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1. INTRODUCTION

In the theory of finite dimensional representations of complex reductive algebraic
groups, the group GL,,(C) is singled out by the fact that besides the usual language
of weight lattices, roots and characters, there exists an additional important combi-
natorial tool: the Young tableaux. To construct objects like the tableaux in a more
general setting, consider the weight lattice X of a complex semisimple Lie algebra
(or, more general, symmetrizable Kac-Moody algebra) g, and denote by II the set
of all piecewise linear paths 7 : [0, 1]g — Xg starting in 0 and ending in an integral
weight. We associate to a simple root « operators e, and f, on II, and, using
these operators, we construct for a dominant weight A a set of paths B()\) that can
be viewed as a generalization of the Young tableaux: For example, the sum over
the endpoints of all paths in B(A) is the character of V(A), and the Littlewood-
Richardson rule can be generalized in a straightforward way. Though the theory of
the paths is completely independent of the theory of quantum groups, they can be
viewed as a geometric realization of the theory of crystals of representations.

The next step is then to associate a basis of the representation to the paths. The
starting point for the theory was a series of articles in which Lakshmibai, Musili
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and Seshadri initiated a program to construct a basis for the space H°(G/B, L))
with some particularly nice geometric properties. Here we suppose that G is a
reductive algebraic group defined over an algebraically closed field k, B is a fixed
Borel subgroup, and Ly is the line bundle on the flag variety G/B associated
to a dominant weight. The purpose of the program is to extend the Hodge-Young
standard monomial theory for the group GL(n) to the case of any semisimple linear
algebraic group and, more generally, to Kac-Moody algebras.

Using quantum groups at a root of unity, we define a basis of the representation
such that each element of the basis can be viewed in some sense as a ¢-th root
of a product of extremal weight vectors. As applications we get a straightforward
construction of Standard Monomial Theory, a representation theoretic proof of the
normality of Schubert varieties, a combinatorial proof of the Demazure character
formula, the “Good filtration” property for tensor products in positive characteristic
[38a], a reduced Groebner basis for the defining ideal of Schubert varieties in terms
of generalized Pliicker relations, ...

In the first two sections we recall the main facts concerning the path model. In
the third and fourth section we give an introduction into the construction of the
path vectors, the main tool here is the quantum Frobenius map for quantum groups
at roots of unity. For simplicity we restrict ourself to the finite dimensional case, but
the proofs hold, with the appropriate adaptions, also for arbitrary symmetrizable
Kac-Moody algebras. For details see [39]. In the next three sections we discuss the
application to the geometry of Schubert varieties, we generalize the results in [39]
to unions of Schubert varieties.

In addition to the geometric consequences for Schubert varieties such as normal-
ity, vanishing theorems, ideal theory etc, the Standard Monomial Theory has also
led to the determination of the singular loci of Schubert varieties (cf. [22], [23],
[29], [31], [34]), and the results are recalled in §9.

As a further application of Standard Monomial Theory, one obtains ([13], [28])
the normality and Cohen-Macaulayness for two classes of affine varieties - certain
ladder determinantal varieties (cf. §10.15) and certain quiver varieties (cf. §10.19).
These results are proved by identifying them with the “opposite cells” in suitable
Schubert varieties X¢(w) in suitable SL(n)/Q.

Standard Monomial Theory grew out of, and applies to, the algebraic geometry
of flag varieties and their subvarieties. We sketch an extension of the theory to
a larger class of spaces, the Bott-Samelson varieties and configuration varieties.
These varieties (like Schubert varieties) have a natural B-action, and the spaces
of global sections of ample line bundles provide a class of B-representations whose
description is the main goal of the theory. We have a generalized Bruhat order
and a set of L-S paths fitting into a path model, which provide an indexing system
for bases. Moreover, although we do not yet have a direct generalization of the
basis {p,} corresponding to L-S paths, we do describe an analog of the “standard
tableau” bases of Section 8.

2. AN INDEXING SYSTEM FOR A BASIS: THE L-S PATHS

For a complex semisimple Lie algebra g fix a Cartan subalgebra §, a Borel sub-
algebra b, and denote by X the weight lattice of g. Corresponding to the choice of
b let X be the set of dominant weights. On Xg := X ®z R denote by (-,-) the
Killing form, and for a root 3 let 3" = 23/(8, 3) be the co-root.
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Let V() be the simple g-module of highest weight A\. The aim of this section
is to describe an indexing system for a basis of V() of h-eigenvectors. Denote by
my : t — tA the path that connects the origin with A by a straight line.

We are going to describe a set of paths obtained by bending 7y: the Lakshmibai-
Seshadri paths. The definition given here is a “translation” of the definition in [33]
into the language of paths. Let W be the Weyl group of g, and for a dominant
weight A denote by W) the stabilizer of A in W. Let “<” be the Bruhat order on
W/Wy. We identify a pair 7 = (7, a) of sequences:

e T:7T1 >Ty>...> T, is a sequence of linearly ordered cosets in W/Wy and

e a:ap:=0<a; <...<a,:=11is asequence of rational numbers.

with the path 7 : [0,1] — Xg defined by:
j—1
7(t) = Z(ai —ai—1)Ti(A) + (t —aj_1)7;(N) for a;_1 <t <aj.

i=1

Note that A—7w(1) = (A—7.(\)) + Z:;ll ai(1i+1(A) = 73 (X)), so if the a; are chosen
such that the a;(7;11(A) — 7:(A)) are still in the root lattice, then w(1) € X. To
ensure this, we introduce now the notion of an a-chain. Let I(-) be the length
function on W/W) and denote by 3" the coroot of a positive real root 3.

Let 7 > o be two elements of W/Wy and let 0 < @ < 1 be a rational number.

By an a-chain for the pair (7,0) we mean a sequence of cosets in W/Wy:

RO =T > K1 =88, T > K2 1= 83,88,T > ... > Kg =83, * ... 83, T = O,
where f31,...,0s are positive real roots and I(k;) = l(k;—1) — 1, a(ki(N),8Y) € Z
foralli=1,...,s.

Definition 2.1. A pair (7, a) is called a Lakshmibai-Seshadri path of shape A if for
alli=1,...,r — 1 there exists an a;-chain for the pair (7;, 7;41).

Example 2.2. For 0 € W/W), let m,() be the path ¢ — to()\) that connects 0
with o()) by a straight line. Then 7, (y) is the Lakshmibai-Seshadri path (c;0,1).

Example 2.3. Let « be a simple root and suppose o € W/W,, is such that n =
(¢(A),aY) > 0. Then (sq40,0;0,i/n,1) is an L-S path for 1 <14 < n.

0

Example 2.4. Suppose g = slp, h = {(g —a) la € C}, and A = ne (where €

denotes the projection of a diagonal matrix onto its first entry). Then the set B())
of L-S paths of shape A = ne is equal to:

1 -1
B(ne) = {(sa;0,1), (sa,id;0,=,1), ..., (8a,id;0,——,1), (id;0,1)}.
n n
Note that }° ¢ 50 e™ ™) is the character of the irreducible representation V (ne).

Example 2.5. Let g be a semisimple Lie algebra and suppose that w is a minuscule
fundamental weight (i.e., (w,8Y) =0 or 1 for a positive root (). Then

B(w) ={(c;0,1) | 0 € W/W,, }.

Recall that the weight spaces in V' (w),, are at most one-dimensional, and V(w),,
if and only if p = o(w) for some o € W/W,,. Since n(1) = o(w) for 7 = (0;0
we get hence Char V(w) =37 () em ),

£0
1),



Example 2.6. Suppose g is a simple Lie algebra of simply laced type and let
V(B) = g be the adjoint representation, where [ is the highest root. The set
of L-S paths consists then of two types: There are the ones of the form (7;0,1),
T € W/Wp, which correspond to the straight line that connects the origin by a
straight line with the root 7(5). The others are of the form (s,7,7;0, %, 1), where
7 is such that 7(8) = « is a simple root. Note again that the L-S paths provide a
way to calculate the character of the representation: For every root we have exactly
one path ending in the root, and we have as many paths ending in the origin as we

have simple roots, which is the same as the dimension of §.

The fact that the L-S paths provide a tool to calculate characters holds in general.
This was conjectured (and proved in many special cases) by V. Lakshmibai, and
first proved in the general case in [35]. It turns out that this character formula for
L-S paths is a special case of a much more general formula which will be explained
in the next section.

Theorem 2.7. The character Char B(\) of the set of L-S paths of shape X is equal
to the character of of the irreducible representation V() of highest weight \.

The character formula above can be refined in the following way: For a Lakshmi-
bai-Seshadri path 7 = (1,...,7,;0,a1,...,1) denote by i(7) := 71 the “first di-
rection” of the path. For 7 € W/W,, let B(A), be the subset of all L-S paths of
shape A such that i(w) < 7 in the Bruhat ordering. Denote by A, the Demazure
operator on Z[X|:

eltr — esalute)
Aa(eh) = ——F— 7"

For a proof of the following formula see [35]:

Demazure Type Character Formula . For any reduced decomposition T = 4, - .

one has Ay, 0---0 Ay (e*) = Y e B en(l)

3. PATH MODELS OF A REPRESENTATION

The L-S paths can be thought of as an example of a much more general theory,
the theory of path models. Though not everything is needed in the following, we
present a short survey of the main results concerning this combinatorial tool.

Definition 3.1. A rational piecewise linear path in Xg is a piecewise linear, con-
tinuous map 7 : [0,1] — X such that all turning points are rational. We consider
two paths 7,7 as identical if there exists a piecewise linear, nondecreasing, contin-
uous, surjective map ¢ : [0, 1] — [0, 1] such that @ = 5 o ¢. Denote by II the set of
all rational piecewise linear paths such that 7(0) = 0 and 7(1) € X.

Example 3.2. i) For A € X set my(¢) := ¢\, then my € [I & X € X.
i) Let 71, m2 be two rational piecewise linear paths starting in 0. By 7 := 71 * 7o
we mean the path defined by

(t m1(2t), it0<t<1/2;
7(t) =
() £ (2t — 1), if1/2<t<1.

iii) The set B()A) of L-S paths of shape A is a subset of II.

. Sa

r
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For a finite set of paths B C II denote by Char B the character of B, i.e., the
formal sum: Char B :=3___pe™).

Example 3.3. For g = sl(C) and A = ne we get:
Char B(ne) = Ze“sﬂ(e)ﬂn_ik) = z:e("_%)€ = Char V (ne).
i=0 =0

To obtain combinatorial character formulas and multiplicity formulas as in the
example above, we define “lowering” and “raising” operators f,, e, for any simple
root. The definition of the operators is elementary, it is a cutting and glueing
procedure. Fix 7 € II, and denote by h,, the function:

ho 1 [0,1] = R, t— (7(t),a).

Let mq be the minimal value attained by this function. We define non-decreasing
functions I, 7 : [0,1] — [0, 1]:

I(t) == min{l, ha(s) —mq |t < s <1}, r(t) :=max{0,1 +mq — ha(s) |0 < s <t}

Note that I(t) = 0 for 0 < ¢t < s, where s is maximal such that h(s) = m,, and
r(t) =1 for s’ <t <1, where s’ is minimal such that h(s") = mq.

In the following we consider the set II U {0}, where we define the value of the
operators on 0 to be e,(0) = f,(0) :=0.

Definition 3.4. If r(0) = 0, then (eqm)(t) := m(t) + r(f)c, otherwise we define
eq(m) :=0. If i(1) = 1, then let f,7 be the path defined by (fom)(t) := w(t) —1(¢)c,
and if (1) < 1, then we define f,(7) := 0.

If we think of a path as a concatenation of “smaller” paths m = 71 *...*m,, then
we can view e, and f, as operators that replace some of the 7; by sq(7;).

Example 3.5. Suppose g is a simple Lie algebra of simply laced type, and let 8 be
the highest root. The paths obtained from 7g : t — ¢ by applying the operators
fa,€eq are exactly the L-S paths of shape A.

The following properties of the operators are easy to prove [36], [38]:

Lemma 3.6. Let o be a simple root and suppose m € II.

i) If eqm # 0, then eq(m)(1) = 7(1) + «, and if fo(mw) # 0, then fo(m)(1) =
(1) — a.

ii) If eq(m) # 0, then foeq(m) =, and if fo(m) # 0, then eqfo(m) = 7.

iii) Let @* be the dual path, i.e. 7(t) :==7w(1 —t) — w(1l). Then (fom)* = en(n*)
and (eqm)* = fo(m*).

iv) Let n be mazimal such that f2(mw) # 0, and let m be mazimal such that
em(m) #0. Then (r(1),aV) =n—m.

v) For k € N let km be the path obtained by stretching w: (km)(t) := kn(t). Then
k(for) = fE(km) and k(eqn) = ek (k)

Corollary 3.7. Suppose B is a finite subset of paths such that B U {0} is stable
under the root operators. Denote by B,, the subset of paths in B ending in (. Then
|Bul = | Byl for any w € W.

Proof of the corollary . It suffices to prove that |B,| = |B,_ ()| for a simple root
a. If (u,@¥) = 0, then there is nothing to prove. Suppose (i, @) = n > 0. Then

i1) and 7v) implies that that the map 7 +— f27 induces a bijection B, — B_(,)-

Similarly, if (4, ") =n < 0, then 7 — e!f‘w induces a bijection B, — B, (). O



Denote by C := {v € Xg | (v,3Y) > 0 for all positive roots 3} the dominant
Weyl chamber, and let C° be the interior of C. Let IIt C II the set of paths 5
such that the image Im7 is contained in the dominant Weyl chamber C. Denote
by p € X half the sum of the positive roots. If B C Il is a finite subset such that
B U {0} is stable under the root operators ey, fo, then we have already seen that
its character Char B := Zne B e’ is stable under the action of the Weyl group
w.

For m € II'* let B(w) C II be the subset of paths which can be obtained from 7
by applying the operators, and let G(m) be the colored, directed graph having as
vertices the elements of B(w), and we put an arrow n——n’ with color a simple root
a between n,n' € B, if and only if f,(n) =7’ (or, equivalently, e, (') = n).

The structure of the set of paths B(r) generated by a path 7 € IT" is described
by the following theorem (see [36] for proofs):

Theorem 3.8. Suppose m,m,m € IIT.

a) Integrality: B(m) is integral, i.e., the minimum of the function t — (n(t), a")
is an integer for all n € B(w) and all simple roots a.

b) Highest weight path: w is the only path in B(w) such that eom = 0 for all
simple roots.

¢) Isomorphism: G(m1) ~ G(m2) if and only if m1(1) = ma(1).

d) Weyl group: The action of the simple reflections s on II defined by:

Sa(n) = f2(m), ifp:=n(),av) >0,
" eg(n)v 'Lf —p = (n(l)vav) < 0’

extends to an action of the Weyl group W on II such that the w(n)(1) =

w(n(1)).

The independence of the graph structure of the choice of the starting path has as
consequence that the graph is isomorphic to the crystal graph of the representation,
see [16] or [18] for details.

Weyl Character Formula . Let p € X be half the sum of the positive roots, and
suppose ™ € IIT. Then

Z sgn(0)e”?) Char B(w) = Z sgn(o)e” Pt

oceW ceW

In particular, Char B(w) is equal to the character of the irreducible g-module V(\)
of highest weight A := 7(1).

The integrality property stated above seems at the first instance to be a “techni-
cal” fact without further consequences. But using the lemma above, it follows easily
from the definition of the operators that: If m,n are paths having the integrality
property, then e, (7 *n) = m * (e4n) if there exists an n > 0 such that eln # 0 but
fim =0, and it is equal to (eqm) *  otherwise. Similarly, fo (7w *n) = (fom) *n if
there exists an n > 0 such that fm # 0 but elln = 0, and it is equal to 7 * (fon)
otherwise.

So if 1, m € II'", then let B(m)* B(m2) be the set of all concatenations ny * 12,
where ;1 € B(m) and 72 € B(mz). The rules above show that B(m) * B(ma) is
stable under the root operators. It follows by the theorem above:



Concatenation . Suppose 71,7 € IIT. Then
B(m) * B(m) = UB(m *1),
where the union runs over all paths n € B(ms) such that 1 *n € ITT.

Since Char B(m)* B(mg) = Char B(m) Char B(my) = Char V(71 (1)) @V (m2(1)),
we get as an immediate consequence of the theorem above and the character for-
mula:

Generalized Littlewood-Richardson rule . For dominant weights \, u, let w1, 7o
in IIT be such that w1 (1) = X and m2(1) = u. Then the tensor product of the irre-
ducible representations V(X), V(u) of g of highest weight A, u is isomorphic to the
direct sum

V)@ V(e = PVO+nd),
where the sum runs over all paths n € B(ma) such that my xn € IIT.

The L-S paths discussed in the previous section are an example of such a set
of paths, stable under the root operators. The character formula stated in the
preceding section is an immediate consequence of the proposition below and the
character formula above. For a proof of the following proposition see [35].

Proposition 3.9. Let 7y : t — tA be the path that joins the origin with the domi-
nant weight A by a straight line. Then the set of paths B(wy), obtained from my by
applying all possible combinations of the root operators, is equal to B()\), the set of
L-S paths of shape A.

4. A BASIS ASSOCIATED TO THE L-S PATHS

The character formula shows that we can use the set of L-S paths as an indexing
system of a basis of h-eigenvectors of V(A). The next aim is to attach in a canonical
way such a basis to B(A).

The idea of the construction is the following: Suppose for simplicity that g is of
simply laced type. For a dominant weight A, let V(\) be the irreducible module
of g of highest weight A. Denote by Uy (g) the quantum group at an ¢-th root of
unity v, let N(A) be the Weyl module and by L(A) the simple module for Uy (g) of
highest weight A.

Lusztig [40] has constructed a Frobenius map F'r : Uy(g) — U(g) between the
quantum group and the enveloping algebra U(g) of g. Further, he has shown
that if we consider V() via the Frobenius F'r as an Uy (g)-module, then this is
the simple module L(¢\). This identification provides a U, (g)-equivariant map
p: N({A) — V(X), the quotient of N(¢A) by its maximal proper Uy (g)-submodule.

We are going to define a subspace N(¢\)’ which is naturally equipped with a
U(g)-action, and we will use this to define a section s : V(\) — N(¢\)¢ C N(¢)) of
the projection defined above. The dual map s* : N(£\)%* — V(A\)* induces a map:

(N(A)*)®E = NN — NN — V(N)*

Now once a highest weight vector my € N(\) is fixed, there is a canonical choice of
extremal weight vectors m, € N()\) of weight 7()\), 7 € W/W,, and corresponding
dual vectors b, € N(A)* of weight —7(\).



Let now m = (11,...,7;0,a1,a2,...,1) is an L-S path of shape A, and suppose
¢ is such that fa; € Z for all i = 1,... ,r. Then the vector b, is well defined:

4

b i=by, ®...0b;, @by, ®...0b,®...0b, @...R0b, € (NN*)®
~———

Lay l(az—a1) (1—a,—1)

Denote by pr € V(A)* its image, the path vector associated to w. To make the
construction canonical we assume that the ¢ above is minimal with the property
that fa; € Z for all ¢ and for all 7w of shape .

The construction presented here is actually characteristic free and works over
the ring R obtained from Z by adjoining all roots of unity.

To make the construction more precise, we need first to fix some notation: Let
A = (a;;) be the Cartan matrix of g, and let g’ be the semisimple Lie algebra
associated to the transposed matrix A*. We fix d = (dy, ... ,d,) minimal such that
(dia; ;) is a symmetric matrix, and let d be the smallest common multiple of the
d;.

In the following we will often attach a ( )! to some object associated to g' to
distinguish it from the corresponding g object. Let a4, ... ,a, be the simple roots
of g, and for g’ let the corresponding roots be v1 = a1 /d1, ... , Y = an/dp.

Let U,(g') be the quantum group associated to g over the field Q(q), with
generators E,,, F,, K,, and K7'. We use the usual abbreviations (d; :=d/d;)

31‘," —

_ 4 q Vel ] 2 [n]:!
o= T = M=

where we define the latter to be zero for n < m. We will sometimes just write
E;, K;,... for E,,,K,,,.... In addition, we use the following abbreviations:

—1 qdis — q—dis

Let Ug 4 be the Lusztig-form of U, defined over the ring of Laurent polynomials
A :=Z]q,q '] and generated by the divided powers Ei(n) = L and Fi(n) = L -

Let U (respectively U,") be the subalgebra generated by the E; (respectively F;),

and denote by U ;: 4 (respectively U,. 4) the corresponding A-form generated by the
divided powers.

For an A-algebra R, let UJTR be the algebra U;A ®a R and denote by U,  the
algebra U;A ®4 R.

We use a similar notation for the enveloping algebra U(g). To distinguish better
between the elements of U(g) and U,(g'), we denote the generators of U(g) by
Xa,Ho, Yo or X;, H;,Y;. Let U = U(g) be the enveloping algebra of g defined over
Q, let Uz be the Kostant-Z-form of U, set Ur := Uy ®z R, etc.

We suppose in the following always that ¢ is divisible by 2d and set £ := £/d.
Denote by R the ring A/I, where I is the ideal generated by the 2¢-th cyclotomic
polynomial, let v be the image of ¢ in R, and set Uy := Uy a®a R, UJ = U;:A ®aR
and U, = gA®aR. Let l; = efil", then, by the definition of d, ¢; is minimal such
that

() 5, d
b *Mﬁ&diem'
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For a dominant weight A € X' let N()\) be the simple U,(g")-module of highest
weight A, fix an A-lattice Na(X) := Uy amy in N(X) by choosing a highest weight
vector my € N(A). Set Ng(A) :== Na(A\) ®4 R, then Nr(\) is an Uy-module such
that its character is given by the Weyl character formula. Consider the weight
space decomposition:

Nr(N) = @ Nr(V), andset Np(\)':= P Na(\),.
HEX? uelx

The subspace N R(/\)Z is obviously stable under the subalgebra of U,, generated by
the EZ.(M"') and Fi("éi): If € (X, then so is pu+ nlyy; = p =+ %% = p+ nloy.

. H;,+m K;;ml; B
NR(A)Z) n = ngi |NR()\)Z7

extends to a representation map Ur(g) — Endg NR(/\)Z.

Theorem 4.1. The map

(), pne) _
X = B oy Vi i

3

Some remarks on the proof . One has to prove that the map is compatible with the
Serre relations. For Uj and Upg, this is a direct consequence of the higher order
quantum Serre relations ([40], Chapter 7). For a detailed proof see [40], section
35.2.3. For the proof that also the remaining Serre relations hold see [39].

Let N = €D, x: Ny be a finite dimensional U, (g*)-module with a weight space
decomposition. If N admits a U, 4(g")-stable A-lattice Ny = @D ,cxt Na,u (Where
Na, = NsNN,), then we denote for any A-algebra R by Ng the U, r(g')-module
NA®4R. We have a corresponding weight space decomposition Ny = ®MEX‘ Ng,p.

The same arguments as above show that we can make N]Z% = Ng,,, into

/LEZX
an Ug(g)-module by the same construction. Let S be the antipode, the action
of Uy r(g") on the dual module Nj := Hompg(Ng, R) is given by: (uf)(m) :=
f(S(u)(m)) for uw € Uy r(g') and f € Nj. It is easy to check that the map

Ur — Endg (Nf%)* defined by
X{ f(m) = FSEm), Y fm) = J(S(F)m),
and (H;rk)f(m) = f(S([K;fizi])m), is the representation map corresponding to

the dual representation of the representation of Ur(g) on Nfg.
We proceed now as indicated in the introduction of this section. For 7 € W/W)y
fix a reduced decomposition 7 = s;, ---s5;,.. We associate to 7 the vector

my = FEM R m,

where n, 1= (X, ), ..., n1 = (54, --- 53, (A), ). It follows from the quantum
Verma relations that m. is independent of the choice of the reduced decomposition.
Denote by b, € Nj, the unique eigenvector of weight —7(A) such that b, (m.) = 1.

For an L-S path 7 = (m,...,7,;0,a1,as2,...,1) of shape A, fix £ minimal such
that 2d divides ¢ and fa; € Z for all i = 1,...,r. (The restriction d divides
{ is obviously necessary in the construction above, the condition 2d divides ¢ is
necessary because there are restrictions concerning the existence of the Frobenius

map. In certain cases this restriction is not necessary, but to avoid lengthy case
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by case considerations we prefer to impose this condition because it is sufficient for
the existence of the Frobenius map in all cases). Then the vector b, is well defined:

bei=br, ®@...0b, @by, ®...0br, ®...®b, @...0b,, € (Nr(N\)")®".
—_———

Zal Z(azfal) Z(lfar,l)

Denote by p, € Vg(\)* its image, the path vector associated to .

Let R be the ring obtained by adjoining all roots of unity to Z. We fix an
embedding R < R. If k is an algebraically closed field and Chark = 0, then
we consider k as an R-module by the inclusion R C k. If Chark = p > 0, then
we consider k as an R-module by extending the canonical map Z — k to a map
R — k (where the first map is given by the projection Z — Z/pZ and the inclusion
Z/pZ C k). Denote by Vz(\) = Vz(\) @z R the corresponding Weyl module over

the ring R, then the collection of vectors
B(A) :={p= | T € B(AN)} C Va(N)*

is well defined. By abuse of notation we write also p, for the image of the vector
in Vi(A\)* := Vz(A)* @ k for any algebraically closed field.

Theorem 4.2. The path vectors B(X) form a basis for the Ug(g)-module Vi (\)*.

Note that B()\) is a basis for Vi (\)* for any algebraically closed field k. The
proof of the theorem will be given in the next section. The idea is to construct a
basis v, of Vz(\), indexed by L-S paths, such that p,(v,) = 1, and for 7 # 7’ we
have p,(vy) = 1 only if #’ > 7 in some partial order on the set of L-S paths. Note
that this implies that B(A) will be, up to an upper triangular transformation, the
dual basis of the basis given by the v, in particular, B(\) is a basis of V;(A)*. The
disadvantage of the basis given by the v, is that it depends heavily on a choice of
a reduced decomposition of ().

5. A BASIS FOR Vz(A\),

To construct the basis D(X) of V() we have first to introduce a partial order
on weight vectors. For extremal weight vectors we write m, > m, if 7 > K in the
Bruhat order on W/Wj.

Similarly, we shall write 7 > 7 for two L-S paths 7 = (71,...,7;0,a1,...,1)
and n = (K1,...,Ks;0,b1,...,1) of shape A\ if 4 > k1 or 1 = k1 and a7 > by, or
71 = k1 and a; = by and T > Ka, ....

Recall that Vz()), is the Uj(g) submodule of V7()\) generated by m., i.e.,
Vz(N)> = Uf (g)m,. For an extremal weight vector m, and an arbitrary weight
vector m we write m, > m if m € Vz(\),.. We denote by “>" as well the induced

lexicographic partial order on tensor products of weight vectors in Ng(\)®*.

We define a weaker order on weight vectors by saying that m, > m, for two
eigenvectors of weight v, u if v > p in the ususal weight ordering (i.e., v — p is a
sum of positive roots). We denote by “>~” as well the induced lexicographic partial
order on tensor products.

Suppose la; € Z for all i, we denote by m™ the tensor product

m =M, ®@... QM @My @ ... @My @...Q My, @...Q0 M, € (Np(N)*)®*
—_————

Zal Z(azfal) Z(lfa,,.,l)
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Fix a reduced decomposition 71 = s;, -+-s;,. Let s(w) = (n1,...,n:) be the se-
quence of integers defined by the following procedure, which has been inspired by
the article of K. N. Raghavan and P. Sankaran [48]. Fix j minimal such that
8,7 > Tj, and set j = r+ 1 if s;;7; < 7; for all j. It is easy to see that
7 = ($i Tl s 8i1Tj=1,Tj--- ,Tr;0,a1,...,1) is an L-S path of shape X (it is
understood that we omit a;_q if s;, 751 = 7).

It follows that 7/(1) — 7(1) is an integral multiple of the simple root a;,. Let
ny € N be such that #n'(1) — n(1) = nia;,. Note that s;,;71 = si,...5;. is a
reduced decomposition, and s;; 71 < 71. Suppose we have already defined s(7’) =
(na,...,n,) (where s(id; 0,1) is the empty sequence). We define the sequence for
7 to be the one obtained by adding n; to the sequence for «’'.

Definition 5.1. We denote by v, the vector v, := Yi(lnl)Yi(znz) . .Yiint)w\ € Vz(\).

Recall that Vz(A), can also be described as the subspace obtained from Vz(X),
(where k = s;,7) by applying Y;,, i.e., Vz(A), = ano Yi(ln)VZ(/\),.i. It follows hence
that v, € Vz()\)i(ﬂ).

Theorem 5.2. D(A\), :={v, | i(7w) < 7} is a basis for Vz(N),.

Recall that we can consider Vz(\) as a submodule of N(A)®. A first step
towards the proof of the theorem is the following:

Proposition 5.3. Suppose la; € 7 for all i. Then
Uy = }/;(1"1)}/;(2"2) - Yiin”)v,\ =m" + tensor products < m” in the partial order

Proof . The proposition is obviously true for 7 = (id; 0, 1), we proceed by induction
on the length of i(7). Let a = «;, and set

T = (SaTls -+ »SaTjm1:Tjy- -+ Tr; 0 a1,... , 1),
where j7 — 1 is maximal such that s, < 7; for all 1 < ¢ < j — 1. By assumption,
we know that

v =m" + tensor products < m™ in the partial order.

Now v, = Ya("l)vwf, let us first look at the terms we get by calculating Ya(nl)m”l.
Up to multiplication by a root of unity, the latter is the sum of terms of the form

h_
(F"m )@ ... (B Pm,,), (1)

where the sum runs over all /-tuples (h1, ... , h7) such that ) h; = £;,ny. It is clear
that, in the weak ordering, a maximal element must be one such that h; is maximal,
and then, for the given hi, the ho has to be maximal, etc. Now the maximal hy
which is possible is (s471(X),7Y), and similarly we can calculate the maximal hs,
hs, etc. By assumption we know that

n = lar(sam(N), ") + .+ (a1 = aj-2) (saTj-1(A), "))
=i (a1(sam1(N),7Y) + -+ (051 = aj-2)(saTj-1(N), @¥)).
It follows that, up to a scalar factor, the maximal element in the weak ordering
is m™, and this is the only maximal element. A term of the form (1) which is not

maximal admits a minimal j such that h; is not maximal, so the corresponding
weight vector F;“msan < mg, in the strong partial order, and hence m™ is the
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unique maximal element (with respect to the induced strong lexicographic partial

order) in the expression of Ya("l)m”' as a linear combination of elements of type

1).

( )Now suppose ms, ,, > m,, in the strong partial order, so m,, € Ng(X)s, . Then,
for n > 0, we have FA(,n)mM € Nr(N)r,. In particular, m,, > FV(")mu. But note that,
by weight consideration, we can have equality only if m,_ -, = Cm,, for some C € R,
SO My, 7, > M, implies m,, > FV(")mu. Combining this with the arguments above,
one sees that applying Y(y(nl) to an arbitrary summand # m™ in the expression of
v gives only tensors which are smaller in the partial order then m™. It follows
that

Ya("l)vﬁ/ = Cm™ + tensor products < m” in the partial order.

To finish the proof of the proposition we have to show that the constant C' is equal
to 1. Recall that the co-multiplication is given by (see for example [40])

o _d’y s / _ ’ 1
A(Fv(p)) - Z g Fv(p)®KA/pF7(p )
p'+p"'=p
It follows that the leading term in Ya(nl)vﬂ/ is
Ei n 71-/ EI n - ZL n
F’s ! l)m = F’s ' 1)(m3a7—1 ®...0 mSaTj—l) ® Ky (o 1>(m7’j ®...@m.)+

smaller terms. The weight of the second part in the first tensor product is fu =
((aj —aj—1)Tj(A) + ... + (1 = a,—1)7-(\)). By the integrality property for local
minima of L-S paths ([35], note that (7;()),«") > 0 by assumption) we know that
(p, V) € Z.

Now K- ti applied to a weight vector of weight £y gives

—2

K ilm_ :vfzh(d/dil)(zl"»"/v)m_ — V7££i1 (,u,,av)m_ :v(72£)(‘€i1/2)(l"»av)m_
v m m m

s

= mi;ﬂ

because ¢;, /2 € Z and (p, ") € Z. So we see that the leading term is
(FV(Z"'I”I)(mSM1 ® . @ Mayry ) @My, @ ... @ My,

Now it is easy to see that if n = (7(A\),v"),m = (k(A\),7Y) > 0, then Fy(ner)(mT ®
my) = (Fy(n)mT) ® (Fém)m,g). By induction one can show that the leading term is
hence equal to m™, so the constant C = 1. |

Proof of the theorem . Fix £ such that for all L-S paths 7 = (71,... ,7;0,a1,...,1)

and all i we have fa; € Z, and consider the embedding Vg ()\) — Ngr(\)®¢. The
leading term of v, is the tensor m™. Since the m™ are obviously linearly indepen-
dent, the proposition above implies that the v, are also linearly independent. By
the Weyl character formula (for representations and the path model, see section 3),
we know hence that the v, span an R-lattice in Vr(A) of maximal rank. The m™

can be viewed as a subset of an R-basis for Nz(A\)®¢. Since the coefficient of m™ is
1 the expression for vy, it follows that the v, form an R-basis of V(). Since the
vy € Vz(\) by construction, it follows that the v, form in fact a Z-basis of Vz(A).

It remains to prove D(X); is a basis of Vz(A),. Denote by V! the Z-submodule
spanned by D(\),. We have already pointed out that V. C Vz(\),. Since the
extremal weight vector v(,0,1) = vr is an element of V, to prove the theorem it
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suffices to prove that V! is Ug (g)-stable. This is a consequence of the following
lemma, which finishes the proof of the theorem. O

Lemma 5.4. Xén)wr =" ar nUy, where ar ., # 0 only if T > 1.

Proof . We consider V() again as a subspace of N R(/\)®Z We know that v, =m™
+ terms strictly smaller in the partial order. It is now easy to see that Xé")vw is a
sum of tensor products of weight vectors which are smaller then m™ in the partial
order. In particular, for any maximal 7 such that ar, # 0, we know that the
coefficient of m" in the expression of X((ln)vﬁ is not zero, so we have necessarily

™ > . |

As an immediate consequence we get by the Demazure type character formula
for the L-S paths (section 2):

Corollary 5.5. (Demazure character formula) Vz(X); is a direct summand of Vz (),
and for any reduced decomposition T = s;, ... s;,., the character Char Vg (), is given
by the Demazure character formula CharVz(\); = Ay, ... A; e*.

Proof of the Basis Theorem for path vectors . We have obviously p(v,) # 0 (where
¢ etc. has been chosen appropriately) only if m” occurs with non-zero coefficient in
the expression of v, as element of N(A\)®¢. But this is only possible if n > 7. We
have also seen above that the coefficient of m™ is one in the expression of v, so
pr(vr) = 1. It follows that for any algebraically closed field, the path vectors p,, 7
an L-S path of shape A, form a basis of Vj,(\)*. O

The fact that the basis given by the v, is compatible with the Demazure sub-
modules Vz(A), implies:

Corollary 5.6. The kernel of the restriction map Viy(A)* — Vi (A% has as basis
the pr such that i(w) £ T, and the images of the pr such that i(w) < 7, form a basis
of Ve(A)7.

6. SCHUBERT VARIETIES

We apply now the results above to the geometry of Schubert varieties. We show
how to obtain from the path basis the normality of Schubert varieties, the van-
ishing theorems, the reducedness of intersections of unions of Schubert varieties
etc. These facts have been proved before, mostly using the machinery of Frobenius
splitting (Andersen, Kumar, Mathieu, Mehta, Ramanan, Ramanathan), in some
special cases proofs had been given before using standard monomial theory, (Lak-
shmibai, Musili, Rajeswari, Seshadri), see for example [32], [33], [42], [46], [47] for
a description of the development.

Let k& be an algebraically closed field, we will omit the subscript & whenever
there is no confusion possible. Let GG be the simply connected semisimple group
corresponding to g, and, according to the choice of the triangular decomposition of
g, let B C G be a Borel subgroup. Fix a dominant weight A and let P O B be the
parabolic subgroup of G associated to A. It is well-known that the space of global
sections I'(G/P, L) of the line bundle £y := G xp k_) is, as a G-representation,
isomorphic to V(A)*. Let ¢ : G/P — P(V (X)) be the corresponding embedding.

For 7 € W/W) denote by X (1) C G/P the Schubert variety. Let Y = |J,_, X (7;)
be a union of Schubert varieties. By abuse of notation, we denote by Ly and p,
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also the restrictions L]y and pr|y. Recall that the linear span of the affine cone
over X (7) in V(A) is the submodule V(X);. The restriction map I'(G/P, L)) —
I'(X(7), L)) induces hence an injection V(A): — T'(X(7),Ly). We call a path

vector pr standard on 'Y if i(w) < 7; for at least one 1 < ¢ < r. Denote B(A\)y the
set of standard path vectors on Y.

Theorem 6.1. a) B(\)y is a basis of T'(Y, Ly).
b) pxly =0 if and only if i(w) £ 7; for alli=1,...,r.

Corollary 6.2. The restriction map I'(G/P, L)) — T(Y, L)) is surjective.
Further, by the character formula presented in section 2 we get:

Corollary 6.3. For any reduced decomposition T = s;, ...8;., CharT'(X(71),L))*
is given by the Demazure character formula CharT (X (1), L))" = A4y ... Aj .

The proof of the theorem is by induction on the dimension and the number of
irreducible components of maximal dimension. Let Y, Y7, Y5 be unions of Schubert
varieties. During the induction procedure we prove in addition:

Theorem 6.4. i) H(Y,L£,) =0 fori>1.
i) X(7) is a normal variety.
iii) The scheme theoretic intersection Y1 NYz is reduced.

Proof . In the case of Schubert varieties, a proof is given in [39], we will give here
only a rough sketch of the proof in this case and concentrate on the generalisation
to the case of unions of Schubert varieties. The proof uses the ideas presented in
[32], but since the construction of the basis is not anymore part of the induction
procedure, these arguments can be applied in a straight forward manner.

The theorems hold obviously if Y is a point. Suppose first that Y = X(7) is a
Schubert variety of positive dimension, and let o be a simple root such that s :=
SqT < 7. Denote by SLs(«) the corresponding subgroup of G with Borel subgroup
B, = BN SLa(«). The canonical map ¥ : Z, := SLs(a) Xp, X(k) — X (1) is
birational and has connected fibres. The map induces an injection I'(X (1), L)) —
[(Za, U*Ly).

By induction hypothesis, we know that H*(X (x), L)) = 0 for i > 1. Since the
restriction of ¥*£, to X (k) is again £y, the bundle map Z, — P! = SLs(a)/Ba
induces isomorphisms H¥(Z,, ¥*Ly) — H*(P',T(X(x),Ly)). (Here I'(X(k),Lx)
denotes the vector bundle associated to the By-module T'(X (x), £y)).

The short exact sequence 0 — K — V(A)E — V(A): = T'(X(k),Lx) — 0 of
B,-modules induces a long exact sequence in cohomology:

= HY(PYK) — H'(PL,V(\);) — H' (P, T(X(k),£2)) — ...

T

Since V()7 is a SLy(a)-module, the higher cohomology groups vanish for V(N
and hence also for I'(X (), £,). It follows that H(Zy,V*Ly) =0 for i > 0. Recall
that if M is a B,-module and M the associated vector bundle on P!, then

Ay Char M = Char T'(Py, M) — Char H (P*, M).
Since H'(P', (X (k), £)) = 0, it follows that
CharT'(Z,,9*Ly) = A, CharT'(X (k), L)).

By induction, the character of I'(Z,, U*, L) is hence given by the Demazure char-
acter formula. Since the same is true for V(\)* by the corollary in section 5, the
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inclusions V(A)f — (X (1), Ly) — T'(Zs, ¥*Ly) have to be isomorphisms. This
proves the theorem for Schubert varieties.

Since L is an arbitrary ample line bundle and Z,, is normal, one concludes easily
from the isomorphism V(A\): ~ I'(X (1), £y) ~ I'(Z,, T*L,) that X(7) has to be
normal. A simple Leray spectral sequence argument shows then that we have in
fact HY(X (1), L) ~ H*(Z,, V*L), which finishes the proof for Schubert varieties
because we know already that H!(Z,, ¥*Ly) = 0 for all i > 0.

We show now by induction on the number of irreducible components and on
the dimension the corresponding statements for unions of Schubert varieties. Let
b(A\)y be the number of path vectors standard on Y, and denote by h°(Y, L)) the
dimension of H°(Y, Ly). Note that the path vectors p, which are standard on Y
remain linearly independent: The restriction of a linear dependance relation Y a7
to any maximal irreducible component has to vanish by the results above, which
means that all coefficients a, vanish. As a consequence we get: h°(Y, L)) > b())y.

Let Y7 and Y2 be unions of Schubert varieties such that h°(Y;, L)) = b(\)y,
for all ample line bundles £) on G/P. We have the following exact sequences of
O¢/p-modules:

0 — Ov,uy, — Oy, © Oy, — Oyyny, — 0,
where Y7 N'Ys denotes the scheme theoretic intersection. Let £, be an ample line
bundle on G/P. If we tensor the sequence above with £,,, then we get for m > 0
by Serre’s vanishing theorem and the long exact sequence in cohomology:

RO(Y1 N Ya, Lny) + W2 (Y1 UYa, Lin) = h° (Y, Linn) + A0 (Ya, Liny).

It is easy to see that b(mA)(y;nvy),.q + 0(MA)yivy, = b(mA)y, + b(mAy,). Here
(Y1 NY32),eq is the intersection with the induced reduced structure, i.e., it is the
union of all Schubert varieties contained in ¥; and Ya. Since h°(Y; U Ya, Ln) >
b(mM)y,uy, and

RO (Y1 N Ya, L) > h2(Y1 N Y2)red; Lmar) = b(mA)yiny,.,
it follows by the assumption h°(Y;, £)) = b(\)y, for m > 0:
b(m/\)(YlﬂYz)red = ho((yl N Y2)red; ‘Cm/\) = hO(Yl N YQ; Em/\)v

and b(m\)y,uy, = h%(Y1 U Ya, L,,)). The first equality implies that Y; N Yz is
reduced.

We will now use the reducedness of Y7 N Y5 to prove by induction the basis
theorem and the vanishing theorem. Let Y be a union of Schubert varieties, let Y;
be an irreducible component of maximal dimension and let Y5 be the union of the
other maximal irreducible components. We assume by induction (on the dimension
respectively the number of components) that h%(Yi,£y) = b(N)y,, b(N)yviny, =
RO(Y1 NYa, L) and HI(Y;, Ly) = H/ (Y1 NYs,L£y) = 0 for j > 0 and all ample line
bundles £ on G/P. The long exact sequence:

0— HYY, L)) — H(Y1,Ly) @ H* (Yo, L)) — HO(Y1 NYs, L)) — HY(Y,Ly) — 0

implies that H7(Y,L,) = 0 for j > 2. The basis theorem shows that all global
sections on Y1 NY; can be lifted to global sections on G/P. But this means that the
restriction map H®(Yy, £x)® HO(Ya, L)) — HY(Y1NYa, L)) is surjective and hence
HY(Y, L)) = 0. It follows that h°(Y, L)) = hO(Y1, L) +h°(Ya, £,)—hO(Y1NYa, Ly).
So the additivity of b(\)(. implies again that h(Y, Lx) = b(\)y, which finishes the
proof of the theorems. O
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7. DEFINING IDEALS, STANDARD MONOMIALS AND GROEBNER BASES
_ (1 1. _ :
For X\ € Xt let mp = (r,..., 7} ..., 1), ..., mg = (7f,...,75;...,1) be a

collection of L-S paths of shape A, and let pr,,...,pr. € H°(G/P, L)) be the
corresponding sections.

Definition 7.1. The monomial p, -...-p.. € H°(G/P, L)) and the concatenation
w1 % ...* mg of paths are called standard monomials of degree s if

m>.>7!

T1

27’12>...27'f>...>7f5.
The monomial is called standard on X (7) C G/P if it is standard and 7 > 7.

Theorem 7.2. The standard monomials of degree s form a basis of H°(G/P, Ls)).
The monomials standard on X (1) form a basis of H*(X (1), Lsy), and the standard
monomials which are not standard on X (1) form a basis of ker (H*(G/P, Ls\) —
HO(X(7),Lsx)).

Some remarks on the proof . The idea of the proof is very similar to the proof of
the basis theorem for the path vectors. The first step is to prove that the standard
monomials mp * ... * 7wy of degree s are (up to reparametrization) exactly the L-S
paths of shape sA. The bijection is given by

1 al 1 1+a?

1
Pryoeve Pry = (T 3 Ty Ty e, T3 0, L T ,1).

It is understood that we omit 772 if 7 = 711 For details see [39]. For simplicity

we assume in the following that s = 2. For 7 = (71,...;0,a1,...,1) and n =

(k1,-..3;0,b1,...,1) let ¢; and ¢ be minimal such that they are divisible by 2d
and f1a; € Z for all i and ngj € Z for all j.
Consider the sequence of embeddings of Uy (g)-modules:

Zl ZQ

Va(2X) = V(N @ VR(A) = (Nz()®*)™ @ (Nz()®*)
The same procedure as in the preceding sections can be used to associate to an L-S
paths 77 of shape 2\ (a standard monimial of degree 2) a vector v+, and to prove
that, considered as an element of the tensor product above, it can be expressed as
m”™ ® m" plus a sum of tensor products of weight vectors which are smaller in the
(induced lexicographic) ordering.

It follows for two standard monomials 7+ 7" and n*n’ that prpx (Vg ) # 0 only
if 77 < n=*n in the ordering, and prp (Vasr) = 1.

So we can use the same arguments as before to deduce that the standard mono-
mials of degree s and standard on X (7) form a basis of H?(X (1), Ls)), and the
standard monomials, not standard on X (7), form a basis of the kernel of the re-
striction map H°(G/B, Ls)) — H°(X (1), Lsr). O

It remains to consider products of path vectors that are not standard. We
associate to a pair of L-S paths (m,n’), 7 = (71,...,1), @’ = (k1,...,1), of shape
A a pair of sequences as follows: Fix a total order “>;” on W/W) refining the
Bruhat order. Then let m# A7’ = (01,...,0p;0,¢1,¢1 +¢2..., > b, ¢;) be defined
by: {o1,...,0¢} = {m,...,K1,...}, rewritten such that oy >; ... > 0,, and ¢;
is equal to (a; —a;—1)/2 if 0; = 75, ¢; = (bj — b;—1)/2 if 0; = K, respectively
ci(aj —aj-1+ bj/ - bjf_l)/2 if 0; = Tj = Kj-

Note if 77" is standard, then obviously m+7’ = w A7n’. More generally, we call a
rational A-path a pair of sequences (o1,...,0.;0,¢1,...,1) where o; € W/W), the
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sequence is linearly ordered with respect to >;, and 0 < ¢; < ... < 1. We extend
the total order on W/W) lexicographically to the sequences:

(01, y0r30,c1, ..., 1) >4 (K1, .o, Ks30,dp, ..., 1)

if o1 >¢ k1, or 01 = k1 and ¢; > dj, etc. Similarly, we write “>7” if we extend
the total order reverse lexicographically, i.e., if 0. >; ks or 0, = ks and 1 —¢,_1 >
1—-ds_q,oro,=ksand 1 —c,_1 =1—ds_1 and 0,_1 >4 Ks_1, €tc.

We define two orderings on pairs of L-S paths of shape A as follows: (m,7’) >,
()it m AT >yn A7, and if # A7’ =n A1/, then we define (m,7") >, (,7) if
m >4 n respectively m = i and 7’ >; /. We define a reverse version of the ordering
by (m, ') >7 (n,n) if # A7’ >7 n An’ in the reverse lexocigraphic ordering, and if
7w A’ =nAn, then we define (w,7') >7 (n,n') if #’ >% 1/ respectively 7’ = n’ and
T 24 1)

Proposition 7.3. Ifm, 7’ are two L-S paths of shape X\, then pzpxr =Yy p PnPry ,
where pypyy is standard and ay .y # 0 only if (n,n') >¢ (7, 7') >7 (n,7').

Proof . The proposition is obviously correct if either p,p, or p/p, is standard. It
remains to consider the case where none of the products are standard.
We can repeat the procedure to construct a basis with a different algorithm. For

m=(71,...,7;0,a1,...,1) let so, be such that s,, 7 > 7. Let j be minimal such
that sq, 7 > 7 for i = j,... ,r. It is easy to see that

T = (Tt Tj=1,8a1Tjs -+ »SarTr; 0,a1, ... , 1)
is again an L-S path. Fix ny such that 7(1) — 7'(1) = niay,, and let s(ny,...,ny)

be the sequence obtained from 7 with respect to a reduced decomposition wy =
Say -+ Sa, T Of the longest word in the Weyl group. As in section 5, one shows that
= XU X vg, =mT 4+ Y me Na(\)®*
m>"m7T
for an appropriate . The ordering >" is defined as follows: m, > m, if 7 > &k
in the Bruhat ordering, and for a weight vector m, € Ngr(\) we write m, >" m,,
if m, € Uy (g")ms. On tensor products we take the induced reverse lexicographic
partial order “>7".

A first observation to make is that we have defined the path vectors p, according
to a minimal choice of an appropriate ¢, but, in fact, the definition makes sense for
an arbitrary ¢ divisible by 2d and with the property that fa; € Z for all i. Using
the proposition describing the embedding of v, into N(A)®¢ in section 5 and the
description of u, above, it is easy to check that such a vector pr ¢ has the property
Pr,e(vy) # 0 only if n > 7 and pr e(uy,) # 0 only if m# >" 1. Since p, has the same
properties it follows that pr ¢ can be written as pr+ a linear combination of p,’s
such that n > 7 >" .

The second observation is that if n > 7 >"nand ' > 7’ >" 5/, then n A7’ >,
A =7 n A, and hence (n,7') Z¢ (7, 7") =7 (n,7').

It follows that it is sufficient to prove the proposition for the p,, for some
appropriate £: If the relation above is correct for the py ¢, then we can replace them
by the corresponding linear combination pr + > a,p,. Of course, there may occur
now again non-standard products p, Py after replacing the p,, ¢ by their expression
as linear combination of the p,,. But since (n,%') > (7, 7") >} (n,n’) and n; > n >"
ni, we know that all terms that occur have the property (n;,n}) >¢ (7, 7') >7 (i, 1)
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One may assume by induction that the relation holds for pairs that are >, (m, ')
and <} (m,7’) in the ordering. So after replacing these non-standard products by
the linear combination of standard products provided by induction, we see that we
get the desired relation.

It remains to prove that the relation holds for some appropriate £. Let £ be such
that 2d divides ¢ and lc; € Z for all L-S paths of shape A. Then Do ePr ¢ (Vnsry) 7 0
for a standard monomial 7 * 7’ only if, in the expression of vy., as element of

N(2X)®f € N(A\)®2 the tensor m™ @ m™ occurs with a coefficient different from
zero. The tensor product is not symmetric for quantum groups, but for the F’s it is
symmetric up to multiplication with a root of unity. So to demand that m™ ® m"
occurs with a coefficient different from zero is equivalent to demand that m™™
occurs with a non-zero coefficient. Here the definition of m™™ is the same as for
L-S paths of shape 2\. The same arguments as before show that such a tensor can
occur only if mmn > AT By the definition of the ordering on the tensors this
implies pr ¢Drs o0(Unuyy ) # 0 only if n*n’ > 7 A7’. In terms of the ordering on pairs
this implies (n,n') >; (7, 7) (because we assume that 7 * 7’ is not standard).

The same arguments apply to t.«, and show that pr (pr ¢(Upen) # 0 only if
7 Aw >"nxn. Since mx 7' is not standard, this implies (7, 7) >7 (n,7’). O

There is a case where we can be a little more precise about one coefficient. We
say that two L-S paths have the same support if the 7; and ; can be chosen out of
one maximal chain in W/W). It is easy to see that in this case the element 7 A 7/
is an L-S path of shape 2X. So in this case the set of standard monomials 7 * 7’
such that (n,7') >; (7,7') admits a unique minimal element: 7© A 7/. The same
arguments as above show that the coefficient of m in the expression of vz
as element of N(2))®* C N(\)®?¢ is 1. Let 7, 7} be the two L-S paths of shape A
such that m; *x ] = m A 7, then we get:

AT

Corollary 7.4. pxpxr = Pr,Prt + D Gy PyPry » where pypy is standard and ay,,, #
0 only if (n,n') >¢ (m,7') > (n,7').

Now 7 and 7’ have obviously the same support if 7 = «’. If da; € Z for all a; and
7= (71,...7;0,a1,...,1), then the corollary shows that as smallest term in the
expression of p¢ as a linear combination of standard monomials, with respect to >,
tas .. .p’;sl_“r‘l). In that sense we

can consider p, as an approximation of an ¢-th root of the section pz‘fl e pﬁﬁ.l““‘”

in HY(G/P, L3,).
The next theorem states that these relations define already the Schubert variety
X (1) scheme theoretically as a subvariety of P(V(\);).

we get the product of extremal weight vectors p

Theorem 7.5. Denote by S; the free associative algebra k{z, | i(w) < 7}, and let I
be the ideal obtainend as kernel of the canonical surjective map Sy — €D,,5 HO(X (1), L),
Trx +— pr. The relations:
PrPr’ — Dr'Pre if prpr 18 a standard monomial,
{pﬁpwf = E(n,n’)Zt(wm’)ZI(n,n’) A \PnPy Uf Dr/Pry PaPrr are not standard,
form a non-commutative reduced Groebner basis for I.

Remark 7.6. The fact that the relations provide a non-commutative Groebner
basis for I provides a new proof of the fact that the ring @,,-, H*(X (1), L,») is
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a Koszul ring. This has been proved before for example by S. P. Inamdar and
V. Mehta [15]. Using standard arguments from Groebner basis theory one can use
the results above to deform the affine cone over X (7) into a union of affine spaces. If
one takes into account the refined version given by the corollary, then one sees that
one can deform the affine cone into a union of toric varieties, where the irreducible
components are indexed by maximal chains in {x € W/Wy | K < 7}.

Proof . To prove that the set is a generating system for the ideal we have to show
that we can express any monomial as a linear combination of standard monomials
just by using the relations above. Denote by I’ C S, the ideal generated by the
relations above.

As a first step we define an ordering on the n-tuples of L-S paths satisfying
i(m) < 7. We identify in the following n-tuples with monomials of degree n in
Sr. The notion m A ... A7, can be generalized in the obvious way, and we say
(T1yeee ) 28 (Moo ) M A AT, ST A A, and if 1 AL AT, =
M A ... Ay, then we say (m1,...,m,) =5 (N1,... ,0y) if this is true in the induced
reverse lexicographic ordering on the tuples.

We extend this order to a total order by saying that a monomial of degree n is
strictly greater then a monomial of degree m if n > m. It is easy to check that this
total order is a left and right monomial order.

Note that if we replace a couple (m;, m;41) by a couple (7, mi41) >F (75, 74 1),
then (my,...,m, Tiy1,...) >F (m1,... , 7, T q,...). Recall that, by the definition
of a standard monomial, a monomial 7q *...* 7, is standard if and only if m; % m; 1
is standard for all ¢ =1,... ,n — 1.

We call a monomial (71,...,7,) € S, standard if 7 * ... * 7, is standard. Start
with an arbitrary monomial (7y,...,m,) in S; and suppose that m; * m;41 is not
standard, then, using the relations above, we may replace the monomial by a linear
combination of monomials in S; that are strictly smaller with respect to >7. Since
there are only a finite number of monomials of a given degree, we obtain after a
finite number of steps an expression (71,... ,7,) = a sum of standard monomials
mod I’, where the standard monomials are all strictly smaller then (my,... ,7m,)
with respect to >7. It follows that the map S./I" — @, <, H*(X(7),Ln) is an
isomorphism. B

It remains to prove that the generators form a Groebner basis. The leading
terms of the generators are the non-standard monomials of the form (7, 7’), so the
ideal generated by the leading terms are the linear combinations of all non-standard
monomials. Suppose f is an element of I’, we have to show that its leading term
with respect to >} is not a standard monomial. Suppose the contrary is true, so
f = s+ smaller terms. Let f’ be the element obtained from f by replacing all
non-standard monomials by their corresponding expression as a sum of standard
monomials, this gives a nonzero element of S, with leading term s. Modulo I’, these
two elements are equal, so the image of f’ is zero in @,v, H*(X(7), L,x). On the
other hand, f’ is a non-zero sum of standard monomials, so the image cannot be
equal to zero. It follows that the leading term cannot be a standard monomial.

JFrom the description of the generating set it follows imediately that the basis
is reduced. O
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8. STANDARD MONOMIALS II

Let A1, ..., A\ be some dominant weights, set A = > \;, and fix 7 € W/W),. For
each ¢ let 7; be the image of 7 in W/W,,. A module V) (without specifying the
underlying ring) is always meant to be the Weyl module of highest weight A over
an algebraically closed field. The inclusion V) — V), ® ... ® V), induces a map
VA(T) = Vi, (1) ®...® V), (), and hence in turn a map V' (1) ®...®@ VY (1) —
Vi¥(T).

We write m; and 7 for the paths ¢ — tA; respectively ¢ — tA. Denote by B; the
set of L-S paths of shape \;, and by B, the set of paths of shape A. Recall that
the associated graph G(my) has as vertices the set By, and we put an arrow n—n’
with colour a simple root « if f,(n) =17’

Denote by Bj * ... * B, the set of concatenations of all paths in By,..., B,.
Remember that the set of paths is stable under the root operators, and the associ-
ated graph decomposes into the disjoint union of irreducible components. Denote by
G(m1*. . .#m,) the irreducible component containing 7y *. . .xm,.. Recall that the map
1% ...k T, — Ty extends to an isomorphism of graphs ¢ : G(my *...xm,.) — G(my).
A monomial 1 *. . .xn, € By*...xB, is called standard if it is in the irreducible com-
ponent G(my *...%m,), and in this case we define: i(ny *...xn.) == i(Pp(n1*...%n,)).

Definition 8.1. Let 7,... ,n, be L-S paths of shape A1,...,A:. A monomial of
path vectors py,, - - -y, is called standard if the concatenation n; *. . .x7, is standard.
The standard monomial is called standard with respect to T if i(ny *...xn.) < 7.

The proof of the following theorem is very similar to the proof of the correspond-
ing theorem in the previous section. For details see [39].

Theorem 8.2. The set of standard monomials form a basis of H°(G/B, L), and
the set of monomials, standard with respect to T, form a basis of H°(X (1), Ly).

9. DETERMINATION OF THE SINGULAR LOCUS OF X (w)

Let Sing X (w) denote the singular locus of X (w). In this section, we recall
from [22], [23], [29], [31], [34] the description of Sing X (w). We first recall some
generalities on G/Q.

Let G be a semisimple and simply connected algebraic group defined over an
algebraically closed field k of arbitrary characteristic. As above, let T C G be a
maximal torus, and B D T be a Borel subgroup. Let W be the Weyl group of G.
Let R be the root system of G relative to T. Let R* (resp. S) be the system of
positive (resp. simple) roots of R with respect to B. Let R~ be the corresponding
system of negative roots.

9.1. The set W45"" of minimal representatives of W/Wq. . Let Q be a
parabolic subgroup of G containing B, and Wy be the Weyl group of Q). In each
coset wW, there exists a unique element of minimal length (cf. [5]). Let W5
be this set of representatives of W/W¢. The set Wg‘i“ is called the set of minimal
representatives of W/Wgq. We have

WE™ ={w e W [ l(ww') = l(w) + I(w'), for all w' € Wg}.
The set Wéj’i“ may also be characterized as

W™ ={we W |w(a) >0, for all « € S}
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(here by a root 8 being > 0 we mean 3 € R™T).
In the sequel, given w € W, the minimal representative of wW¢g in W will be
denoted by wgi“.

9.2. The set W'** of maximal representatives of W/Wq. In each coset wiWg
there exists a unique element of maximal length. Let W5** be the set of these
representatives of W/Wg. We have

Wo* ={w e W [ w(a) <0 for all « € Sg}.
Further, if we denote by wg the element of maximal length in Wg, then we have
Wa* = {wwg |w € ng“}.

In the sequel, given w € W, the maximal representative of wWg in W will be
denoted by wg™*.

9.3. The big cell and the opposite big cell. The B-orbit Be,, in G/Q (wo
being the unique element of maximal length in W) is called the big cell in G/Q.
It is a dense open subset of G/Q, and it gets identified with R, (Q), the unipotent
radical of @, namely the subgroup of B generated by {U, | a € RT \ Rg} (cf.
[3]). Let B~ be the Borel subgroup of G opposite to B, i.e. the subgroup of G
generated by T and {U, | @« € R™}. The B~ -orbit B~ ejq g is called the opposite
big cell in G/Q. This is again a dense open subset of G/Q, and it gets identified
with the unipotent subgroup of B~ generated by {U, | « € R~ \Ré} Observe
that both the big cell and the opposite big cell can be identified with ANe, where
Ng = #{R"\ R}}.

For a Schubert variety Xo(w) C G/Q, Yo(w) := B~ eiq N Xg(w) is called the
opposite cell in X¢(w) (by abuse of language). In general, it is not a cell (except for
w = wp). It is a nonempty affine open subvariety of X¢(w), and a closed subvariety
of the affine space B~ ejq.

9.4. Equations defining a Schubert variety. Let L be an ample line bundle
on G/Q. Consider the projective embedding G/Q — Proj(H°(G/Q,L)). As a
consequence of Standard Monomial Theory - abbreviated as SMT in the sequel -
we have seen from the previous section that the homogeneous ideal of G/@Q for
this embedding is generated in degree 2, and any Schubert variety X in G/Q is
scheme theoretically (even at the cone level) the intersection of G/Q with all the
hyperplanes in Proj(H°(G/Q, L)) containing X.

For a maximal parabolic subgroup P;, let us denote the ample generator of
Pic (G/P;) (= Z) by L,.

Given a parabolic subgroup @, let us denote S\ Sg by {a1,...,a;}, for some ¢.

Let
R=EPHG/Q.Q L)
a i
Ry =P H (Xo(w), Q) L),
a [
where a = (a1, ...,a;) € Z',. We have that the natural map

P S (H(G/Q. L) ® -8 8™ (H(G/Q. L) — R
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is surjective, and its kernel is generated as an ideal by elements of total degree 2.
Further, the restriction map R — R,, is surjective, and its kernel is generated as
an ideal by elements of total degree 1.

9.5. Sing X (w). If X(w) is not smooth, then Sing X (w) is a non-empty B-stable
closed subvariety of X (w). Given a point x € X (w), let T'(w, z) denote the Zariski
tangent space to X (w) at x. To decide if z is a smooth point or not, it suffices (in
view of Bruhat decomposition) to determine if the T-fixed point e, of the B-orbit
through = is a smooth point or not. We shall denote T'(w,e,) by just T'(w, ).
Recall that dim T'(w,7) > dim X (w) (= I(w)) with equality if and only if e, is a
smooth point.

9.6. A canonical affine neighbourhood of a T-fixed point in G/B. Let 7 €
W. Let U- be the unipotent part of the Borel subgroup B, , opposite to B, (=
7B771) (it is the subgroup of G generated {U, | « € 7(R7)}). Then U- e, is an
affine neighbourhood of e, in G/B, and can be identified with A", where N =
#{R"}. Let us denote it by O; .

For w € W, w > 7, let us denote Y(w,7) := O N X (w). It is a nonempty
affine open subvariety of X (w), and a closed subvariety of the affine space O, . Let
I(w, T) be the ideal defining Y (w, 7) as a closed subvariety of O . As a consequence
of SMT, we have

Proposition 9.6.1. Let B? be the basis for H(G/B, Ly,), 1 < d <1 as given by
SMT (here, | is the rank of G, and wy is the d* fundamental weight). Then I(w,T)
is generated by {uly (v, uw€ B, 1<d <1 | ulx@ =0}

The problem of the determination of the singular locus of a Schubert variety
was first solved by the first author (in collaboration with Seshadri (cf. [31]), for
G classical. The main idea in [31] is to write down the equations defining Y (w, 7)
as a closed subvariety of the affine space O (as given by Proposition 9.6.1), and
then use the Jacobian criterion for smoothness. Below, we recall the result of [31]
for type A and we refer the reader to [31], [22], [23] for results for other classical
groups.

9.7. Description of Sing X (w) for type A.
Theorem 9.7.1. (¢f. [31]) Let G = SL(n). Let w,7 € W, 7 < w. Then
dim T(w,7) = #{a € RT | w > 75,}.

9.8. A criterion for smoothness of Schubert varieties for type A in terms
of permutations. Recall that for G = SL(n), W = §,,. First consider G =
SL(4). In this case X (3412), X (4231) are the only singular Schubert varieties. The
situation for a general n turns out to be “nothing more than this” as given by the
following theorem.

Theorem 9.8.1. (c¢f. [29]). Let w € Sy, say w = (a1,....,an). Then X(w) is
singular if and only if the following property holds

there exist i,j,k,l, 1 <i<j<k<l<n such that
either (1) ar < a; <a; <aj or (2) ay < a; < ap < a;.
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9.9. Determination of the tangent space. For 7 < w, let T'(w, e;) be the the
tangent space to X (w) at e,. Let

Ny,={B€r(R")| X_5€T(w,e,)}.

Note that T'(w,e,) is spanned by {X_g |8 € Ny -} (since T'(w,e;) is a T-stable
subspace of T'(wo, €;) := @© per(r+) §—b (the tangent space to G/B at e;)).

9.10. Description of Ny,(= Nyid). In [23] (see also [24]), the first author has
given a description of N,, for G classical as follows.

Theorem 9.10.1. Let 3 € R™.
1. Let G be of type A,,. Then 3 € N, <= w > sg.
2. Let G be of type C,,.
(a) Let 8 =¢; —¢j, or2¢,. Then 8 € Ny, <= w > sg.
b) Let 3 =¢€; +¢;. Then f € Ny <= w > either s¢,qc; or Sac, .
t

a) Let 0 =¢€;—¢€j, €n, Or € +€,. Then B € Ny, <= w > sg.
(b) Let B =c¢€;,i <mn. Then B € Ny, <= w > either s¢; or Se,+e, -

(c) Let f=¢€;+€j,j <n. Then B € Ny <= w > either s¢,yc; OT S¢;5¢;4¢,-
4. Let G be of type D,,.
(a) Let B =€, —¢€, or€,+¢€j, j=n—1,n. Then § € N, <= w > s3.
(b) Let B = €+ €5, j <n—1. Then 8 € Ny <= w > either s¢,qc; or
Se;—enSeitenSejten_1-

9.11. Description of N, ;. Let 3 € 7(R"), say 8 = 7(a),a € RT. We denote
the positive roots as in [5].

We now state the descriptions for N, -, for G classical (cf.[25]).
9.12. The special linear group.

Theorem 9.12.1. (cf. [31]). Let G be of type A,,. Then 5 € Ny, <= w > saT.
9.13. The symplectic group.

Theorem 9.13.1. Let G be of type C,,.
1. Let o =€; — €j, or 2¢;. Then B € Ny, <= w > sgT.
2. Let o = ¢; + €.
(a) If 7 > spT, then B € Ny, » (necessarily).
(b) LetT < sg7. IfTis > either Tsac,, or Tsac;, then 3 € Ny » <= w > sgT.
3. Lel 7 < sgT,TS2¢;, and TSz, .
(a) If T < TSe;—e;s then B € Ny » <= w > either sgT or TSy, .
(b) If 7> T8¢, —¢;, then B € Ny r <= w > 8782, -

Remark 9.13.2. One has similar descriptions of N, , for types B and D (see [25]
for details).

9.14. Irreducible components of Sing X (w). The problem of the determination
of the irreducible components of Sing X (w) is open even for type A.

Known results for G/P.
The irreducible components of Sing X (w) have been determined in [34] for X (w)

in G/P, for G classical, and P certain parabolic subgroup. We recall this result
below.
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TYPE A.

Let G = SL(n), and P = P;, the maximal parabolic subgroup ( with associated
set of simple roots being S\ {ag4}). Then it is well known that G/P gets identified
with the Grassmannian variety Gg,, = the set of d- dimensional subspaces of k".
It is well known that W%, the set of minimal representatives may be identified as

wha ={(a1," ,aq) | 1 <a1 <ag <---<aqg <n}.
To (a1, -+ ,aq) € WP, we associate the partition a := (aj,---,a4), where a; =
ag—it+1 —d — i+ 1. For a partition a = (ay, - ,a4), we shall denote by X, the
Schubert variety corresponding to (a1, -+ ,aq). Then dim X, = |a| =a; +---+ay.
It is clear that a; <n—d. Let a= (p¥", -+ ,p¥) = (p1, -+ ,P1, s Pry -+, Pr) (We
S—— N——
g1 times g, times

say that a consists of r rectangles: p1 X q1, -+ ,pr X g ).

Theorem 9.14.1. (cf. [34]). Let a consist of v rectangles. Then Sing Xa hasr—1
components Xor, -+, Xar_, whereal = (p{',--- ,pf"7 8T (g —1) Bt ple

and 1 <i<r—1.

(Note that a/a}, 1 <i <r —1 are simply the hooks in the Young diagram a )

Corollary 9.14.2. X, is smooth if and only if a consists of one rectangle.

TYPE C.

Let G = Sp(2n), and P = P,, the maximal parabolic with associated set of
simple roots being S\ {a, } (notations being as in [5]). Then G/P can be identified
with the isotropic Grassmannian of n spaces in a 2n-dimensional space with a non-
degenerate skew-symmetric bilinear form (,). Then it can be seen easily that Wg",
the set of minimal representatives of W /Wp, can be identified with

(1) 1<ai<az<--<ap,<2n
(a1--ap)|(2) for 1 <i<2n, if i €{as,....,an}
then 2n+1—1 ¢ {a1,...,an}

To (a1, -+ ,an) € WP we associate the partition a := (aj,--- ,a,), where
an+1-; = a; —i. The conditions on the a;’s imply that the partition a is a self-dual
partition contained in an n x n square. For a partition a = (a1,---,a,), we shall
denote by X, the Schubert variety corresponding to (a1,--- ,ay). Thus Schubert

varieties in G/P are indexed by self-dual partitions contained in n™.

Theorem 9.14.3. (cf. [34]). Let a be a self-dual partition. Then Sing X, = UXp,
where b C a, and either a/b is a sum of two hooks that are dual to each other, or
a/b is a self-dual hook (different from a bozx).

TYPE B.

Let G = SO(2n+1), and P = P,, the maximal parabolic with associated set of
simple roots being S \ a,, (notations being as in [5]). Then G/P can be identified
with the isotropic Grassmannian of n spaces in a 2n + 1-dimensional space with a
non-degenerate symmetric bilinear form (,). Then it can be seen easily that WCI;",
the set of minimal representatives of W /Wp, can be identified with

(1) 1<ai<aa<-<a,<2n+1,a;#n+1,1<i<n
(a1-+-an)|(2) for 1<i<2n+1, if i €{a,...,an}
then 2n+2 —i ¢ {a1,...,an}

e 7pgr);
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To (a1, -+ ,a,) € W we associate the partition a := (aj,---,a,), where
apt1-i = a; — i, or a; — ¢ — 1 according as a; < n or > n . The conditions on
the a;’s imply that the partition a is a self-dual partition contained in an n X n
square. For a partition a = (aj,---,a,), we shall denote by X, the Schubert
variety corresponding to (a1, -+ ,a,). Thus here again Schubert varieties in G/P
are indexed by self-dual partitions contained in n™.

Theorem 9.14.4. (cf. [34]). Let a be a self-dual partition. Then Sing X, = UXp,
where b C a, and either a/b is a disjoint sum of two hooks that are dual to each
other, or, a/b = (r +i,r""1,1%) / ((r — 1)"=1) for some r,i with i > 0 (the sum of
two hooks dual to each other connected at one box), or a/b = (r?,27=2) /(0") for
some r > 2 (self-dual double hook).

TYPE D.

Let G = SO(2n), and P = P,, the maximal parabolic with associated set of
simple roots being S\ {a, } (notations being as in [5]). Then G/P can be identified
with the isotropic Grassmannian of n spaces in a 2n-dimensional space with a non-
degenerate symmetric bilinear form (,). Then it can be seen easily that W can
be identified as

(1) 1<ai<az<---<an<2n

(2) #{i,1<i<n|a;>n}iseven

(@1 an) 1(8) gor 1< < 2m, if i € {a1, ..., an}
then 2n+1—1i ¢ {a1,...,an}

Let P = P,,Q = P, ;. Consider the map § : WX — W% §(ay,---,a,) =

(b1, -+ ,bp_1), where (by,---,b,_1) is obtained from (as,---,a,) by replacing n
by n'(=n+ 1) (resp. n’ by n) if n (resp. n’) is present in {as,- - ,a,}. Note that
if a,, > n, then precisely one of {n,n'} is present in (a1, -+ ,an—1); if a, = n, then

(a1, - yan)=(1,---,n),and 6(ay, -+ ,a,) = (1,--- ,n—1). Tt is easily seen that ¢
is a bijection preserving the Bruhat order. In fact § is induced by the isomorphism
of the varieties G/P — G/Q.

Let us denote W' = W (SO(2n—1)), and define 6 : W' Pt — WP asO(ay, - ,an_1) =
(a1, ,an), where a,, = n or n’ and the choice is made so that #{i,1 <i <n|a; >
n} is even (the ¢ in (a1, -+ ,an—1) (resp. 6(ai,- - ,an—1)) should be understood
as 2n — i (resp. 2n + 1 —4)). Then it is easily seen that 6 is a bijection preserv-
ing the Bruhat order. In fact @ is induced by the isomorphism of the varieties
SO(2n —1)/P,—1 — SO(2n)/P.

In view of the isomorphisms 6 and J, we have results for Schubert varieties in
G/P,G/Q, G being SO(2n) similar to Theorem 9.14.4.

Remark 9.14.5. For other related results on Sing X (w), we refer the readers to
[7], [21] and [45]

10. APPLICATIONS TO OTHER VARIETIES

In this section, we introduce two classes of affine varieties - certain ladder deter-
minantal varieties (cf. §10.15) and certain quiver varieties (cf. §10.19 ) - and we
conclude (cf. [13], [28] ) that these varieties are normal, Cohen-Macaulay and have
rational singularities by identifying them with Y (w) (cf. §9.3) for suitable Schubert
varieties X¢(w) in suitable SL(n)/Q (note that Yg(w) is normal, Cohen-Macaulay
and has rational singularities, since X¢g(w) has all these properties).
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We first recall some facts on “Opposite cells” in Schubert varieties in SL(n)/Q.

10.1. Opposite cells in Schubert varieties in SL(n)/B. Let G = SL(n), the
special linear group of rank n — 1. Let T be the maximal torus consisting of all
the diagonal matrices in GG, and B the Borel subgroup consisting of all the upper
triangular matrices in G. It is well-known that W can be identified with S\, the
symmetric group on n letters.

Following [5], we denote the simple roots by €¢; — €;41, 1 < i < n —1 (note that
€; — €41 is the character sending diag(ty,...,t,) to tit;_ﬁl). Then R = {e; —¢; |
1 <i,j < n}, and the reflection s, _,,, may be identified with the transposition
(i, 5) in Sy. | |

For a = a;(= €; — €;41), we also denote Py (resp. Wp'™) by just P; (resp. W*).

10.2. The partially ordered set Iy ,. Let () = P;. Then

={AecG|A= * *)}
@ { © (%d)xd *

WQ = Sd X Sn—d-

Hence
WE™ ={(ar...an) EW | a1 < -+ <ag, Gap1 < < an}.
Thus Wg’in may be identified with
Ijp i={i=(i1,...,iq) | 1 <i1 < --- <ig < n}.
Given i,, j € Ign, let X;, X; be the associated Schubert varieties in G/Py. We
define 7 > J = Xi2X; (in other words, the partial order > on Iy, is induced
by the Chevalley-Bruhat order on the set of Schubert varieties). In particular, we

have
12j] < iy >jpforall1 <t <d.

10.3. The Chevalley-Bruhat order on S,,. For wi, ws € W, we have
X(wy) C X(we) <= mq(X(w1)) C mg(X(w2)), forall 1 <d<n-—1,

where 74 is the canonical projection G/B — G/P;. Hence we obtain that for
(a1 e an), (bl .. bn) S Sru

(a1...an) > (by...by) <= (a1...aq) 7> (by...bg) T, forall1<d<n-1

(here, for a d-tuple (t1...tq) of distinct integers, (¢1...tq) T denotes the ordered
d-tuple obtained from {t1,...,ts} by arranging its elements in ascending order).

10.4. The partially ordered set I,, . ... Let Q) be a parabolic subgroup in
SL(n). Let 1 < a1 < -+ < ar < n, such that Sg = S\ {ag,,...,0q,} (we
follow [5] for indexing the simple roots). Then Q = P,, N---N P,,, and Wy =
Say X Sap—ay X -+ X Sp—q,- Let

Iy an = {0y, vig) € Loy X oo X Igym |4 Ciyyq forall 1 <t <k—1}.

Then it is easily seen that Wg’in may be identified with Io, . 4, -

The partial order on the set of Schubert varieties in G/Q (given by inclusion)
induces a partial order > on I, .. 4., hamely, for i = (i1,...,4;), j = (il, e ,ik) €
loy,aryi2j = 4 Zit forall 1 <t <k.
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10.5. The minimal and maximal representatives as permutations. Let w €
Wq, and let i = (4y,...,4;) be the element in I,, . 4, which corresponds to wgi“.
As a permutation, the element ngi“ is given by i;, followed by i, \ i; arranged in
ascending order, and so on, ending with {1,...,n}\ ¢, arranged in ascending order.
Similarly, as a permutation, the element wg™ is given by ¢; arranged in descending

order, followed by i, \ #; arranged in descending order, etc..

10.6. The opposite big cell in G/Q. Let Q =NF_,P,,. Let a =n — ay, and Q
be the parabolic subgroup consisting of all the elements of G of the form

Al k * ce e *k ES
0 Ay x - *x %
0 0 0 --- Ap =«
o o o0 --- 0 A

where A; is a matrix of size ¢; X ¢, ¢t = ar —ag—1, 1 <t <k (here ap =0), A is a
matrix of size a X a, and z,,,; =0, m > a;, I < a;, 1 <t < k. Denote by O~ the
subgroup of G generated by {Us | @ € R™\ R }. Then O~ consists of the elements
of G of the form

i 0 0 --- 0 O
* Iy 0 -+ 0 O
* ok ok ..o I 0
* % ok ... ok ],

where [; is the ¢; X ¢; identity matrix, 1 < ¢t < k, I, is the a X a identity matrix,
and if x,,,; # 0, with m # [, then m > ay, [ < a; for some ¢, 1 <t < k. Further, the
restriction of the canonical morphism f: G — G/Q to O~ is an open immersion,
and f(O7) ~ B7ejq,g. Thus B7eiq o = O, the opposite big cell in G/Q gets
identified with O~.

10.7. Pliicker coordinates on the Grassmannian. Let G4, be the Grass-
mannian variety, consisting of d-dimensional subspaces of an n-dimensional vec-
tor space V. Let us identify V with k™, and denote the standard basis of k™ by
{ei| 1 <i < n}. Consider the Pliicker embedding f4 : Ga., — P(A?V), where AV
is the d-th exterior power of V. For i = (i1,...,%q) € Lan, let e; =€, A... Aey,.
Then the set {e; | i € I4,} is a basis for A?V. Let us denote the basis of (A?V)* (the
linear dual of A?V) dual to {e; | i € Ian} by {p; | j € Ian}. Then {p; | j € Iyn}
gives a system of coordinates for P(A?V). These are the so-called Plicker coordi-
nates.

10.8. Schubert varieties in the Grassmannian. Let @Q = P;. We have

Gd,n >~ G/Pd
Let ¢ = (i1,...,%4) € Ign. Then the T-fixed point e; p, is simply the d-
dimensional span of {e;,,...,e;,}. Thus Xp,(i) is simply the Zariski closure of

Blei, A ... Neji,] in P(ATV).
In view of the Bruhat decomposition for Xp, (i), we have

il 0 = 124
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10.9. Evaluation of Pliicker coordinates on the opposite big cell in G/P,.
Consider the morphim ¢4 : G — P(A%V), where ¢g = fq 0 04, 84 being the natural
projection G — G/Py. Then p;(¢4(g)) is simply the minor of ¢ consisting of the first
d columns and the rows with indices ji,...,j4. Now, denote by Z; the unipotent
subgroup of G generated by {U, |« € R™ \ R }. We have, as in §10.6

Iq de(nd)) }
Zy= ed
¢ { <A(nd)><d I a

As in §10.6, we identify Z; with the opposite big cell in G/P,. Then, given z € Zg,
the Pliicker coordinate p; evaluated at z is simply a certain minor of A, which may
be explicitly described as follows. Let j=(1,.--,Jd), and let j, be the largest entry
<d. Let {ki,...,kq—r} be the complement of {j1,---,gr} in {1,...,d}. Then this
minor of A is given by column indices k1, . . . k4—,, and row indices j,+1, ..., jq (here
the rows of A are indexed as d + 1,...,n). Conversely, given a minor of A, say,
with column indices b1, ..., bs, and row indices ig_sy1,- . ., i4, it is the evaluation of
the Pliicker coordinate p; at z, where ¢ = (i1,...,1q) may be described as follows:
{i1,...,194—s} is the complement of {b1,...,bs} in {1,...,d}, and i4_s41,...,iq are
simply the row indices (again, the rows of A are indexed as d+1,...,n).

10.10. Evaluation of the Pliicker coordinates on the opposite big cell in

G/Q. Consider
[:G—>G/Q— G/Py, X+ xG/P,,, —P1x--xPy,

where P, = P(A“V). Denoting the restriction of f to O~ also by just f, we obtain
an embedding f : O~ — Pj x---x Py, O~ having been identified with the opposite
big cell O~ in G/Q. For z € O, the multi-Pliicker coordinates of f(z) are simply
all the a; x a; minors of z with column indices {1,...,a:}, 1 <t < k.

10.11. Equations defining the cones over Schubert varieties in G4 ,. Let
Q = Py. Given a d-tuple i = (i1, . ..,4q) € I4n, let us denote the associated element
of Wgﬂ‘;“ by 6;. For simplicity of notation, let us denote P; by just P, and 6; by
just 6. Then, by §10.8, Xp(6) is simply the Zariski closure of Ble;, A...Ae;,] in
P(A%V). Now using §9.4, we obtain that the restriction map R — Ry is surjective,

and the kernel is generated as an ideal by {p; [ i Z j}.

10.12. Equations defining multicones over Schubert varieties in G/Q. Let
Xo(w) € G/Q. Denoting R, R, as in §9.4, the kernel of the restriction map
R — R, is generated by the kernel of Ry — (R,,)1; but now, in view of §10.11, this
kernel is the span of

{pg | Z S Id,nvd S {alv cee ,(Zk}, w(d) z Z};
where w(? is the d-tuple corresponding to the Schubert variety which is the image

of X¢(w) under the projection G/Q — G/P,,, 1 <t <k.

10.13. Ideal of the opposite cell in Xg(w). Let Yo(w) = B~ eiq,0 N Xo(w).
Then as in §10.6, we identify B~ eiq, with the unipotent subgroup O~ generated
by {Ua | @ € R™\ Ry}, and consider Yo (w) as a closed subvariety of O~. In view
of §10.12, we obtain that the ideal defining Y (w) in O~ is generated by

{pi | 1€ Id,nad c {al, .. .,ak}, w(d) 2 1}
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10.14. The classical determinantal variety. Let A = (z;;), 1 <i<m, 1 <
7 < n be a m X n matrix of variables. Let k£ be a positive integer such that
k < min(m,n), and Dy, be the determinantal variety defined by the vanishing of all
k+1 - minors of A. Then one knows (see [30] for example) that Dy, can be identified
with Yo (w) (cf. §10.13) for a suitable Schubert variety X (w) in the Grassmannian
G m+n; in particular, one may conclude that Dy is normal, Cohen-Macaulay and
has rational singularities.

10.15. Ladder determinantal varieties. Let X = (23,), 1 <b<m,1<a<n
be a m x n matrix of indeterminates.

Given 1 <b; <---<bp,<m,1<a; <---<ap <n, we consider the subset of
X, defined by

L = {xp, | there exists 1 <14 < h such that b; <b<m,1 <a<a;}.

We call L an one-sided ladder in X, defined by the outside corners w; = xp,q,,
1 <i < h. For simplicity of notation, we identify the variable zp, with just (b, a).
Let s = (s1,82...,8) € Zl+, t=(t1,t2...,t) € Zl+ such that

by =51 <s83<--- <8 <m,

t1 >t > >, 1 <t; <min{m —s; + 1,a;+} for 1 <i <1, and
(L1)

57;—57;_1>ti_1—tif01‘1<i§l.

where for 1 < ¢ <[, we let i* be the largest integer such that b;« < s;.
For 1 <i <, let
L; ={xpo € L |5 <b<m}.

Let k[L] denote the polynomial ring k[zse | 2pe € L], and let A(L) = AlXl be
the associated affine space. Let Is¢(L) be the ideal in k[L] generated by all the
t;-minors contained in L;, 1 < ¢ <[, and Ds¢(L) C A(L) the variety defined by
the ideal I (L). We call Dg (L) a ladder determinantal variety (associated to an
one-sided ladder).

Let Q = {wi,...,wp}. Foreach 1 < j <I, let

Q; ={w; |1 <i< hsuchthat s;_1 <b; <sj and s; —b; <tj_1 —t;}.
Let

1
o=@\ J) U a0}
Jj=2 QJ75@
Let L’ be the one-sided ladder in X defined by the set of outside corners €’. Then
it is easily seen that D ¢(L) =~ Ds (L") x A, where d = |L| — |L/|.

Let wj, = (b}, a) € @, for some k, 1 < k < K/, where b/ = |QV|. If b} ¢
{s1,...,s1}, then b, = b; for some 4, 1 <4 < h, and we define s;- = b, t;- =1t;_1,
s+ = 8j, Lj+ = tj, where j is the unique integer such that s; < b; < s;41. Let s
(resp. t’) be the sequence obtained from s (resp. t) by replacing s; (resp. ¢;) with
s;- and s+ (resp. t;- and t;+) for all k£ such that b), & {s1,...,s:}, j being the
unique integer such that s;_1 < b; < s;, and ¢ being given by b}, = b;. Let I’ = |s’|.
Then s’ and t’ satisfy (L1), and in addition we have {b,...,0},} C {s7,...,s}}.
It is easily seen that Dg(L') = Dg ¢ (L'), and hence

Ds7t(L) ~ Dsl,t/(L/) X Ad.
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Therefore it is enough to study Ds (L) with s, t € Zl+ such that

{51,...,8l}3{b1,...,bh}. (LZ)
Without loss of generality, we can also assume that
t; > 2, and t;_1 > t; ifsig{bl,...,bh},1<i§l. (L3)

For 1 <i<l, let
L) ={apa | $i <b<m,1<a<ap}.
Note that the ideal I5(L) is generated by the t;-minors of X contained in L(%),
1< <L
The ladder determinantal varieties (associated to one-sided ladders) get related
to Schubert varieties(cf. [13]). We describe below the main results of [13].

10.16. The varieties Z and X¢g(w). Let G = SL(n), Q@ = P,,N---NP,,. Let O~
be the opposite big cell in G/Q (cf. §10.6). Let H be the one-sided ladder defined
by the outside corners (a; +1,a;), 1 <i < h. Let s, t € Z!_satisfy (L1), (L2), (L3)
above. For each 1 <1 <1, let L(i) = {xpe | s <b<n,1 <a<a;}. Let Z be the
variety in A(H) ~ O~ defined by the vanishing of the ¢;-minors in L(i), 1 < i <.
Note that Z ~ Dg (L) x A(H \ L) ~ Dg (L) x A", where r = dim SL(n)/Q — |L|.

We shall now define an element w € Wé?“in, such that the variety Z identifies with
the opposite cell in the Schubert variety X¢(w) in G/Q. We define w € ngn by
specifying w(®) € W% 1 < i < h, where m;(X (w)) = X (w(®)) under the projection
mi: G/Q — G/P,,.

Define w(®), 1 < 4 < h, inductively, as the (unique) maximal element in W
such that

(1) w@)(a;—t;+1) = s;—1forall j € {1,...,1} such that s; > b;, and t; # t;_;
if 7> 1.

(2) if i > 1, then w(®-1) C w(®),

Note that w(‘“)7 1 <4 < h, is well defined in W?, and w is well defined as an
element in W§5™.

Theorem 10.16.1. (c¢f. [13]) The variety Z (= Dg (L) x A") identifies with the
opposite cell in Xq(w), i.e. Z = Xg(w)NO~ (scheme theoretically).

The above theorem is proved using §10.13. As a consequence of the above The-
orem, we obtain (cf. [13])

Theorem 10.16.2. The variety Ds (L) is irreducible, normal, Cohen-Macaulay,
and has rational singularities.

10.17. The varieties V;, 1 <i <[. Let V;, 1 <i <[ be the subvariety of Dg (L)
defined by the vanishing of all (¢, — 1)-minors in L(¢), where L(%) is as in §10.16.
In [13] the singular locus of Dg (L) has also been determined, as described below.

Theorem 10.17.1. Sing Ds (L) = UL_,V;.

10.18. The varieties Z;, Xg(0;), 1 < j <. Let us fix j € {1,...,1}, and let
Zj = V; x A(H \ L). We shall now define 6; € W5™ such that the variety Z;
identifies with the opposite cell in the Schubert variety X¢q(6;) in G/Q.

Note that w(®)(a, —t; + 1) = s; — 1, and s; — 1 is the end of a block of
consecutive integers in w(@), where r = j* is the largest integer such that b, < s;.
Also, the beginning of this block is > 2 (if the block started with 1, we would have
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ar—t;+1=s;—12>b, —12> a,, which is not possible, since t; > 2). Let u; +1
be the beginning of this block, where u; > 1. Then it is easily seen that if s; — 1
is the end of a block in w(*), 1 < i < h, then the beginning of the block is uj + 1.
For each i, 1 < i < h, such that u; & w(®)_ let v; be the smallest entry in w(®)
which is bigger than s; — 1. Note that v; = w(®) (ay, — t; +2), where k € {1,...,i}
is the largest such that by, < s;.

Define Qj(‘“), 1 < i < h, as follows.

If s; —1¢ w(@) (which is equivalent to j > 1, ti1 = t; and i < r), let
6\ = w(@)\ {;} U {s; — 1}.

If s; — 1 € w@) and u; & w(®), then gj(_ai) = w@)\ {v;} U {u;}.

If s; — 1 and u; € w(®), then gj(,“i) = w(®) (note that in this case i > r).

Note that §; is well defined as an element in Wé“in, and 6; < w.

Remark 10.18.1. An equivalent description of 6; is the following. Let ¢;, < t; <
ti_ -
" (i) Ifj&{ir,...,0m} (e. 7 >1and tj_1 =t;), then

for i <r, QJ(-M) = wj(-ai) \{ei fU{s; — 1};

fori=r, Gj(-a") = w§»a"') \{ei, }U{u;}, where u; is the largest entry in {1,..., s, —
13\ wlar):

for i > r and u; € w(@i) 95»‘“) = wj(-ai);

for i > r and u; ¢ w(®), 9§a"’) = wj(-ai) \ {vi} U {u;}, where v; is the smallest
entry in w(®) \ Hj(-ai_l).

(II) If j € {41,...,m}, (le. tj—1 > t; if j > 1), then

fori <, 9§a"’) = wj(-ai) \ {ei, }U{u;}, where u; is the largest entry in {1,...,s; —
13\ wlar):

for i > r and u; € w(@), 95»(“) = wj(-ai);

for i > r and u; ¢ w(®), 9§-a"’) = w§ai) \ {vi} U {u;}, where v; is the smallest

entry in w(®) \ 95“""”.

Theorem 10.18.2. (c¢f. [13]) The subvariety Z; C Z identifies with the opposite
cell in Xq(0;), i.e. Z; =Xq(0;) N O~ (scheme theoretically).
As a consequence of the above theorem, we obtain (cf. [13])

Theorem 10.18.3. The irreducible components of SingDs (L) are precisely the
Vis,1<j <1

Let X (w™®) (resp. X (07'*), 1 < j <) be the pull-back in SL(n)/B of Xq(w)
(resp. Xg(0;), 1 < j <) under the canonical projection w : SL(n)/B — SL(n)/Q
(here B is a Borel subgroup of SL(n) such that B C Q). Then using Theorems
10.16.1, 10.18.2 and 10.18.3 above, we obtain (cf. [13])

Theorem 10.18.4. The irreducible components of Sing X (w™**) are precisely X (07**),
1<y<l.

In [13], it is also shown that the conjecture of [29] on the irreducible components
of Sing X (0), 6 € W holds for X (w™).

Remark 10.18.5. Ladder determinantal varieties were first introduced by Abyankar

(ct. [2]).
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Remark 10.18.6. A similar identification as in Theorem 10.16.1 for the case t; =
.-+~ =1, has also been obtained by Mulay (cf. [43]).

Remark 10.18.7. In [13], the theory of Schubert varieties and the theory of lad-
der determinantal varieties are complementing each other. To be more precise,
geometric properties such as normality, Cohen-Macaulayness, etc., for ladder de-
terminantal varieties are concluded by relating these varieties to Schubert varieties.
The components of singular loci of Schubert varieties are determined by first deter-
mining them for ladder determinantal varieties, and then using the above mentioned
relationship between ladder determinantal varieties and Schubert varieties.

10.19. Quiver varieties. Fulton [10] and Buch-Fulton [6] have recently given a
theory of “universal degeneracy loci”, characteristic classes associated to maps
among vector bundles, in which the role of Schubert varieties is taken by cer-
tain degeneracy schemes. The underlying varieties of these schemes arise in the
theory of quivers: they are the closures of orbits in the space of representations
of the equioriented quiver Ay. Many other classical varieties also appear as quiver
varieties, such as determinantal varieties and the variety of complexes (see [8], [14],
44].)

In [28], the quiver varieties (corresponding to the equioriented type A quiver)
are shown to be normal and Cohen-Macaulay (in arbitrary characteristic) by iden-
tifying them with Y (w) (cf. §9.3) for suitable Schubert varieties X¢g(w) in suitable
SL(n)/Q.

Fix an h-tuple of non-negative integers n = (ny,...,np) and a list of vector
spaces V1, ...,V over an arbitrary field k with respective dimensions nq, ... ,n.
Define Z, the wariety of quiver representations (of dimension n, of the equiori-
ented quiver of type Ap) to be the affine space of all (h—1)-tuples of linear maps
(fla"' 7fh71) :

Fh—2 Sra

V1£>V2£--- — Vi — Vi .
If we endow each V; with a basis, we get V; = k™ and
Z 2 M(ngxny) XX M(npXnp),

where M (I x m) denotes the affine space of matrices over k with ! rows and m
columns. The group

Gn = GL(’I’Ll) X e X GL(nh)
acts on Z by
(91,92, 9n) - (fr. for o fra) = (92197 S 93 fo9 s+ L gnfrergi ),

corresponding to change of basis in the V;.
Now, let r = (7j)1<i<j<n be an array of non-negative integers with r; = n,,
and define r;; = 0 for any indices other than 1 <7 < j < h. Define the set

Z°(x) ={(fr, -+ faa) € Z | Vi<j, rank(fja -+ fi: Vi = V) =1y}
(This set might be empty for a bad choice of r.)

Proposition 10.19.1. (c¢f. [11]) The Gn-orbits of Z are exactly the sets Z°(r) for
r = (7“7;]') with

Tij —Tiga — T+ i >0, V1<i<j<h.
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Definition 10.19.2. We define the quiver variety as the algebraic set
Z(r) ={(f1, -, fn1) € Z| Vi, g, rank(fj1 --- fi : Vi = Vj) <}
Remark 10.19.3. The variety Z(r) is simply the Zariski closure of Z°(r) (cf. [1],
[28]).
10.20. The Schubert varieties. Given n = (ny,--- ,np), for 1 <7 < h let
a;=n1+ng9+---+n;, ag =0, and n=ny+---+np .
For positive integers i < j, we shall frequently use the notations

[i,j]={i,i+1,....5Y,  [l=[id  [0]={}.
Let k® 2 V1 & --- &V}, have basis ey, ... , e, compatible with the V;. Consider
its general linear group GL(n), the subgroup B of upper-triangular matrices, and
the parabolic subgroup @ of block upper-triangular matrices

Q = {(ai;) € GL(n) | a;; = 0 whenever j < aj, < i for some k} .

In this section, we look at G/Q as the space of partial flags as follows: a partial flag
of type (a1 < az < --- < ap =n) (or simply a flag) is a sequence of subspaces U. =
(UhcUyC---CUp=k") withdimU; = q;. Let E; = V1 ®---®V; = (e, ... ,eq,),
and B = Vi ®---®Vj, = (€a;+1, - - - »€n), s0 that E; ® El = k™. The flag variety Fl
is the set of all flags U. as above. F1 has a transitive GL(n)-action induced from k®,
and Q = Stabgr(n)(£.), so we have the identification F1 = GL(n)/Q, gE. < gQ.
The Schubert varieties are the closures of B-orbits on Fl. Such orbits are usually
indexed by certain permutations of [n], but we prefer to use flags of subsets of [n],
of the form
T=(M CmC---C1=n]), #1 =a; .

A permutation w : [n] — [n] corresponds to the subset-flag with
7 = wla;] = {w(l),w(2),... ,w(a;)}.
This gives a one-to-one correspondence between cosets of the symmetric group
W = §,, modulo the Young subgroup Wy, = S,, X -+ x Sy, , and subset-flags.

Given such 7, let E;(7) = (e; | j € 7;) be a coordinate subspace of k®, and
E.(1) = (E1(1) C Ex(7) C -+ ) € FL. Then we may define the Schubert cell
X%(T) = B-E(7) . .
dimU;NkI =#7nN|j
= ...)eFl
{(U1CU2C )€ ‘ 1<i<h 1<j<n }
and the Schubert variety

Xo(r) = X5(m) |
dimU; NkI > #71,N[j]
= Ui cU,cC---)eFl
{( 1CUzC-)€ ‘ 1<i<h 1<j<n
where kI = (eq,... ,e;) C k™.
Under the identification of G/Q with Fl, the opposite cell O~ in G/Q gets
identified with the set of flags in general position with respect to the spaces Ej D

D E;_;:
O_:{(UlcUQC"')EF1| Usz,ZZO}
Let Yo (1) = Xg(7) N O™, the opposite cell of X (7).
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We define a special subset-flag 7> = ("> C --- C 7" = [n]) corresponding
ton = (ng,...,ny). We want each 7°* to contain numbers as large as possible
given the constraints [a; 1] C 7" for all j. Namely, we define 7;"** recursively by

max max

= [n]; 7" = [aiq] U {largest n; elements of 7, }.

Furthermore, given r = (7;)1<i<;j<n indexing a quiver variety, define a subset-flag
7' to contain numbers as large as possible given the constraints

B
#T;m[aj]_{ ai =Tijer fori<;

aj fori > j
Namely,
r __
m={1l...am1 ....... ai oo Wi eenenn Qi eee e n}
—— —— ————
@it T =Tl Tiil —Tii42 Tiit2 —Tii43 Tih

where we use the visual notation

Recall that a; = a;_1+nj and 0 < r;; —7; j41 < ny, so that each 77 is an increasing
list of integers. Also rij — 741 < riy1,j — Tiy1,j+1, S0 that 77 C 77 ;. Thus, 77
are indeed subset-flags.

10.21. Examples. We give below four examples.

Example 1 A small generic case.
Let h=4,n=(2,3,2,2),

2 2 0 0
.| 311
2 2

2

where 7;; are written in the usual matrix positions.
Then we get (a1, a2,as,a4) = (2,5,7,9), n =9, and

TR = (89 C 12589 C 1234589 C [9)), 7" = (45 C 12459 C 1234589 C [9]),
which correspond to the cosets in W/W,
w™™ = 89]125|34/67, w* = 45|129|38|67.

(The minimal-length representatives of these cosets are the permutations as written;
the other elements are obtained by permuting numbers within each block.) The
partial flag variety is F1 = {U; C Uy C Uz C k® | dim U; = a;}, and the Schubert
varieties are:

max k*CcU v Ui ck®cUs, k3cU
Xo(r ):{U.‘ K5 U } XQ(T):{U.‘ dmO S s }

The opposite cells Yo (7) are defined by the extra conditions U; N Ef = 0.

Example 2. Fulton’s universal degeneracy schemes (cf. [10]).
Given m > 0, let Z be the affine space associated to the quiver data h = 2m,
n=(1,2,... , mm,...,2/1). For each w € 8,11, Fulton defines a “degeneracy
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scheme” Q,, = Z(r) as follows. Denote i = 2m + 1 — 4, and define r = r(w) = (r;5)
by:
Tij = Tﬁ =1
ri = # i N wlj]
for 1 < ,7 < m. The associated Schubert varieties X (7") are given by 7 = (7] C
-+ C 71) or by cosets w = w|- - - |wg € W/ Wy

w; = [a'_g —|—1,a4_1] U {GT}
1) Yy ’aw—l(i)}’ ~_1_ v v wt ()
Wi = [am—1H, am—1] U {aiw_l(m +1)}

wy = lag ytl, a7,

77 = [aia] U {a
T{ = [a;—l] U {GT,G@,... ,am}
for1 <i<m, 1<j<m—1. Furthermore 7™ = 7*(*) and @™ = @"*) for
w = e € Spy1, the identity permutation.

Example 3. The variety of complexes.

For a given h and n, the variety of complezes is defined as the union C = U, Z(r)
over all r = (r;;) with 7; ;o = 0 for all 4. The subvarieties Z(r) correspond to the
multiplicity matrices m = (m;;) with m;; = 0 for all ¢ +2 < j, and my; + miq; +
m; i1 = n; for all 4. In [44], Musili-Seshadri have shown that each component of C,
is isomorphic to the opposite cell in a Schubert variety.

Example 4. The classical determinantal variety.
The classical determinantal variety of k x | matrices of rank < ¢ is D = Z(r) for

(. m _ [l—-m m . _
r= (0 k) and m = ( 0 k:—m) where m = min(t + 1,k,1). Alson =k +1,

= (k+1Lk+IlCn]), ™=(m+LUlk+l-m+1,k+1C[n])
X(r™) =Fl=Gr(l,k™), X(*)={UeCGr(Lk")|Unk'=1-m},
D=Z(r)2Y(r")={U € CGr(Lk®) |UNkK' =1 -m, UNE' =0},
where E' = (ey1, ep2, -+ 5 €n).

Denote a generic element of the quiver space Z = M (naxnq) XX M (npXnp1)
by (A41,...,An_1), so that the coordinate ring of Z is the polynomial ring in the
entries of all the matrices A;. Let r = (r;;) index the quiver variety Z(r) =
{(Al, “ o ,Ah_l) | rankAj_l . -A,L' S Tij}-

Let J(r) C k[Z] be the ideal generated by the determinantal conditions implied
by the definition of Z(r):

j(r) = <det(Aj_1Aj_2 .. 'Ai))\xp, j > Z.v )\ C [n]]7 ) C [nl] > .

SN = =iy 1
Clearly J(r) defines Z(r) set-theoretically.

Theorem 10.21.1. (¢f. [28]) J(r) is a prime ideal and is the vanishing ideal of
Z(r) C Z. There are isomorphisms of reduced schemes

Z(r) = Spec(k[Z] / T (r)) = Spec(k[O7] / Z(1")) = Yq(T").

That is, the quiver scheme Z(r) defined by J(r) is isomorphic to the (reduced)
variety Yo(1%), the opposite cell of a Schubert variety.

In proving the above theorem again, one uses the standard monomial theory for
Schubert varieties.
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Remark 10.21.2. Over a field of characteristic 0, the normality and Cohen-Macaulayness
of Z(r) also follow from [1].

11. BOTT-SAMELSON VARIETIES

Throughout this section, we once again take G to be a simply connected semi-
simple algebraic group over an algebraically closed field k.

11.1. Geometry. The Bott-Samelson varieties are an important tool in the rep-
resentation theory of the group G and the geometry of the flag variety G/B. First
defined in [4] as a desingularization of the Schubert varieties in G/B, they were ex-
ploited by Demazure [9] to analyze the singular cohomology or Chow ring H' (G/B)
(the Schubert calculus), and the projective coordinate ring k[G/B]. Since the irre-
ducible representations of G are embedded in the coordinate ring, Demazure was
able to obtain a new iterative character formula for these representations.

Bott-Samelson varieties are so useful because they “factor” the flag variety into
a “product” of projective lines. More precisely, they are iterated P!-fibrations and
they each have a natural, birational map to G/B. The Schubert subvarieties them-
selves lift birationally to iterated P!-fibrations under this map (hence the desin-
gularization). The combinatorics of Weyl groups enters because a given G/B can
be “factored” in many ways, indexed by sequences i = (i1,142,...,iy) such that
Wy = Sy Siy -+ Siy 18 a reduced decomposition of the longest Weyl group element
wp into simple reflections.

More generally, we may define a Bott-Samelson variety Z; for an arbitrary re-
duced or non-reduced sequence of indices i = (i1,42,...,in). Let P, D B be the
minimal parabolic associated to the simple reflection s so that P;/B = P!, the
projective line. Then

Zy =P, x---x P, /B",

where BY acts on the right of the product via:

(p1,D2, - o) - (b1,bay ... ,bN) = (p1b1,b] 'paba, ... ,by" pNON).

Furthermore, B acts on the left of Z; by multiplication of the first factor.
Although we will not use it here, a key structure in analyzing the geometry of
Z; (and hence G/B) is the opposite big cell

BN — A
(t1,...,tn) —  (exp(tiFiy), ... ,exp(tnFiy)),

where t — exp(tF;) is the exponential map onto the one-parameter unipotent sub-
group corresponding to the negative simple root c;. The image of kY is a dense
open cell in Z;.
We may embed Z; in a product of flag varieties by the iterated multiplication
map:
e Z; — (G/B)N+1
(pla"'va) = (637]913727117237"' 7p1pNB)

The embedding is compatible with the B-action on Z; and the diagonal B-action
on (G/B)N*1. The image of this embedding is a dual version of Z;, a fiber product:

‘LL(Zl) =eB XG/Pil G/B XG/Pi,Q cee XG/Pa‘,N G/B C (G/B)NJrl.
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N+1

By composing p with various projections of (G/B) , we obtain maps from Z;.

For example, the canonical map to the flag variety is
Z; — G/B
(p17"'7pN) = plPQPNB
which is a birational morphism exactly when i is a reduced decomposition of the
longest element of W. For general i the image is the Schubert variety X (s;; - - iy )-
Let Gr(i) = G/P;, x --- x G/P;,, where P; is the maxzimal parabolic subgroup
associated to all the simple reflections except s;. If we compose p with the projection
of (G/B)N*1 to Gr(i), the result is still an embedding of Z;:

i Z; — Gr(i)
(p1,---spN) (P113i1,]91p213i2,"' ;pl"'pNﬁiN)-
That is, Z; & u(Z;) = a(Z;). This gives an embedding of Z; in a conveniently small
variety. R R
Finally, if we project Gr(i) to any product of G/P; with some of the G/P;;

factors missing, the image of ji(Z;) is no longer isomorphic to Z;: we call this image
a configuration variety.

Line bundles on Z; are indexed by sequences of integers m = (my,... ,my). Define
the line bundle

Lin = (P'Ll X X PiN) X BN (k*mlwil ®"'®k*meiN)

associated to the character e ™1™t @ .. -@e ™V%ixn : BN — kX where w; denotes
the i-th fundamental weight of G. We can also define Ly, in terms of the embedding

fi. Let O(1) = G xPi k_,. denote the unique minimal ample line bundle on G/P;.
Then Ly, is the pullback via ji of the bundle O(m) = O(1)®™ @ ... @ O(1)®"~
over Gr(i).

Our substitutes for Weyl modules and Demazure modules will be the spaces of
global sections

V(i,m)" =T(Zi, Lm)-

For appropriately chosen i and m, the B-representations V (i, m)* are isomorphic
to the dual Weyl modules V(A)* and the Demazure modules V(A)% considered

T

previously. The vanishing theorem of Mathieu [41] and Kumar [20] implies:
Theorem 11.1.1. (i) The restriction map I'(Gr(i), O(m)) — I'(Zi, L) is surjec-
tive.
(ii) The character of T'(Zi, Lm)* is given by the Demazure formula:
CharT(Zi, Lm)" = Ay (€™ T Ay, (™22 (L (A €™VFiv ) L),

It should be possible to prove this theorem by the same methods used above
in the case of Schubert varieties. ;jFrom the theorem, we see that V(i,m)* is a
quotient of the tensor product

Vimiw;, )" ®- - @ V(imywiy)" =T(Gr(i), O(m)).

Example. Let G = SL(n). Then G/P; = Gr(i, k), the Grassmannian of i-planes
in linear n-space. Let E; € Gr(i, k™) be the span of the first ¢ standard coordinate
vectors in k™. Then we may identify i(Z;) C Gr(i) = Gr(iy, k™) x -+ x Gr(i1, k™)
as the variety of N-tuples of subspaces (V1,...,Vy) € Gr(i) with dimV; = i;, and
subject to the following inclusions: if i, = 74+ 1, and ¢, # iy, 74 for every r between
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p and g, then V, C V,; and if iy # i, — 1 for ¢ < p, then E; 1 C V}; and if
iqg # 1p + 1 for ¢ <p, then V, C Ej 1.
Letting G = SL(4) and i = (1,3,2,1,2), we have that (V4,...,V5) € (%)
precisely if:
E1—>E2—>E3
SN N
0—W —>V3—>V2—>k4

N S S
Vi—Vs

where the arrows indicate codimension one inclusions of subspaces. Furthermore
we have the opposite big open cell k° C Z; given by the coordinates:

(t17t27t37t47t5) € k5 g (Vlv"' 7‘/5) =

1 1 0 0 1 0 1 1 0
t1 ty 1 0 t1 1 t1+1t4 t1+1ty 1
o 1"l o o 1 [l o ts [ tsta || tsta o tstts |
0 0 0 ¢t 0 tots taotsty totsty to (t3 +t5)
where the spaces V1, V3, ... are spanned by the column vectors of the matrices. Let-

ting m = (0,0, 1,0,2), the space V(i,m)* = I'(Z;, Lm) is spanned by restrictions
of sections in T'(Gr(i), O(m)). These latter sections are products of Pliicker coor-
dinates, minors in the homogeneous coordinates on the Gr(i;). A typical section
is

¢(V1; R ,V5) = detab(%)detcd(%)detef(%)

where det,, indicates the 2 x 2 minor in rows p, ¢ of the matrix of basis vectors of a
two-dimensional subspace of k?. Restricting these sections on Gr(i) to the big cell
in Zj, we obtain polynomials in ¢;:

1 0 1 0 1 0
. tq t1+ty 1 t1+14 1
po=detar | ooy | detea | oy ppy [ | b gt

0 tots totsty to (t3 +t5) totsty to (t3 +t5)

This gives a total of 63 = 216 spanning vectors for V (i, m)*, of which 54 are linearly
independent over k, as we may check by the Demazure character formula. In the
following section, we will show how to extract a standard basis of V (i, m)* from the
spanning set.

11.2. Path model and indexing system for bases. To find bases for our B-
representations V(i,m)* = I'(Z;, L), we formulate an analog of the path model
for a highly non-standard “root system” associated to Z;. We define this pseudo
root system in terms of the usual root system of the group G. To avoid confusion,
we use the usual notation «, f,, etc., for objects of the usual root system, and write
their pseudo counterparts with a tilde: &, fd, etc.
Fori= (i1,... ,in), define the pseudo Cartan matrix A(i) = (@) of size N x N
by
djk = <Oéij,Oé;/k>,
which is a Cartan integer for the usual root system of G. However, we have G, = 2
whenever i; = 15, which violates a basic condition of generalized Cartan matrices.
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Nevertheless we can define many of the usual notions as in [17]. We have the pseudo
weight lattice and its dual,
X =7ZN =(é,... ,én) XV = (ZN) = (e5,...,eN),

as well as the real version Xg = X ®z R. The pseudo simple roots and coroots are

N
aj=> apéy € X af=é € XV
k=1
Note that &; = &, if i; = ix, but &y, ... ,a) are linearly independent. Then we

clearly have

<6‘j7d>c/> = <ai]‘aaivk> = djk'

A pseudo simple reflection is
§j : X]R — X]R
NV
T = = (T,&))q;

and these generate a pseudo Weyl group W. Also define certain analogs of funda-

mental weights
S]‘ = Z € € X,

k<j

=i
which form a basis of X, but not the dual basis of {a)}. We consider the linear

map proj : X — X defined by proj(gj) = wj,, where w; is the 7th fundamental
weight of the ordinary root system. Then we have proj(a;) = «;, but in general

proj(5;X) # s, proj(h).

Example. For our running example G = SL(4), i = (1,3,2,1,2), we have the
ordinary and pseudo Cartan matrices,

2 -1 0 R o 2 -1 0 -
A= -1 2 -1 and A(i) = -1 -1 2 -1 2 |;
0 -1 2 2 0 -1 2 4

the pseudo simple coroots and roots

~V _ 5 ~V __ =%
Qp =€, - Q5 =Cx
Q1 = Gy = 261 — €3 — 2€4 — €5, Qo = 269 — €3 — €5,
Q3 = Q5 = —€1 — €9 + 263 — €4 + 2€5;

and the analogs of fundamental weights
0 =61, 0y=4@y, O3=2&3 O4=¢1+64, O5=2es+eés

Now consider rational piecewise linear paths 7 : [0,1] — Xg. For any pseudo simple
root &, we may define the analogs f&, €g of the lowering and raising operators
exactly as for the ordinary root system, but using the pseudo roots and coroots,
etc. These operators have the same properties as those for the usual root system.
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Let II* be the set of all dominant paths, those 7 with ((t), &) > 0 for all ¢

and j. For 7 € 1:I+, let B(7); be the set of paths generated from 7 by applying the
lowering operators to 7 in the fixed order given by i:

B(#@) = {f" - faN7 | n1,... ,ny > 0},

where f~] is the lowering operator associated to &;. The character of a set B of paths
is again the formal sum of the endpoints of the paths, projected to the ordinary
weight lattice X: Char B = ). _peProi®(l),

Theorem 11.2.1. Let 7 € I be a dominant path with 7(1) = § == m16; + - - - +
mnOn. Then the character CharB(7); is equal to the character of V (i, m), the dual
B-representation to V (i, m)*.

We may define L-S paths for (i,m) as the set LS(i,m) = B(7j);, where 75 :
t +— 0 is the straight-line path from 0 to § in Xg. The extremal paths of LS(i,m)
are by definition the straight-line paths, which are all of the form 75 for some
w € W. Any path in LS(i,m) is a sequence of straight-line steps in extremal
path directions, and so may be described like a usual L-S path by a sequence 7 of
extremal weights 7; = zf)jg and a sequence g of increasing rational numbers between
0 and 1 encoding the lengths of the steps.

The L-S paths for (i,m) are closely related to the following geometric partially
ordered set. A Bott-Samelson subvariety Y of Z; is a product P, X --- X B x --- X
P;\ /B", where we have replaced some of the factors P;; with B. Now consider
j:m;>0 G/P’L
Then consider the set of all images {nia(Y) | Y C Z; a Bott-Samelson subvariety },
and order these varieties by inclusion. The resulting poset bears a relationship to
LS(i,m) similar to that of the usual Bruhat order to usual L-S paths.

Now we consider a set of paths which will allow us to construct a basis in the
framework of the previous section. Let fi = f(i,m) € It be the piecewise-linear
path defined as a concatenation of N straight line paths

the projection n : Gr(i) — [] where we drop all factors with m; = 0.
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U= ﬁ'mlsl PR *ﬁ—mNsN.
so that 7(1) = §. Define the set of pseudo standard tableaux as the paths ST(i,m) =
B(7);. Now, for each path 7 in Xg, consider its projection proja(t) to Xg, and
define the set of standard tableauz as ST(i,m) = proj ST(i,m), the projection of
the pseudo standard tableaux. There is an obvious inclusion

ST(i,m) = B(#); C B(m1d1); * - - * B(mnon)i
which projects to the inclusion
ST(i,m) C B(wm,i,) * -+ * B(mnwiy)-

We may also construct the standard tableaux ST'(i,m) using only the usual
lowering operators f; in Xg and another path version of Demazure’s character
formula:

ST, m) = {7 (Tony s, #F72 (Fomom, %2« (ST (Tongemsy, ) -+ ) | 1oy > 0.

Finally, we can characterize the paths in ST'(i,m) by certain standardness condi-
tions (the factors must decrease in an appropriate analog of the Bruhat order). See
[26], [27].
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Now we construct our basis for V(i,m)*. Recall the path basis B(A\) = {p, | 7 €
B(A)} for each G-representation V' (A\)* with lowest weight —\ € X. Now, for each
standard tableau

v=mx---xmy € ST(i,m) C B(myw;,) *---* B(mnw;y)
we may define
Py =Dy Py EVimiwi, )" @ @ V(imywiy)*.
Let B(i,m) = {p, € ST(i,m)}.

Theorem 11.2.2. The set B(i,m) restricts to a basis of V (i, m)*.

Example. Again taking G = GL(4), i = 13212, m = (0,0,1,0,2), let us denote
an extremal weight w(w;) by a subset of i elements in {1, 2, 3,4}, and use the same
symbol to denote the straight-line path 7, (x,) in Xg. Thus a path in ST'(i, m) is
of the form abxcdxef, where 1 < a,b,c,d,e, f <4anda < b, c < d, e < f; but not
all such paths are standard tableaux. A typical standard tableau is m = 24 %23 %13,
which is generated by our Demazure formula as

T = F (2 7 g0 (12412))
— A2 F02512) = fifs 2025 1 f2(1212)).

By taking all 54 such tableaux one obtains the standard basis as indicated in the
example of the previous section.
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