decomposition
[12]-[14]. The Tucker decomposition with orthogonality constraints on the factors is known as the Higher-Order Singular Value
Decomposition (HoSVD), or Multilinear SVD [11]. The HoSVD can be computed by simply flattening the tensor in each mode
and calculating the n-mode singular vectors corresponding to that mode.

With the emergence of multidimensional big data, classical tensor representation and decomposition methods have become
inadequate since the size of these tensors exceeds available working memory and the processing time is very long. In order to
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address the problem of large-scale tensor decomposition, several block-wise tensor decomposition methods have been proposed
[6]. The basic idea is to partition a big data tensor into smaller blocks and perform tensor related operations block-wise using a
suitable tensor format. Preliminary approaches relied on a hierarchical tree structure and reduced the storage of d-dimensional
arrays to the storage of auxiliary three-dimensional ones such as the tensor-train decomposition (T-Train), also known as the
matrix product state (MPS) decomposition, [5] and the Hierarchical Tucker Decomposition (H-Tucker) [15]. In particular, in
the area of large volumetric data visualization, tensor based multiresolution hierarchical methods such as TAMRESH have
attracted attention [16]. However, all of these methods are interested in fitting a low-rank model to data which lies near a
linear subspace, thus being limited to learning linear structure.

Similar to the research efforts in tensor reduction, low-dimensional subspace and manifold learning methods have also been
extended for higher order data clustering and classification applications. In early work in the area, Vasilescu and Terzopoulos
[17] extended the eigenface concept to the tensorface by using higher order SVD and taking different modes such as expression,
illumination and pose into account. Similarly, 2D-PCA for matrices has been used for feature extraction from face images
without converting the images into vectors [18]. He et al. [19] extended locality preserving projections [20] to second order
tensors for face recognition. Dai and Yeung [21] presented generalized tensor embedding methods such as the extensions
of local discriminant embedding methods [22], neighborhood preserving embedding methods [23], and locality preserving
projection methods [20] to tensors. Li et al. [24] proposed a supervised manifold learning method for vector type data which
preserves local structures in each class of samples, and then extended the algorithm to tensors to provide improved performance
for face and gait recognition. Similar to vector-type manifold learning algorithms, the aim of these methods is to find an optimal
linear transformation for the tensor-type training data samples without vectorizing them and mapping these samples to a low
dimensional subspace while preserving the neighborhood information.

In this paper, we propose a novel multi-scale analysis technique to efficiently approximate tensor type data using locally linear
low-rank approximations. The proposed method consists of two major steps: 1) Constructing a tree structure by partitioning the
tensor into a collection of permuted subtensors, followed by 2) Constructing multiscale dictionaries by applying HoSVD to each
subtensor. The contributions of the proposed framework and the novelty in the proposed approach with respect to previously
published work in [25], [26] are manifold. They include: 1) The introduction of a more flexible multi-scale tensor decomposition
method which allows the user to approximate a given tensor within given memory and processing power constraints; 2) the
introduction of theoretical error bounds for the proposed decomposition; 3) the introduction of adaptive pruning to achieve a
better trade-off between compression rate and reconstruction error for the developed factorizations; 4) the extensive evaluation
of the method for both data reduction and classification applications; and 5) a detailed comparison of the proposed method to
state-of-the-art tensor decomposition methods including the HoSVD, T-Train, and H-Tucker decompositions.

The remainder of the paper is organized as follows. In Section II, basic notation and tensor operations are reviewed. The
proposed multiscale tensor decomposition method along with theoretical error bounds are then introduced in Section III.
Sections IV and V illustrate the results of applying the proposed framework to data reduction and classification problems,
respectively.

II. BACKGROUND

A. Tensor Notation and Algebra

A multidimensional array with N modes X' € RI1*2x--*In jg called a tensor, where x;, ;, ;. denotes the (i1,i2,..in )"

element of the tensor X'. The vectors in R/ obtained by fixing all of the indices of such a tensor X except for the one that
corresponds to its nth mode are called its mode-n fibers. Let [N] := {1,..., N} for all N € N. Basic tensor operations are
reviewed below (see, e.g., [10], [27], [28]).
Tensor addition and multiplication by a scalar: Two tensors X', ) € R{1*/2X--XIN can be added using component-wise
tensor addition. The resulting tensor X + ) € RI1*12X---xIN hag jts entries given by (X + Wisvia.in = Tirsinsin + Yin i, in-
Similarly, given a scalar o € R and a tensor X € Rf1*12X--XIn the rescaled tensor aX € R+ *12X--XIN hag its entries given
by (aX)il,iQ,uiN
Mode-n products: The mode-n product of a tensor X € R11 X In>-xIN and a matrix U € R7*!» is denoted as J = X x,, U,
(V)issieesinnjsinstresin = f:zl Ty imin Wiy - It is of size Iy x ... x I,,_q X J x I41 % ... x In. The following facts
about mode-n products are useful (see, e.g., [10], [28]).
Lemma 1. Let X, € Rlvxl2xxIn o B e R, and UM, V) e R/*In for all n € [N]. The following are true:

(@) (aX +BY) x, UM = o (X x, UM) + 8 (Y x,, UM).

0 X x, (@UM 4+ VM) = o (X x,, UM) + B (X x,, V).

(¢) If n #m then X x, Uu® x,, vin = (X Xn U(")) X VM) = (X me(m)) x, UM = X x,, VM) xU®

(d) If W eCP*n then X x,, U™ x,, W = (X x,, UM) x,, W = X x,, (WU(”>> — X x, WU®™.

= O Ly g, iy -

Tensor matricization: The process of reordering the elements of the tensor into a matrix is known as matricization or unfolding.
The mode-n matricization of a tensor ) € R/1 /2> I~ i denoted as Y€ R *msn Im and is obtained by arranging )’s



N
mode-n fibers to be the columns of the resulting matrix. Unfolding the tensor Y = X x; UM x, UR) . x yUWN) =: x um

n=1
along mode-n is equivalent to

Yy =U"X,, (UM g . .U ut-t U’ (1)

where ® is the matrix Kronecker product. In particular, (1) implies that the matricization (X Xn U(”)) ) = U(”)X(n).1

It is worth noting that trivial inner product preserving isomorphisms exist between a tensor space R/t /2% <IN and any of
its matricized versions (i.e., mode-n matricization can be viewed as an isomorphism between the original tensor vector space
R I2xxIN and its mode-n matricized target vector space R *Hmsn Imy n particular, the process of matricizing tensors
is linear. If, for example, X', € RIxI2x...xIN then one can see that the mode-n matricization of X + ) € RI1x2x...xIn jgq
(X + ) (n) = X(n) + Y(n) for all modes n € [N].
Tensor Rank: Unlike matrices, which have a unique definition of rank, there are multiple rank definitions for tensors including
tensor rank and tensor n-rank. The rank of a tensor X € R+ In>-XIN ig the smallest number of rank-one tensors that form
A as their sum. The n-rank of X is the collection of ranks of unfoldings X, and is denoted as:

n-rank(X) = (rank(X(y)), rank(X(z)), ..., rank(X(n)) - )

Tensor inner product: The inner product of two same sized tensors X, ) € R1*12X-XIN g the sum of the products of their

elements.
11 Ig IN

(X,Y) = Z Z Z Tiyin,.yin Yinyiz,onin - 3)

i1=1142=1 in=1

It is not too difficult to see that matricization preserves Hilbert-Schmidt/Frobenius matrix inner products. That is, that (X', )) =

<X(n), Y(n)>F = Trace (X(Tn)Y(n)) holds for all n € [N]. If (X,YV) =0, X and Y are orthogonal.

Tensor norm: Norm of a tensor X € R71*/2X---XIn jg the square root of the sum of the squares of all its elements.

I Is In

| X=X Xy = | > > “)

i1=112=1 in=1

The fact that matricization preserves Frobenius matrix inner products also means that it preserves Frobenius matrix norms. As
a result we have that |X|| = X, HF holds for all n € [N]. If X and ) are orthogonal and also have unit norm (i.e., have
[X] = || = 1) we will say that they are an orthonormal pair.

B. Some Useful Facts Concerning Mode-n Products and Orthogonality

Let I € R/»*I» be the identity matrix. Given a (low rank) orthogonal projection matrix P € R/»*/» one can decompose
any given tensor X' € R71*/2X--xIN into two orthogonal tensors using Lemma 1 (b)

X=Xx,I=X%x, (I-P)+P)=Xx,I-P)+ X x,, P.
To check that the last two summands are orthogonal one can use (1) to compute that
(X % (I=P), X x, P) = ((I= P)X(), PX(n) )y, = Trace (X(Tn) (I— P)PX(n)) —0.

As a result one can also verify that the Pythagorean theorem holds, i.e., that | X|? = |X x,, P|? + |X x,, (I - P)|J.
If we now regard X x,, P as a low rank approximation to X then we can see that its approximation error

X—Xx,P=Xx,I-P)

is orthogonal to the low rank approximation X x,, P, as one would expect. Furthermore, the norm of its approximation error
satisfies |X x,, (I — P)||*> = |X|? — |X x, P||%. By continuing to use similar ideas in combination with lemma 1 for all
modes one can prove the following more general Pythagorean result (see, e.g., theorem 5.1 in [28]).

Lemma 2. Let X € RIv<ExxIn gud U™ e RI»*In be an orthogonal projection matrix for all n € [N]. Then,

>

n=1

N 2

2
Hx X U, UG xNU<N>H — 'X—X X U™

n=1

2 n—1
_ (h) g
X h>:<1 UM x, <I U )

I'Simply set U™M) =T (the identity) for all m # n in (1). This fact also easily follows directly from the definition of the mode-n product.



C. The Higher Order Singular Value Decomposition (HoSVD)

Any tensor X € R11*/2>X.-xIN can be decomposed as mode products of a core tensor C € R/t 2% xIN with N orthogonal
matrices U™ e R/»*In each of which is composed of the left singular vectors of Xy [11]:

N
X =Cx; UM %, U xy UM =¢ > um (5)
n=1
where C is computed as
T T T
C=Xx, <U<1>) xp (U<2>) XN (U<N>) . 6)

Let C;, -, be a subtensor of C obtained by fixing the nth index to c. This subtensor satisfies the following properties:

« all-orthogonality: C;,— and C;, —g are orthogonal for all possible values of n, o and 3 subject to o # 3.

{Ci, =, Ci,,=py = 0 when a # B. (7)
« ordering:
I Cin=1 =]l Cin=2 = ... 2[| Ci,i=1, [0 (8)

for n e [N].

III. MULTISCALE ANALYSIS OF HIGHER-ORDER DATASETS

In this section, we present a new tensor decomposition method named Multiscale HoOSVD (MS-HoSVD) for an Nth order
tensor, X € RI1*12x--xIN The proposed method recursively applies the following two-step approach: (i) Low-rank tensor
approximation, followed by (ii) Partitioning the residual (original minus low-rank) tensor into subtensors.

A tensor X is first decomposed using HoSVD as follows:

X =Cx1UW 5, UBLLxy UW), ©)

where the U(™)’s are the left singular vectors of the unfoldings X (n)- The low-rank approximation of X is obtained by

.)EO :Co X1 Ij(l) X9 IAJ(Z) XN ﬂ(N) (10)
. . T
where U(") € R» %" are the truncated matrices obtained by keeping the first 7, columns of U and Cy = X x (U(l)) X o
. T A T N
(U(Q)) e XN (U(N)> . The multilinear-rank of Xp, {r1,..., rn}, can either be given a priori, or an energy criterion can
be used to determine the minimum number of singular values to keep along each mode as:
rn = argmin Z (Tl(n) s.t. % > T, (11
R 24210

where crl(n) is the [th singular value of the matrix obtained from the SVD of the unfolding X,,), and 7 is an energy threshold.

Once 2\?0 is obtained, the tensor X' can be written as
X = X+ W, (12)

where W is the residual tensor.

For the first scale analysis, to better encode the details of X, we adapted an idea similar to the one presented in [25], [29].
The 0" scale residual tensor, W, is first decomposed into subtensors as follows. Wy € RI1xI2x..xIN ¢ unfolded across
each mode yielding Wy ) € R *1Li2n 15 whose columns are the mode-n fibers of W. For each mode, rows of W .y are
partitioned into ¢,, non-overlapping clusters using a clustering algorithm such as local subspace analysis (LSA) [30] in order to
encourage the formation of new subtensors which are intrinsically lower rank, and therefore better approximated via a smaller
HoSVD at the next scale. The Cartesian product of the partitioning labels coming from the N modes yields K = Hf\il C;
disjoint subtensors X; ;, where k € [K].

Let J be the index set corresponding to the nth mode of Wy with J§ = [I,,], and let J}*, be the index set of the subtensor
Xy for the nth mode, where Ji';, < Jg for all k € [K] and n € [N]. Index sets of subtensors for the nth mode satisfy

Ur, Ji' = J§ for all n € [N]. The kth subtensor X 5 € RIVLs D2 kDx 7] s obtained by

Xl,k(ila i27"'a ZN) = WO(Jll,k:(il)a J127k-,(i2)a"'a J{Yk(ZN))a

Xig = Wo(Ji, x T x o x I, (13)

where i,, € HJ{‘ kH Low-rank approximation for each subtensor is obtained by applying HoSVD as:



Frge = Crpe x1 O 5 UF) oxy OF), (14)

. np () . . . .
where C; , and Ugnk) e RIIwIXTk g correspond to the core tensor and low-rank projection basis matrices of & j, respectively.

We can then define X; as the 15 scale approximation of X formed by mapping all of the subtensors onto 921,1@ as follows:
(T % TR X e x 1) = X (15)
Similarly, 15 scale residual tensor is obtained by
WL (L % JE g %o X JT) = Wi, (16)
where Wy i, = X1 5 — /'\A’Lk. Therefore, X' can be rewritten as:
X=X+ Wo =X+ X + W (17)

Continuing in this fashion the j* scale approximation of X is obtained by partitioning W;_1 1 into subtensors X ;s and
fitting a low-rank model to each one of them in a similar fashion. Finally, the j** scale decomposition of X' can be written as:

J
=AW (18)
=0

Algorithm 1 describes the pseudo code for this approach and Fig. 1 illustrates 1-scale MS-HoSVD.
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Fig. 1: Ilustration of 1-scale MS-HoSVD. Higher scale decomposition can be obtained by applying the illustrated approach
to the residual tensors recursively.

Algorithm 1 Multiscale HoSVD

1: Input: X: tensor , C = (c1, c2, ..., cn): the desired number of clusters 1for each mode, sg: the highest scale of MS-HoSVD.

2: Output: T': Tree structure containing the MS-HoSVD decomposition of X.

3: Create an empty tree T

4: Create an empty list L

5: Add the node containing X =: Xp1 to L with Parent(0,1) = (& (i.e., this is the root of the the tree).

6: while L is not empty. do

7:  Pop a node corresponding to X (the tth subtensor from sth scale) from the list L where s € {0, ...,sg} and ¢t € {1, ..., K°}.
8

Cortr {ﬁg@} < truncatedHOSVD(X, ).

9:  Add the node containing Cs ¢, {f]g"t)} to T as a child of Parent(s,t).
10:  if s < sy then

11: Compute Ws ¢ = Xs ¢ — -)E‘s,b

12: Create K subtensors Xsy1 x(t—1)+k With J' 1 res1y4p from Wy where ke {1, 2, ..., K} and ne {1, 2, ..., N}.
13: Add K nodes containing X1, i (t—1)+4 and {J:+1,K(t—1)+k} to L with Parent(s + 1, K(t — 1) + k) = (s, ).

14:  end if

15: end while




A. Memory Cost of the First Scale Decomposition
Let X € RI1*/2x.-xIN be an Nth order tensor. To simplify the notation, assume that the dimension of each mode is the

same, i.e. I = Io = .... = Iy = I. Assume X is approximated by HoSVD as:
X =Cyx; UW x, UD sy Uy, (19)

by fixing the rank of each mode matrix as rank(Ug) )=rg forie{l, 2,...., N}. Let F(-) be a function that quantifies the
memory cost, then the storage cost of X decomposed by HoSVD is F(Cr) + Zfil(IF‘(U%))) ~r + Nlry.

For multiscale analysis at scale 1, X = Xy 4+ X;. The cost of storing Xy is F(Co) + Zilil(]F(fJ(i))) ~ r} + NIrg where the
rank of each mode matrix is fixed at rank(U®)) = r for i € {1, 2,..., N'}. The cost of storing X) is the sum of the storage
costs for each of the K = Hf\il c(i) subtensors X . Assume (i) = ¢ for all i € {1, 2,..., N} yielding ¢V equally sized
subtensors, and that each 221,,6 is decomposed using the HoSVD as /'E'Lk =Ci X 11351,1 X Qﬂﬁl X ijgj\,i) Let the rank of each

mode matrix be fixed as rank(fjm) =y forallie{l, 2,..., N} and k € {1, 2,..., K}. Then, the memory cost for the first
- (; NI
scale is Zkl,il (]F(CL;C) + Zi\il F(Uﬁf)) ~cN <r{v + CT’1

). Choosing 1 < ensures that the storage cost does not

70
c(N-1)

grow exponentially so that F(z?l) < IE‘()EO) since the total cost becomes approximately equal to 73’ (1 + ) +2NIry.

N2 2N
c
Thus, picking 7o ~ rg/2 can now provide lower storage cost for the first scale analysis than for HoSVD.

B. Computational Complexity

The computational complexity of MS-HoSVD at the first scale is equal to the sum of computational complexity of computing
HoSVD at the parent node, partitioning into subtensors and computing HoSVD for each one of the subtensors. Computational
complexity of HoSVD of an N-way tensor X' € RI2X-XIN where [} = I, = ... = Iy = I is O (NIW+1)) [31]. By
assuming that the partitioning is performed using K-means (via Lloyd’s algorithm) with ¢; = ¢ along each mode, the complexity
partitioning along each mode is O (N I ci), where ¢ is the number of iterations used in Lloyd’s algorithm. Finally, the total

complexity of applying the HoSVD to ¢ equally sized subtensors is O (cN N(I /c)(NH)). Therefore, first scale MS-HoSVD

has a total computational complexity of O ( NIV+D 4 NIN¢i + ¢V N(I /c)(NH)). Note that this complexity is similar to
that of the HoSVD whenever ci is small compared to I. The runtime complexity of these multiscale methods can be reduced
even further by computing the HoSVDs for different subtensors in parallel whenever possible, as well as by utilizing distributed
and parallel SVD algorithms such as [32] when computing all the required HoSVD decompositions.

C. A Linear Algebraic Representation of the Proposed Multiscale HoSVD Approach

Though the tree-based representation of the proposed MS-HoSVD approach used above in Algorithm 1 is useful for
algorithmic development, it is somewhat less useful for theoretical error analysis. In this subsection we will develop formulas
for the proposed MS-HoSVD approach which are more amenable to error analysis. In the process, we will also formulate a
criterion which, when satisfied, guarantees that the proposed fist scale MS-HoSVD approach produces an accurate multiscale
approximation to a given tensor.

Preliminaries: We can construct full size first scale subtensors of the residual tensor W, € R11*/2>In from (12), X[, €

RIxI2x-IN for all k € [K], using the index sets Ji'y from (13) along with diagonal restriction matrices. Let R;") €

{0, l}I"XI” be the diagonal matrix with entries given by

. 1, ifi=y4, andje J!
R(") , _ ’ ’ 1,k 20
CE) {O, otherwise (20)

for all k € [K], and n € [N]. We then define

N
X i=Wo X R =Wy i R o RP . xy RV @21)
n=1
Thus, the kth subtensor X’|; will only have nonzero entries, given by W()(Jll, B X X J{Yk), in the locations indexed by the sets
Ji'j, from above. The properties of the index sets Ji'; furthermore guarantee that these subtensors all have disjoint support.
As a result both

K
Wo =) Xli (22)
k=1

and
(X, X|;> =0 for all j, ke [K] with j # k



will always hold.
Recall that we want to compute the HoSVD of the subtensors we form at each scale in order to create low-rank projection
basis matrices along the lines of those in (14). Toward this end we compute the top r,g”) < rank(REC”)) = |J{l .| left singular

vectors of the mode-n matricization of each X/[x, Xl € RI7*Ilnzn Im | for all n € [N]. Note that Xli(ny = R](:)X|k(n)

always holds for these matricizations since R,(cn) is a projection matrix.> Thus, the top r,(fn) left singular vectors of X|k(n)

(n) .
) e RI»*7" be the matrix whose columns are these top

singular vectors. As a result of the preceding discussion we can see that ﬂ,in) = R,(Cn)ﬂ,(cn) will hold for all n € [N] and

k € [K]. Our low rank projection matrices Q,i") € RI»*In used to produce low rank approximations of each subtensor X[

can now be defined as

will only have nonzero entries in locations indexed by J';.. Let IAJ,(C"

.
. (23)

. . T
As a consequence of U,(f") = R]i")U,(fb) holding, combined with the fact that (R,(:)> = R;n) since each R,(;L) matrix is
diagonal, we have that
“r(n AnT n)yr(n nAnT n)yr(n AnT nT n n n
=0 (OF) =RrIOY (RGP =Y (1Y) (RYY) - R{VQR{" (24)

holds for all n € [N] and k € [K]. Using (24) combined with the fact that R,(C") is a projection matrix we can further see that
also holds for all n € [N] and k € [K].

1-scale Analysis of MS-HoSVD: Using this linear algebraic formulation we are now able to re-express the the 15 scale
approximation of X' € RI1x/2x-In =y, ¢ RIvxI2X-IN aq well as the 1% scale residual tensor tensor, W, € Rt xT2x-In ag
follows (see (15) — (17)). We have that

K N K N
X = Z <X|k X Q,(Cn)> = Z (Wo X Q,SL)R,(:)> (Using Lemma 1 and (21))

k=1 n=1 k=1 n=1

K N
= Z (Wo X EJ”) (Using the properties in (25))
k=1 n=1

K N

- ((X - Xo) X Q,(c")) (Using (12)) (26)
k=1 n=1

holds. Thus, we see that the residual error VV; from (17) satisfies

K N
X=X+ ), ((X—;&O) D Q;m) +W. (27)
k=1 n=1

Having derived (27) it behooves us to consider when using such a first scale approximation of X is actually better than,
e.g., just using a standard HoSVD-based 0" scale approximation of X’ along the lines of (12). As one might expect, this
depends entirely on (i) how well the 15 scale partitions (i.e., the restriction matrices utilized (20)) are chosen, as well as on
(7i) how well restriction matrices of the type used in (20) interact with the projection matrices used to create the standard
HoSVD-based approximation in question. Toward understanding these two conditions better, recall that Xy € RIvxlexIn iy
(27) is defined as

N
A?O:XXP(n)Z)(XlP(l) XQP(z)"'XNP(N) (28)

n=1

. . T .
where the orthogonal projection matrices P(™) € R/»*I» are given by P(") = U™ (U(”)) for the matrices U(™) e RI»*"

used in (10). For simplicity let the ranks of the P(") projection matrices momentarily satisfy 7, = 7y = --- = ry =: 7 (i.e.,
let them all be rank r¢ < max,, {rank(X(,))}). Similarly, let all the ranks, r{™ . of the 15t scale projection matrices Q\™ in
(23) be r; for the time being.
Motivated by, e.g., the memory cost analysis of Section III-A above, one can now ask when the multiscale approximation
error, | W |, resulting from (27) will be less than a standard HoSVD-based approximation error, | X — Xp|, where
N
/?0 Z=X><f)(n)=X><1 13(1) ><2:F)(2)~--><N]._3(N)7 (29)

n=1

2Here we are implicitly using (1).



N=1r, (i.e., where each P(™ projects onto

and each orthogonal projection matrix P() is of rank 7, = rg = 2r¢g = ro + ¢
the top ry left singular vectors of X(,,)). In this situation having both |[W;| < |X — X and ryg = 2rg = ro + N7l
hold at the same time would imply that one could achieve smaller approximation error using MS-HoSVD than using HoSVD
while simultaneously achieving better compression (recall Section III-A). In order to help facilitate such analysis we prove
error bounds in Appendix A that are implied by the choice of a good partitioning scheme for the residual tensor Wy in (20)
- (22).

In particular, with respect to the question concerning how well the 15%-scale approximation error, |[W;|, from (27) might
compare to the HoSVD-based approximation error | X —Xy| we can use the following notion of an effective partition of Wy. The

partition of W, formed by the restriction matrices R,(c") in (20) — (22) will be called effective if there exists another pessimistic

- K
partitioning of W, via (potentially different) restriction matrices {Ré")} together with a bijection f : [K] — [K] such
k=1

that
2

i HX|k X (1_ <n> 2 ’Wo R0 ( p(n>> ;V< R 30)
n=1

h#n

holds for each k € [K]. In (30) the {15(”)} are the orthogonal projection matrices obtained from the HoSVD of W, with

ranks 7, = rg (i.e., where each P () projects onto the top 7, = rg left singular vectors of the matricization W07(,,L)). In
Appendix A, we show that (30) holding for W, implies that the error |W;|| resulting from our 15-scale approximation in (27)
is less than an upper bound of the type often used for HoSVD-based approximation errors of the form |X — Xp| (see, e.g.,
[28]). In particular, we prove the following result.

Theorem 1. Suppose that (30) holds. Then, the first scale approximation error given by MS-HoSVD in (27) is bounded by

)

2 5 L2 & _ 2
W =[x = % — ] < ) [a x, (T-P0)|
n=1

where {15(”)} are low-rank projection matrices of rank r,, = 7,, = g obtained from the truncated HoSVD of X as per (29).
Proof. See Appendix A. O

Theorem 1 implies that |W;| may be less than |X — Xy| when (30) holds. It does not, however, actually prove that
[Wh| < | X — X holds whenever (30) does. In fact, directly proving that |[W;|| < |X — X whenever (30) holds does not
appear to be easy. It also does not appear to be easy to prove the error bound in theorem 1 without an assumption along
the lines of (30) which simultaneously controls both (i) how well the restriction matrices utilized to partition Wy in (21) are
chosen, as well as (i) how poorly (worst case) restriction matrices interact with the projection matrices used to create standard
HoSVD-based approximations of W, and/or X. The development of simpler and/or weaker conditions than (30) which still
yield meaningful error guarantees along the lines of theorem 1 is left as future work. See Appendix A for additional details
and comments, and Appendix B below for an example illustrating Theorem 1 on an idealized tensor..

D. Adaptive Pruning in Multiscale HoSVD for Improved Performance

In order to better capture the local structure of the tensor, it is important to look at higher scale decompositions. However,
as the scale increases, the storage cost and computational complexity will increase making any gain in reconstruction error
potentially not worth the additional memory cost. For this reason, it is important to carefully select the subtensors adaptively at
higher scales. To help avoid the redundancy in decomposition structure we propose an adaptive pruning method across scales.

In adaptive pruning, the tree is pruned by minimizing the following cost function H = Error + A - Compression similar to
the rate-distortion criterion commonly used by compression algorithms where A is the trade-off parameter [33]. To minimize
this function we employ a greedy procedure similar to sequential forward selection [34]. First, the root node which stores Xo
is created and scale-1 subtensors Xl . are obtained from the Oth order residual tensor Wo as discussed in Section III. These
subtensors are stored in a list and the subtensor which decreases the cost function the most is then added to the tree structure
under its parent node. Next, scale-2 subtensors belonging to the added node are created and added to the list. All of the scale-1
and scale-2 subtensors in the list are again evaluated to find the subtensor that minimizes the cost function. This procedure is
repeated until the cost function H converges or the decrease is minimal. A pseudocode of the algorithm is given in Algorithm
2. It is important to note that this algorithm is suboptimal similar to other greedy search methods.

IV. DATA REDUCTION

In this section we demonstrate the performance of MS-HoSVD for tensor type data reduction on several real 3-mode and
4-mode datasets as compared with three other tensor decompositions: HoSVD, H-Tucker, and T-Train. The performance of
tensor decomposition methods are evaluated in terms of reconstruction error and compression rate. In the tables and figures



Algorithm 2 Multiscale HoSVD with Adaptive Pruning

: Input: X tensor , C = (c1, ¢2, ..., cn): the desired number of clusters for each modes, sp: the highest scale of MS-HoSVD.

: Output: T': Tree structure containing the MS-HoSVD decomposition of X'.

Create an empty tree 7.

Create an empty list L.

Add node containing X to L.

: while There is a node in L that decreases the cost function H(T'). do

Find the node corresponding to X+ (the ¢th subtensor from sth scale) in the list L that decreases H the most where s € {0, ..., sg}
and t € {1,..., K°}.

8 Cos, {ﬂg}g} < truncatedHOSVD(Xs.,).

9:  Add the node containing Cs ¢, {ﬂg"t)} to T.
10:  if s < sy then

A A ol >

11: Compute W, ¢ = Xsp — Xt

12: Create K subtensors Xsi1 x(t—1)+x With J&' 1 res1y4p from Wy where k€ {1, 2, ..., K} and ne {1, 2, ..., N}.
13: Add K nodes containing X1 k(;—1)+% and {‘];L+1,K(t71)+k} to L.

14:  end if

15: end while

. . . X—X . .
below the error rate refers to the normalized tensor approximation error w and the compression rate is computed as

# total bits to store X
# total bits to store X °

Moreover, we show the performance of the proposed adaptive tree prunning strategy for data reduction.

A. Datasets

1) PIE dataset: A 3-mode tensor X € R244x320x138 j5 created from PIE dataset [35]. The tensor contains 138 images from
6 different yaw angles and varying illumination conditions collected from a subject where each image is converted to gray
scale. Fig. 2 illustrates the images from different frames of the PIE dataset.

50 100 150 200 250 300 50 100 150 200 250 300

Fig. 2: Sample frames from PIE dataset corresponding to the 30th (left) and 80th (right) frames.

2) COIL-100 dataset: The COIL-100 database contains 7200 images collected from 100 objects where the images of each
object were taken at pose intervals of 5°. A 4-mode tensor X’ € R128*128x72x100 jq created from COIL-100 dataset [36]. The
constructed 4-mode tensor contains 72 images of size 128 x 128 from 100 objects where each image is converted to gray
scale. In Fig. 3, sample images of four objects taken from different angles can be seen.

Fig. 3: Image samples of four different objects from COIL-100 dataset from varying pose angles (from 0° to 240° with 60°
increments).



3) The Cambridge Hand Gesture Dataset: The Cambridge hand gesture database consists of 900 image sequences of nine
gesture classes of three primitive hand shapes and three primitive motions where each class contains 100 image sequences
(5 different illuminations x 10 arbitrary motions x 2 subjects). In Fig. 4, sample image sequences collected for nine hand
gestures can be seen. The created 4-mode tensor X' € R60*80x30x900 containg 900 image sequences of size 60 x 80 x 30
where each image is converted to gray scale.

Fig. 4: Tllustration of nine different classes in Cambridge Hand Gesture Dataset.

B. Data Reduction Experiments

In this section, we evaluate the performance of MS-HoSVD for 1 and 2-scale decompositions compared to HoSVD, H-Tucker
and T-Train decompositions. In the following experiments, tensor partitioning is performed by LSA and the cluster number
along each mode is chosen as ¢; = 2. The rank used in HoSVD is selected adaptively using the energy criterion as per Section
II’s (11). In our experiments, we performed MS-HoSVD with 7 = 0.7 and 7 = 0.75 and we kept 7 the same for each scale.
For the same compression rates as the MS-HoSVD, the reconstruction error of HoSVD, H-Tucker and T-Train models are
computed.

Fig. 5 explores the interplay between compression rate and approximation error for MS-HoSVD in comparison to HoSVD,
H-Tucker and T-Train for PIE, COIL-100 and hand gesture datasets. Starting from the left in Figs. 5(a), 5(b) and 5(c), the
first two compression rates correspond to 1-scale MS-HoSVD with 7 = 0.7 and 7 = 0.75, respectively while the last two are
obtained from 2-scale approximation with 7 = 0.7 and 7 = 0.75, respectively. As seen in Fig. 5, MS-HoSVD outperforms
other approaches with respect to reducing PIE, COIL-100 and hand gesture tensors at varying compression rates. Moreover,
adding 2nd scale increases the storage requirements while decreasing the error of MS-HoSVD. Fig. 6 illustrates the influence
of scale on the visual quality of the reconstructed images. As expected, introducing additional finer scales into a multiscale
approximation of video data improves image detail in each frame. Moreover, the data reduction performance of T-Train is seen
to be slightly better than H-Tucker in most of the experiments.
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Fig. 5: Compression rate versus Normalized Reconstruction Error for MS-HoSVD (dark blue), HoSVD (light blue), H-Tucker
(green) and T-Train (yellow) for a) PIE, b) COIL-100 and c) Hand Gesture datasets. Starting from the left for all (a), (b)
and (c), the first two compression rates correspond to 1-scale MS-HoSVD with 7 = 0.7 and 7 = 0.75 while the last two are
obtained from 2-scale approximation with 7 = 0.7 and 7 = 0.75, respectively. MS-HoSVD provides lower error than HoSVD,
H-Tucker and T-Train.

original frame 0Oth scale

Fig. 6: A single frame of the PIE dataset showing increasing accuracy with scale for MS-HoSVD.

C. Data Reduction with Adaptive Tree Prunning

In this section, we evaluate the performance of adaptive tree pruning multiscale decompositions. In the pruning experiments,
clustering is performed by LSA and the cluster number along each mode is chosen as ¢; = 2. The rank used in HoSVD is



selected adaptively based on the energy threshold 7 = 0.7. A pruned version of 2-scale MS-HoSVD that greedily minimizes
the cost function H = Error + X\ - Compression for is implemented for PIE, COIL-100 and Hand Gesture datasets with
varying A values as reported in Tables I, IT and III. As ) increases, reducing the compression rate becomes more important
and the algorithm prunes the leaf nodes more. For example, a choice of A = 0.75 prunes all of the nodes corresponding to the
second scale subtensors for PIE data (see Table I).

As can be seen from Tables I, II, and III, the best tradeoffs achieved between reconstruction error and compression rate
occur at different A values for different datasets. For example, for PIE data, increasing A\ value does not provide much change
in reconstruction error while increasing the compression. On the other hand, for COIL-100, A = 0.75 provides a good tradeoff
between reconstruction error and compression rate. Small changes in \ yield significant effects on pruning the subtensors of
2-scale decomposition of hand gesture data. Fig. 7 illustrates the performance of the pruning algorithm on the PIE dataset.
Applying pruning with A = 0.25 increases the reconstruction error from 0.0276 to 0.0506 while reducing the compression rate
by a factor of 4 (Table I). As seen in Fig. 7, the 2nd scale approximation obtained by the adaptive pruning algorithm preserves
most of the facial details in the image.

TABLE I: Reconstruction error and compression rate computed for pruned tree structure obtained by applying MS-HoSVD
with 2-scales to PIE data.

A 0 0.22 0.25 0.30 0.75
Normalized error 0.0276  0.0395 0.0506 0.0530  0.0540
Compression 0.1241  0.0809 0.0377 0.0284  0.0261

Scales of subtensors 0+1+2  0+142  O0+142  O0+1+2 0+1

TABLE II: Reconstruction error and compression rate computed for pruned tree structure obtained by applying MS-HoSVD
with 2-scales to COIL-100 dataset.

A 0 0.25 0.50 0.75 0.80
Normalized error 0.0857 0.0867 0.0913 0.1060 0.1207
Compression 0.0863 0.0840 0.0734 0.0526  0.0347
Scales of subtensors 0+1+2  O0+142  O0+142  O+1+42  O+1+2

TABLE III: Reconstruction error and compression rate computed for pruned tree structure obtained by applying MS-HoSVD
with 2-scales to Hand Gesture dataset.

A 0 0.25 0.26 0.27 0.28
Normalized error 0.0691 0.0869 0.0913 0.0946 0.0999
Compression 0.1694 0.1056  0.0827 0.0698 0.0514

Scales of subtensors 0+1+2  O0+142  O0+142  O+1+2 0+1
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Fig. 7: Reconstruction error and compression rate computed for the pruned tree structure obtained by applying MS-HoSVD
with 2-scales to the PIE dataset. The top-left and right image is the sample frame obtained by reconstructing the tensor using
only the Oth scale, and Oth and 1st scales, respectively. The bottom-left image is a sample frame reconstructed using the 2-scale
approximation with all the sub-tensors, and the bottom-right image is the reconstruction using the 2 scale analysis with the
pruning approach where A = 0.25.

Performance of the pruning algorithm reported in Tables I, IT and III is also compared with HoSVD, H-Tucker and T-Train
decompositions in Fig. 8. As seen in Fig. 8 (b) and (c), MS-HoSVD outperforms other approaches for compressing COIL-100
and Hand Gesture datasets at varying compression rates. However, for PIE data, the performance of MS-HoSVD and HoSVD
are very close to each other while both approaches outperform H-Tucker and T-Train, as can be seen in Fig. 8 (a). In Fig.
9, sample frames of PIE data reconstructed by T-Train (top-left), H-Tucker (top-right), HoSVD (bottom-left) and pruned MS-
HoSVD with 2-scales (bottom-right) are shown. It can be easily seen that the reconstructed images by H-Tucker and T-Train are
more blurred than the ones obtained by HoSVD and MS-HoSVD. One can also see the facial details captured by MS-HoSVD
are clearer than HoSVD although the performances of both algorithms are very similar to each other. The reason for capturing
facial details better by MS-HoSVD is that the higher scale subtensors encode facial details.
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Fig. 8: Compression rate versus Normalized Reconstruction Error for MS-HoSVD with adaptive pruning (dark blue), HoSVD
(light blue), H-Tucker (green) and T-Train (yellow) for a) PIE, b) COIL-100 and c) Hand Gesture datasets. 2-scale MS-HoSVD
tensor approximations are obtained using 7 = 0.7 for each scale and varying pruning trade-off parameter \.
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Fig. 9: Reconstructed frame samples from PIE data compressed by T-Train (top-left), H-Tucker (top-right), HoSVD (bottom-
left) and pruned MS-HoSVD with 2-scales (bottom-right). 2-scale MS-HoSVD tensor approximation is obtained using 7 = 0.7
for each scale and \ = 0.25.

V. FEATURE EXTRACTION AND CLASSIFICATION

In this section, we evaluate the features extracted from MS-HoSVD for classification of 2-mode and 3-mode tensors containing
object images and hand gesture videos.



The classification accuracy of MS-HosVD features are compared to the features extracted by HoSVD and T-Train using
three different classifiers: 1-NN, Adaboost and Naive Bayes.

A. COIL-100 Image Dataset

For computational efficiency, each image was downsampled to a gray-scale image of 32 x 32 pixels. Number of images per
object used for training data was gradually increased from 18 to 54 and selected randomly. A 3-mode tensor X'*" e R32x32xIir
is constructed from training images where I3, € 100 x {18, 36, 54} and the rest of the images are used to create the testing
tensor X'¢ € R32x32x1ie where I, = 7200 — Iy,

B. The Cambridge Hand Gesture Dataset

For computational efficiency, each image was downsampled to a gray-scale image of 30 x 40 pixels. Number of image
sequences used for training data gradually increased from 25 to 75 per gesture and selected randomly. A 4-mode tensor
Xtr g R30x40x30xIir g constructed from training image sequences where Iy, € 9 x {25, 50, 75} and the rest of the image
sequences are used to create the testing tensor X' € R30*40x15x1tc where I, = 900 — I,.

C. Classification Experiments

1) Training: For MS-HoSVD, the training tensor X" is decomposed using 1-scale MS-HoSVD as follows. Tensor
partitioning is performed by LSA and the cluster number along each mode is chosen as ¢ = {2, 3, 1} yielding 6 subtensors
for COIL-100 dataset and ¢ = {2, 2, 3, 1} yielding 12 subtensors for hand gesture dataset. We did not partition the tensor
along the last mode that corresponds to the classes to make the comparison with other methods fair. The rank used in Oth
scale is selected based on the energy criterion with 7 = 0.7, while the full rank decomposition is used for the Ist scale. The
Oth scale approximation:

Xl =l UM x, U@y U (WY) (31)

provides Oth scale core tensor C§", factor matrices U () and residual tensor W = xtr — 2\?5". Next, Oth scale feature tensor
8§ for the training data is created by projecting X''"'s onto the first N — 1 factor matrices U () as:

S = A, (ﬂtr,(l))T ‘s (ﬂn-,<2>)T s (f;tr,(zv—n)T, (32)

Subtensors of W{" obtained by X", = W ( frkl X Jfrkz x ... x JIWNY are used to extract Ist order core tensors C; 5, and

factor matrices U’ o, (Z)

Xl = Cnoxq UV s U sy U (33)

Ist order feature tensors are then created by projecting Xl”ks onto the first N — 1 factor matrices Ulrk(i) as:

St = X (Utlv,-}fw) <5 (Uﬁ’j’;j”) XN (Uﬁf‘;jN‘”) . (34)

Unfolding the feature tensors S§™ and S{Tk along the sample mode /N and concatenating them to each other yields a high
dimensional feature vector for each of the training samples. From these vectors, N, features with the highest Fisher Score
[37] are selected to form the lower-dimensional feature vectors x‘” € Rs*1 for each training sample where the number of
features (Ny) is determined 100 for COIL-100 and 200 for hand gesture dataset emprically. For HoSVD and T-Train, full rank
decompositions are computed and feature vectors are created by selecting Ny features with the highest Fisher Score from the
core tensors as described above. For T-Train, the procedure described in [38] is used without reducing the dimensionality.

2) Testing: To create Oth order feature tensor S{¢ for testing samples, first, the testing tensor X; is projected onto Ui
where i € [N — 1] as

Ste = xte x, (ﬁtr,(l))T X5 (fjtr,(z))T o X N1 (ﬂtr,(Nfl))T' (35)

T
Oth order residual tensor W€ of testing data is computed as W = Xt —xte x "'~ N <U” (”)) . Then 1st order subtensors

n=
are created from W{° using the same partitioning as the Oth order training residual tensor W§" as X795, = W§° (Jfrk1 X Jfr,f X

. X Jfr,;N ). 1st order feature tensors Si% for the testing samples are then obtained by

T . T r(N—D\ |
St = 215 < (U)o (UNP) oy (U0 (36)

Similar to the training step, unfolding the feature tensors S§° and S!¢ along the sample mode N and concatenating them
with each other yields high dimensional feature vectors for the testing samples. The features corresponding to the features
selected from the training step are used to form the feature vectors for testing samples x** € RYNs*1 A similar two-step



procedure, i.e projecting the testing tensor onto training factor matrices followed by selecting [Ny features, is used to create
testing feature vectors for HoSVD and T-Train. Discrimination performance of the feature vectors are evaluated using different
classifiers including 1-NN, Adaboost and Naive Bayes.

Tables IV and V summarize the classification accuracy for the three methods using three different classifiers for COIL-100
and Hand gesture data sets, respectively. As it can be seen from these Tables, for both data sets and all classifiers MS-HoSVD
performs the best except for a Naive Bayes Classifier trained by 25% of the data to classify hand gesture dataset. As seen
in Tables IV and V, the performance of HoSVD, T-Train and MS-HoSVD become close to each other as the size of the
training dataset increases, as expected. The reason for the superior performance of MS-HoSVD is that MS-HoSVD captures
the variations and nonlinearities across the modes such as rotation or translation better than the other methods. In both of the
datasets used in this section, the images are rotated across the different frames. Since these nonlinearities are encoded in the
higher scale (1st scale) features while the average characteristics, which are the same as HoSVD, are captured by the lower
scale (Oth scale) MS-HoSVD features, the classification performance of the MS-HoSVD is slightly better than HoSVD. It is
also seen that T-Train features are not as good as MS-HoSVD and HoSVD features for capturing rotations and translations in
the data and requires larger training set to reach the performance of MS-HoSVD and HoSVD.

TABLE 1V: Classification results for COIL-100 dataset over 20 trials with Ny = 100.

.. . 1-NN Adaboost Bayes
Training Size Method mean + std. mean + std. mean + std.
MS-HoSVD 93.71 + 1.28 | 88.90 + 1.24 | 89.88 + 2.08
25% HoSVD 93.07 &+ 1.33 | 87.47 £ 1.53 | 87.36 £ 3.32
T-Train 92.29 + 223 | 87.26 + 1.84 | 88.43 + 1.36
MS-HoSVD 97.41 + 0.69 | 92.54 + 1.58 | 91.62 + 1.21
50% HoSVD 97.10 £ 0.83 | 91.29 + 2.16 | 90.43 £+ 1.60
T-Train 96.99 + 1.09 | 91.36 + 1.44 | 91.21 + 1.66
MS-HoSVD 98.38 + 0.65 | 93.66 +£1.35 | 92.60 + 1.79
75% HoSVD 98.16 £ 0.72 | 92.23 +1.46 | 92.38 £ 1.92
T-Train 98.25 + 0.41 93.10 +1.33 92.33 + 1.52

TABLE V: Classification results for hand gesture dataset over 20 trials with Ny = 200.

.. . 1-NN Adaboost Bayes
Training Size Method mean + std. mean + std. mean + std.
MS-HoSVD 7540 + 3.87 | 77.81 + 1.87 | 82.89 £+ 1.84
25% HoSVD 75.01 + 399 | 77.37 + 2.51 | 83.11 + 2.89
T-Train 69.20 + 2.63 | 67.53 + 2.27 | 72.99 + 491
MS-HoSVD 83.86 + 3.12 | 85.46 + 1.66 | 85.86 + 2.25
50% HoSVD 83.15 £ 290 | 85.14 + 1.45 | 84.00 + 1.68
T-Train 7897 + 225 | 78.82 + 2.87 | 81.46 + 1.37
MS-HoSVD 87.47 + 2.07 | 88.15 + 2.20 | 86.75 + 2.63
75% HoSVD 86.93 + 2.31 | 88.08 + 2.51 | 85.04 £+ 241
T-Train 85.64 £ 2.57 | 82.60 + 3.16 | 83.64 + 2.31

VI. CONCLUSIONS

In this paper, we proposed a new multi-scale tensor decomposition technique for better approximating the local nonlinearities
in generic tensor data. The proposed approach constructs a tree structure by considering similarities along different fibers of
the tensor and decomposes the tensor into lower dimensional subtensors hierarchically. A low-rank approximation of each
subtensor is then obtained by HoSVD. We also introduced a pruning strategy to find the optimum tree structure by keeping the
important nodes and eliminating redundancy in the data. The proposed approach is applied to a set of 3-way and 4-way tensors
to evaluate its performance on both data reduction and classification applications. As it is illustrated in the Results section,
any application involving tensor data reduction and classification would benefit from the proposed method. Some examples
include hyper-spectral image compression, high-dimensional video clustering and functional connectivity network analysis in
neuroscience.

Although this paper focused on the integration of a single existing tensor factorization technique (i.e., the HoSVD) into
a clustering-enhanced multiscale approximation framework, we would like to emphasize that the ideas presented herein are
significantly more general. In principal, for example, there is nothing impeding the development of multiscale variants of
other tensor factorization approaches (e.g., PARAFAC, T-Train, H-Tucker, etc.) in essentially the same way. In this paper it
is demonstrated that the use of the HoSVD as part of a multiscale approximation approach leads to improved compression
and classification performance over standard HoSVD approaches. However, this paper should additionally be considered as
evidence that similar improvements are also likely possible for other tensor factorization-based compression and classification
schemes, as well as for other related applications.

Future work will consider automatic selection of parameters such as the number of clusters and the appropriate rank
along each mode. The computational efficiency of the proposed method can also be improved through parallelization of the



algorithm by, e.g., constructing the disjoint subtensors at each scale in parallel, as well as by utilizing distributed and parallel
SVD algorithms such as [32] when computing their required HoSVD decompositions (see also, e.g., [39] for other related
parallel implementations). Such efficient implementations will enable the computation of finer scale decompositions for higher
order and higher dimensional tensors.
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APPENDIX
A. Effective Partitioning, and Error Analysis
In order to facilitate error analysis for the 1-scale MS-HoSVD that is similar to the types of error analysis available for

various HoSVD-based low-rank approximation strategies (see, e.g., [28]), we will enga%’e in a more in depth discussion of
condition (30) herein. Recall that the partition of W, formed by the restriction matrices Rk,") in (20) — (22) is called effective if

there exists another pessimistic partitioning of W, via restriction matrices {f{gl)} together with a bijection f : [K] — [K]
1

such that

2

N 9 N B B N o
n; me X (1 _ ]@)H < 7;1 ’Wo x, R (I _ P(n)> h>¢<nR;(L) 37

holds for each k € [K]. In (37) the {15(")} are the orthogonal projection matrices obtained from the HoSVD of W, with

ranks 7, =T, =T, (i.e., where each P(") projects onto the top 7, left singular vectors of the matricization WO,(n))~ Below
we will show that (37) holding for W, implies that the error | W;|| resulting from our 1'-scale approximation in (27) is less
than an upper bound of the type given for a high-rank standard HoSVD-based approximation (29) in [28].

Considering condition (37) above, we note that experiments show that it is regularly satisfied on real datasets when (7)

K
the effective restriction matrices {R,(Cn)} in (20) — (22) are first formed by clustering the rows of each unfolding of W,
k=1

K
using, e.g., local subspace analysis (LSA), after which (i¢) pessimistic restriction matrices {f{,(cn)} are randomly generated
in order to create another (random) partition of W, into K different disjoint subtensors for comp]ia}ilson. The bijection f can
then be created by, e.g., (i) sorting the left-hand side errors in (37) for each k € [k], (i¢) sorting the right-hand side errors in
(37) for each k € [K], and then (7i7) matching the largest left-hand and right-hand errors for comparision, the second largest
left-hand and right-hand errors for comparision, etc.. When checked in this way the sorted right-hand side errors often dominate
(entrywise) the sorted left-hand side errors for various reasonable ranks 7, = 7, = rg = rg+ ¢V =1 (as a function of 7y and
r1 with, e.g., ¢ = 2) on every dataset considered in Section IV above, thereby verifying that (37) does indeed regularly hold.

We will now begin to prove Theorem 1 with a lemma that shows our subtensor-based approximation of W, is accurate
whenever (37) is satisfied.

Lemma 3. Let Wy = X — Xy € Rl x2xIn Suppose that {Rén)} is a collection of effective restriction matrices that form

an effective partition of Wy with respect to a pessimistic partition formed via pessimistic restriction matrices {R](:)} as per

(37) above. Similarly, let P be the rank 7, > 7, ¥n orthogonal projection matrices from (37) obtained via the truncated
HoSVD of Wy as above. Then,
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Applying lemmas 1 and 2 to (38) we can now see that
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since the chn) matrices are orthogonal projections. Using assumption (37) we now get that
2

N
Wo s RYY (1= POV) X RV

2 K N
XA EDIDY
k=1n=1 h#n
N 2
= 2o xn (1-B)]
n=1
where we have used the fact that the pessimistic restriction matrices RE:) partition 1V in the last line. O

Lemma 3 indicates that the error in approximating ¥/, via low-rank approximations of its effective subtensors is potentially
smaller than the error obtained by approximating W via (higher rank) truncated HoSVDs whenever (37) holds.? The following
theorem shows that this good error behavior extends to the entire 15 scale approximation provided by (27) whenever (37)
holds.

Theorem 2 (Restatement of Theorem 1). Let X € R11*12XIN_Suppose that (37) holds. Then, the first scale approximation
error given by MS-HoSVD (27) is bounded by

. 2 X - 5
Wl == & - & < 3 [ <, (T-B)]
n=1

where {P(")} are low-rank projection matrices of rank vy, = r, obtained from the truncated HoSVD of X as per (29).

Proof. Using (12) and (17) together with lemma 3 we can see that
2 XN . .
<S5 ) e (1)
n=1

N 2
51 0) w0 (-
n=1

where Q") € R»*I is the orthogonal projection matrix of rank 7, which projects onto the subspace spanned by the top
Ty, left singular vectors of X(,,). Here (39) holds because the orthogonal projection matrices P are chosen in (37) so that
P(”)WO’(H) is a best possible rank 7, approximation to Wy ). As a result, we have that

() (120 = (1) W2 (@) Wog ] = o) o (1)

must hold for each n € [N]. R
Continuing from (39) we can use the definition of Xy in (28) to see that
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by lemma 1. Due to the definition of Q™) together with the fact that its rank is 7, > r,, we can see that (I — Q™) P =o0.
As a consequence, lemma 1 implies that X X ,_, P™ x,, (I— Q™) = 0 for all n € [N]. Continuing from (40) we now
have that

N 2
il < ) [ xa (-
n=1

Again appealing to the definition of both Q™) and P(™ in (29), combined with the fact that 7, > 7,,, finally yields the desired
result. -

We refer the reader to the strong empirical performance of MS-HoSVD in Section IV for additional evidence supporting the
utility of (27) as a means of improving the compression performance of standard HoSVD-based compression techniques. In
addition, we further refer the reader to Section V where it is empirically demonstrated that MS-HoSVD is also capable
of selecting more informative features than HoSVD-based methods for the purposes of classification. These two facts
together provide strong evidence that combining the use of clustering-enhanced multiscale approximation with existing tensor
factorization techniques can lead to improved performance in multiple application domains.

3That is, the upper bound on the error provided by Lemma 3 is less than or equal to the upper bound on the error for truncated HoSVDs provided by, e.g.,
[28] when/if (37) holds.



B. Experiment for Error Analysis

In this experiment we evaluate the error obtained by the 15¢ scale MS-HoSVD analysis of a tensor along the lines of the
model described in Section III. Herein we consider a three-way tensor X € R29%20%20 that is the sum of two tensors as
X = Xy + X where X € R20%20%20 hag nrank (2, 2, 2), and X; € R20%20%20 j5 formed by concatenating 8 subtensors
X, € R10X10x10 eqch also with n-rank (2, 2, 2). Low-rank approximations for X' and its subtensors are always obtained via
the truncated HoSVD. The 1-scale MS-HoSVD is applied with the ground truth partitions R,in) , partitions provided by Local
Subspace Analysis (LSA) clustering Rg”), and also with randomly chosen partitions R;") of the 0*"-scale residual error W,
into 8 different 10 x 10 x 10 subtensors. For the LSA clustering the cluster numbers are selected as 2 along each mode also
yielding 8 subtensors.

The 0*" scale n-rank for MS-HoSVD is selected as (2, 2, 2), and the 15 scale ranks are varied in the experiments as shown
in Table VI. The normalized reconstruction error computed for these varying 15 scale n-ranks can also be seen in Table VI. As
seen there, using ground truth partition provides lower-rank subtensors, and using clustering as part of the 1-scale MS-HoSVD
leads to much better approximations than HoSVD does in general.

TABLE VI: Mean and standard deviation for reconstruction error of low-rank approximations of X over 20 trials.

Reconstruction Error

Oth scale rank || (2, 2, 2) (2, 2, 2) (2, 2, 2)

Ist scale rank || (2, 2, 2) (4, 4, 4) (6, 6, 6)

Ground Truth 0.2502 0.0304 -
Partitioning + 0.0263  + 0.0077 -
Clustering 0.3587 0.1099 0.0254

by LSA +0.0583 4 0.0391 + 0.0152
Random 0.6095 0.3588 0.1855
Partitioning || + 0.0398  + 0.0298 =+ 0.0251
rank @4, 4,4 (5 88 (2 12, 12)
truncated 0.5457 02127 0.0733
HoSVD +0.0449 400195 =+ 0.0129

In addition, the left (LHS) and right (RHS) sides in Theorem 1 are computed where the first scale projections l(:b) each
have rank r; = 2 and are obtained via both ground truth partitioning and clustering after the 0" scale P(") are obtained from
the truncated HoSVD of X’ with 7y = 2. For comparison the P(™) are also computed from the truncated HoSVD of X with
varying ranks 7, = kro for k € {2 ,3 ,4}. In Table VII, we report the mean value and standard deviation of both the right
hand side (RHS) and left hand side (LHS) of the error bound in Theorem 1. As seen in Table VII, Theorem 1 holds for the
15¢ scale approximation of X’ via MS-HoSVD since the RHS errors based on the P(™ projections are larger than the LHS
errors no matter whether the Q](C") are obtained via ground truth partitioning or LSA clustering.

TABLE VII: Computed reconstruction error (mean and std.) corresponding to Theorem 1 for simulated data over 20 trials.

LHS RHS
Oth scale rank (2, 2, 2) rank
Ist scale rank (2, 2, 2) (4, 4,4) (6,6,6) (8,8, 8)
Ground Truth 0.2618
Partitioning + 0.0236 2.9928 1.1835 0.4228
Clustering 0.3469 +0.5081 +0.3010  £0.0978
by LSA + 0.0513




