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Schubert varieties have been exhaustively studied with a plethora of techniques:
Coxeter groups, explicit desingularization, Frobenius splitting, etc. Many au-
thors have applied these techniques to various other varieties, usually defined
by determinantal equations. It has turned out that most of these apparently
different varieties are actually Schubert varieties in disguise, so that one may
use a single unified theory to understand many large families of spaces.

The most powerful result in this direction was given by Lusztig [9], [10,
§11], as a footnote to his work on canonical bases. He showed that the variety
of nilpotent representations of a cyclic quiver (including nilpotent conjugacy
classes of matrices) is isomorphic to an open subset of a Schubert variety for
the loop group E*Zn In this paper, we attempt to describe the affine Schubert
varieties (§1) and Lusztig’s isomorphism (§2) in the simplest terms possible.

We then apply this isomorphism to an interesting example, the variety of
circular complexes, recovering many of the results of Mehta and Trivedi [12].
(The reader may skip to this application in §3 immediately after reading §1.)
Our technique is similar to that of Lakshmibai and Magyar [8]: it is as a chapter
in the “ubiquity of Schubert varieties.”

1 Affine flag variety and Weyl group

We begin by describing the loop group and its flag variety as a classical group.
For more details of the material of this section see Pressley-Segal [13], Kac-
Raina [4], Slodowy [16], Kazhdan-Lusztig [5], Kumar [6, Appendix C], Shi [15],
Bjorner-Brenti [2], and Eriksson-Eriksson [3].

1.1 Loop group and affine flag variety

Let k be an arbitrary field, and F := k((¢)), the field of formal Laurent series
f(t) =>,~ yait’ with a; € k; and A := k[[t]], the ring of formal Taylor series.
For such f(t)#0, we let ord(f) be the smallest integer N for which ay # 0.

Fix a positive integer n, and define G = G:Ln(k) := GL,(F), the group
of invertible n x n matrices with coefficients in F. We call this the loop group
because for k = C we may think of G as a completion of the group of polynomial
maps from the circle S* € C* to GL,,(C).

Let G; :== {g € G | orddetg = j}, so that G;Gy = G,tk, and for any
o € Gy, we have G; = 0/Gy = Goo’, and G = ]_[]EZ G;. This should be
thought of as the decomposition of G into connected components. (For k = C,



and ¢ a polynomial map, the number orddet g is the winding number of the
loop detg : S' — C*, and the G; are the connected components of G in the
appropriate compact-open topology.)

Let V := F™, a vector space over F' with a natural action of G. Let eq,... ,e,
denote the standard F-basis of V, and for ¢ € Z, define e;;n. := t%;. (Thus,
{ei}iez is a k-basis of V, in the sense appropriate to a topological vector space
with the t-adic topology.)

An A-lattice A C V is the A-submodule A = Avy & --- & Av,, where
{v1,...,vp} is an F-basis of V. We may write A = Span, (v;);>1, the space
of infinite k-linear combinations of the vectors v;yn. := t°v;. Consider the
family of standard A-lattices:

E; :=Span,(ej, €jt1,.--€j4n—1) = Span,(€;)i>;.

Note that E; = oI By, where we use the shift operator o(e;) == e;y1, or as a
matrix:
00---0¢
10---00
o= 0100 e
00--10

The affine Grassmannian Gr(V') is the space of all A-lattices of V. Clearly
Gr(V) is a homogeneous space with respect to the obvious action of G, and the
stabilizer of the standard lattice E; is Py := GL,(A), the subgroup of matrices
with coefficients in A and with determinant having ord = 0. Thus Gr(V) =
G/ Py, and the connected components of the Grassmannian are Gr; (V) := G -
E; =G, - E1 = G;/Py. In fact, Gr;(V) := {A | vdim(A) = j}, where we define
the virtual dimension

vdim(A) := dimg(A/A N Ey) — dimg(Eq /E1 N A).

—~~

The complete affine flag variety F1(V') is the space of all flags of lattices As =
(A1 D --- D A,) such that A,, D tA; and dimy(A; /A1) = 1. There always ex-
ists an F-basis {v1,... ,v,} of V such that A; = Span 4 (v;,... ,vn,tv1,... ,tvj1)
= Spany (v;);>, where ¢ runs over all integers not less than j, and v, . := tv;.
The standard flag is Ee := (E1 D -+ D E,,), whose stabilizer B is the subgroup
of matrices b € P, which are lower-triangular modulo ¢:

B = {b = (b”) S GLn(A) | ord(bij)>0 VZ<]}

Thus, FI(V) &2 G/B, with connected components F1;(V) := G;-E, = G;/B =
{As | vdim(A;) = j}. Furthermore, the projection FI(V) — Gr(V), Ae — A; is
a bundle whose fiber is the space of complete flags in the n-dimensional k-vector
space Aq/tA;.

1.2 Affine Weyl group

We first discuss W, the Weyl group of the disconnected group G; and then W,
the Weyl group of the connected component Gj.



Let S be the group of bijections 7 : Z — Z, and let o : i +— i+1 be the shift
bijection. Let W C S, be the subgroup of bijections which commute with the
nth power of o: that is, W := {7 € So | 77 = 77}, where 7 := 0" : i — i+n.

For ¢ = (¢1,... ,¢,) € Z™, define an element of W, T¢ 10— 1+NClimod n)-
This gives an embedding of the additive group Z" C w. Furthermore, we have
the embedding S, C W with 7(i + nc) := 7(i) + nc for ¥ € S,,. Then we may
write any element 7 € W as ™ = #7° for unique T € S, ¢ € Z", and we have
T1TC TaT®? = Ty a7 2 (G1)Fe2 That is, W = SpixZ™, a semi-direct product.
The normal subgroup Z" is the kernel of the homomorphism W — §,, which
takes each 7w : Z — Z to a permutation of cosets 7@ : Z/nZ — Z/nZ.

Thus, an element 7 € W is equivalent to a sequence of integers [x(1),. .. , m(n)]
such that i — 7 (i) defines a permutation of Z/nZ. For example, in this one-line
notation o = [2,3,--- ,n+1] and 7¢ = [1 + nec1, 2 + nea, ... ,n+ ney).

We obtain another useful notation by embedding W C G. If we let 7 =
77¢ € W act F-linearly on V' by m(e;) := e(;), the corresponding matrix is the
affine permutation matriz (a;;) with az(;); = t*. For example, o becomes the
matrix in G of the previous section, 7¢ = diag(t®, - -- , ), and 7 = 7LD =
diag(t,--- ,t),

Using this embedding, we may show that W Ng(T)/T, where T is the
subgroup of diagonal matrices with entries in A.

Considering the embedding W C G, we define

n

Zw(i)—i—j}, W = W.

i=1

Wj Z_WHGJ‘_{W€W

Thus W is a normal subgroup of W, and we have W = S, xZ{}, where Z :=
Z"NW ={c| > ¢ = 0} Thatis, W = §n, the affine Weyl group of
extended Dynkin type jn_l.

Define the simple reflections sg, ... , s, in W by s;(i) =i+1, s;(i+1) =4,
and s;(j) = j for j #Z i, i+1 mod n. We shall sometimes denote s,, := sg. Then
50,--- ,Sn—1 are involutions generating W and satisfying the Coxeter relations
(8i8i11)% = id for 0 < i < n—1, and (s;s;)? = id otherwise. We have a semi-
direct product W = (o) xW. Here o acts on W via the outer automorphism:
(TSiJ*l = SiH1-

The Bruhat length £(7) is defined as usual for 7 € W, as the smallest number

of simple reflections whose product is 7; and we extend this to w by letting
{(o97) := €(r). We have J. Shi’s formula [15]:

L) = Z ’ﬂoor(w),

1<i<j<n
where floor(z) denotes the greatest integer not exceeding x. Lusztig showed:

%)= (n—1)c1 + (n—3)ca+ -+ (—n+3)cp—1 + (—n+1)c,,



namely, the dot product of ¢ with

2p" == (n—1,n-3,...,—n+3,—n+1) = Z e; — €j.
1<i<j<n

1.3 Wiring diagrams

The structure of the Weyl group is further elucidated by the loop wiring diagrams
(cf. Berenstein-Fomin-Zelevinsky [1]). Consider a cylinder [0,1] x S*. On the
right end, label each point (1, 627“/?“/”) with the integer ¢, and similarly on the
left end. Now, represent a permutation m = 77¢ € W by n curves, each joining
a point 7 on the right to the point 7(¢) on the left, but looping counter-clockwise
around the cylinder ¢; times.

Example. For n = 3, the permutation 7 = [-2,2,6] € W, with 7 = id € S3
and ¢ = (—1,0,1) € Z}, is represented by the picture:

/®

Here we represent our cylinder by identifying the top and bottom borders of the
picture, so that each point 7 on the right is connected to the same i on the left
(since ™ = id). However, since ¢ = (—1,0,1), the curve starting from 1 travels
once clockwise around the cylinder, the curve from 2 travels straight across, and
the curve from 3 travels once counter-clockwise.

We may read off much combinatorial data from this picture. Since the
curves have a total of 4 crossings, we conclude that ¢(w) = 4. By listing these
crossings, as well as crossings over the top and bottom margins, we obtain
a reduced decomposition: ™ = sps1520520 L. That is, the leftmost crossing
switches the top two curves, giving a factor so; the second switches the bottom
two curves, s1; again so; then the bottom curve crosses to the top, o; again so;
and finally the top curve crosses to the bottom, o~'. Using s;0 = 0s,, we
have m = s9815250.

1.4 Schubert varieties

By Gaussian elimination, we obtain the Bruhat decomposition of G into double
B-cosets: G = [[ .y BrB, where we consider each 7 as an affine permutation



matrix. Hence we also have a Bruhat decomposition of the affine flag variety

FI(V) =], X5 into Schubert cells X3 := B-mE,, where mE, is a translation
of the standard flag E, = (E1 D --- D E,). In particular, F1;(V') is the union of
all X7 with m € W;. The Schubert cells can be defined by dimension constraints

called Schubert conditions. For m € W;, we have:
X7Or = {A. S FI(V) ‘ dlmk(Ej/Aszj) = #(ZZj\WZZi) }
{A. € FIJ(V) | dlmk(Al/AlﬁEj) = #('/TZZZ'\ZZJ') }

where Z>; denotes the integers not less than i; we define 7Z>; := {n (i), 7(i+
1),...}; and \ denotes set complement. Indeed, the set on the right of the
equation is clearly B-invariant, and 7’ F, lies in this set if and only if 7’ = 7.

The Schubert variety, meaning the topological closure X, := X2, is obtained
by replacing = in the above Schubert conditions with <. We say 7 < 7’ in the
Chevalley-Bruhat order if X; C X,/, and we can express this combinatorially
as: m <7 Mt #nZ>\Z>; < #7'L>i\ZL>; for all1 <i<n,jeLZ.

We explain below how X, has the structure of a projective algebraic vari-
ety. With this structure, the varieties X, include as special cases the familiar
Schubert varieties for GL, (k). In fact, for m = 7 € S,, C W and A, € X,
we have 7(Z>1) = Z>1 and 7(Z>n1) = Z>pp. Hence A;/AiNE; = 0 and
Ay C Eq. Alson = dimk(Al/AlﬁEn+1) < dimk(El/En_H) =n,so Ay = FE; and
A; DtAy = Epqq for 1 < i < n. Letting k™ = F1/E,q and V; := A;/Enp, we
thus find that A, € X is in natural correspondence with the complete flag

K"=Vi>V,>---2DV, D0,

and the affine Schubert conditions on A, are equivalent to the usual Schubert
conditions -
dimy (V; N E;) > #(x[i,n] N [j,n])

relative to the standard flag E; := E;/Epy. For example, Xiq = {F,}, a single
point. .

For a general m € W, we can find a,b so that Z>, D 7Z>; D Zxy for
1 <i < n. Then any A, € X, satisties £, D A; D Ej, and we may embed
X, inside a partial flag variety of the finite-dimensional k-vector space E,/FE}.
The flags in the image of this embedding must satisfy certain ordinary Schubert
conditions, but they must also be stable under the nilpotent map induced on
E,/E, by t € A. This makes X, into an algebraic variety over k (in fact, even
defined over the integers).

We can imitate all the standard geometric constructions for Schubert vari-
eties of GL,, (k). For example, we can show dimy X, = ¢(7); we can explicitly
construct Bott-Samelson resolutions of X, as configuration varieties; and we
can use the usual Frobenius-splitting arguments to show that the variety X is
normal, Cohen-Macaulay, etc.

Example. Consider as above n = 3, 7 = [-2,2,6]. Take a = —2, b = 4, and



write:
3 1 1 1
Xﬂ:{(E,QDAlDAQDA;gDEzl)‘tAlCAg,AQCEl },

where U % V means U D V and dimg(U/V) = d. All the Schubert conditions
for X, follow from the conditions specified on the right side of the equation.

Let kb = E_5/E4 with basis {€é_o,¢é_1, 0,1, e2,€3}, and take t : k6 — kb,
€; — é43 mod Fy, so that £2 = 0. Then we have the isomorphism

3 1 1 1 _ _
X, 2{(kKDViD>V,D>V320) | {(V1) C Vs, Vo C Ey },

a subvariety of a partial flag variety of GLg(k) defined by Schubert conditions
and the algebraic incidence condition (V1) C V3.

Further, we can construct a Bott-Samelson variety corresponding to the
reduced word m = $951825¢:

E2<—E3
(A Az Ag ) | o N
Za120 = B A, —tE,
€ Gr(V)? 3 ’
NS S
A1<—A2<—A3<—t/\1

where each arrow U « V indicates the condition U 5 V. We may build up
this variety by starting with a single point (the standard flag) and successively
adding the spaces A%, A2, Az, A1, corresponding to the reflections sq, 51, s2, So.
Clearly Za199 is an iterated P*-fibration (thus smooth), and it maps birationally
to X, by dropping A%. (In this case, X happens to be smooth itself.) Note
that the pattern of inclusions defining Zs19¢9 is the dual graph of the wiring
diagram (turned sideways).

1.5 Partial flag variety and opposite cell

A subset I C [0, n—1] corresponds to a parabolic subgroup G O Pr D B with Weyl
group Wy := (s;);e; C W. For I 3 0, the partial flag variety corresponding to

the complement I := [0,n—1]\ T is:

A a latti A tA
G/PA%{(Alj...DAh) j & lattice, “An 2 LA, }

dim(A;\Aj) = i — 4

We shall find it convenient to index parabolics by compositions of n: that
is, sequences of positive integers d = (dy,... ,dp) with dy +---+d = n. Given
I={0=1% <--- <ip}, let ipps :=n, and define a composition by d; := i1 —i;
(so that ¢; = dy + -+ + dj—1). Then we may rewrite the above more concisely

as:
dh,—l d h

GIPp= FId: V) = {(A 55 A B A}



Denoting Wy := Wf and E(j) = E1+ij7 E(.) = (E(l) DD E(h))7 we have:

Fi(d;V)= [ BrEw .
TWaeW /Wq

In particular, for I = {0}, d = (n), we have W/Wgq = W /S, = Z", and

Gr(V)=G/Py =[] Xx¢,

cezZ™
where Xg = B-7¢F, = {A | dlm(A/AﬁEj) = #(TCZZl\ZZ]‘)} .

Next, for any Schubert variety X, we define a certain affine open subset,
the opposite cell X! C X, (meaning the opposite to the cell X2 C X, though
X/ itself is generally not a topological cell). Let E; := Spany(e;)i<r be the
complementary space to Ej. Note that Ej, is not an A-lattice in V: rather, it is
a lattice over the ring A’ = k[t~!] C F. For 7 € W, define X’ C X, C Fly(V)
as the set of Ay € X, such that A; N E] = 0 for 1 < i < n. For example,
E, € X for any m € W.

[Note: The condition A; N E] = 0 is equivalent to A; & E] = V. Proof:
Recall that dimk(Ai/AiﬂEi) - dimk(Ei/EiﬂAi) =0, and let ¢ : Az/AzﬂEz C
E;@Ei/AiﬂEi — Ei/AiﬂEi. Thus AiﬁEg = Ker(¢) =0<= Im(d)) = Ez/AmEz

More generally, for 7 € Wy, = o*W, X, C F1(V), we let

X, = {AeeX:|MNEL, =0, 1<i<n}
{Aece X | A @ E, =V, 1<i<n}.

Thus o*E, € X.. We define X! C X, C Flg(d,V) similarly: e.g., for X’ C
X C Gr(V), we require AN Ej,; =0, s0 By € X/

Now we examine certain affine Grassmannian Schubert varieties which will
occur in the following section. Suppose ¢ = (c1,... ,¢,) satisfies 0 < ¢; < -+ <
cn <nand ¢y + -+ ¢y, =n. Let ¢ = H(T LA\ Z>1) = #{i | ¢; < j}, the
conjugate-complement partition of ¢. Then we have:

Xe={Ae€Gr(V)|E1 DADt"Ey, dim(A/ANYE) =¢}, 1< j<n}
Since the maximal parabolic P stabilizes ¢/ F, we have X = Fy-7°E;. Fur-

thermore, letting X' := X2 N X[, we obtain:

xe = {h e | AR =4 LS

EiDADt"E;,, ANt"E; =0

Since GL, (k) C P; is the joint stabilizer of #/E; and t/E}], we have X' =
GLn(k) -TCEl.



2 Lusztig’s isomorphism

In this and the following section, we consider how certain varieties of matrices
may be considered as opposite cells in affine Schubert varieties.

2.1 Nilpotent matrices

Let N' C Mpx,(k) be the set of nilpotent m x n complex matrices, on which
GL, (k) acts by conjugation. Lusztig [9] has given an equivariant algebraic
isomorphism between N and the opposite cell of a Schubert variety in Gr(V).

A matrix in GL, (k) has a natural A-linear action on V, and for N € N we
can define ¢y : V — V|

on(v) = 1:&:7_,1]\7(“)

= t" w4+ t"2N(v) +t" 3N (v) + -+ N*(v).
Lusztig’s isomorphism is given by the map

o: N —  Gr(V)
N — ¢N(E1)~

Note that ® is GL,(k)-equivariant: for g € GL,(k), we have ®(gNg~!) =
gon(g F) = gon(E1) = g®(N). We also have F; D ®(N) D t"E; for all
NeWN.

We may parametrize the GL,(k)-orbits in A/ by n-tuples of integers b =
(b1,...,by), wheren > by > --- > b, >0 and by + --- + b, = n. That is, the
orbit M, C N consists of those nilpotents whose largest Jordan block has size
b1, the next largest has size by, etc. The open orbit of principal nilpotents is
Nno.,... 0y, the closed orbit {0} = Ny, . 1).

Let ¢ = (n — by,...,n — b,). Applying elementary linear algebra to the
description of X2 in the previous section, we may easily show that:

where N}, denotes the closure. In particular,
BN) = X(g oy = (A€ Gr(V) [AD "B}

Example. Note that we can renormalize our map by a 7-shift: ®(Nyp) = X/ =

X!, (equivariant isomorphism) for_ any j € Z. Thus for the example of §3, §4,
we have: Xzfl,o,l) = X£1,2,3) = O(N(2,1,0))-
Let us write our map in coordinates. We represent v = Zf; ae; € By

(where a; € k) by the semi-infinite column vector with entries a;; and A =



Span 4(v1, ... ,v,) € Gr(V) by the semi-infinite matrix [vy,---,v,]. Then we
may write

P

N2

N
I
0

where I is the identity matrix. From this we see how the Plucker coordinates
(the n x n minors of this matrix) restrict to polynomial functions on A/. In
particular, since the vanishing ideal of the Schubert subvarieties X. C Gr(V) is
generated by the vanishing of certain Plucker coordinates, we obtain generators
for the ideal of N, C V. (Cf. Weyman [17]).

2.2 Cyclic quivers

Lusztig [10] has generalized the above isomorphism (and simultaneously another
isomorphism of Zelevinsky [18], [8]). The generalization involves a positive
integer parameter h, with the case h = 1 reducing to our discussion of nilpotent
matrices. R

The cyclic quiver Ay is the oriented graph:

@ @ e e e —f

N J

For a fixed h-tuple of positive integers d = (dq,---,dp), we define the d-
dimensional representations of this quiver to be the affine space

Maenyxay (k) X Mgyxay(k) X -+ X Mgp1yxdn) (k).

(For legibility, we have written d(j) instead of d;.) That is, a representation
(My,...,Mp) is a way of replacing each arrow ¢ — i—1 by a linear map M; :
k¥ — k2D where we take dy := dj. (For all j,k, we write d;ny := d;.)
We have a natural action of the group GLq (k) := GLg(1)(k) x --- x GLg,) (k)
on the space of representations:

(917 cee 7gh) : (Mla e 7Mh) = (ghMlgl_lvglMQ.gQ_la e 7ghfthg}:1)'

Our main concern is a certain GLq(k)-stable subvariety M of the represen-
tations, the space of nilpotent representations). We define:

M=M= {(M,... ,My) | MiMs--- My, € Mypnyxany(k) is nilpotent}.

The condition is equivalent to M Mjo - - My My --- M; € Mg(j)xa(;) (k) being
nilpotent for any j. In general M is a connected but reducible variety. I believe
it has at most h components, all of equal dimension.



Examples. (i) Ford = (1,1, 1), we have M = {(m1, ma, m3) € kK* | mimams =
0}, the union of the three coordinate planes. Similarly for d = (1™).
(ii) For d = (2,1,1), we have M = {([m1,m}],[mz2,m5]T,m3) | (mams +
mjmb)ms = 0}, with two irreducible components of dimension four.

We define an isomorphism from M to a union of opposite cells of Schubert va-
rieties in F1(d, V). Here we take n :=dj + -+ + dp, so that d is a composition
of n, and we consider V =V, @& --- @ V,,, where V; = FdG),

First, we embed

Manyxacy(k) X -+ X Myn1yxamn)(k) — G = GLy(F),

0 MaO--- 0

) 0 0 M- 0
MZ(Ml,...,Mh)P—>MZ= :

0 0 0---M,

M0 0--- 0

That is, M:Ml—f—---—l—Mh, Where]\Zi:V—ﬂ/7
M;(v) := M (v) forv eV :
0 forv e Vi, k # j.
We adopt the notations Mj_mk = Mj, and:

~j[-k] = Mj,kJrl . ~M];1Mj .

k factors

Note that Mij = 0 unless k = j+1, and for M € M, we have Mj[hd(j)] =
(Mj[h])d(j) =0, so that M™ = 0. Now we can define 9y, : V — V,
t’nfl
v) = — (v
Y (v) 1 —M( )
= " (w1 + NMi(vr) + MMy (1) + - - + M (wy)
+ v2 + MQ(UQ) + MlMQ('UQ) +---+ Mg[nhfhﬂ] (v2)
+
+ vp + Mh(vh) + Mh_th(vh) + -+ M}[thil](’uh) ) ,
where v = vy +--- + v, with v; € V.
Recall Eq) = (Eqy D --- D E)), the standard flag in Fl(d, V'), where

Ey = Erpa(1)++d(j-1) and EW @ Ezj) = V. Then Lusztig’s isomorphism is
given by the map:

v: M — Fl(d,V)
M = Yu(Ee)
where
Vu(E@) = (Yu(Eq) D D vm(Emy)) -

10



We give three coordinate descriptions of W. First, consider the decompo-
sition, B, = k¥ @ ... @ k%" @ k") @ ... so that we can write V 3
v =u;+ -+ up+ tupp + -+ with u; € k(@) modn  Then we may write
U(M)=(A1D---DAp) with

Aj ={ur+- - tup+tupp+--- | uig = Mi(u;) Vi <nh—h+j}.

Second, we write a partial flag (A1 D--- D Aj) by a semi-infinite matrix of
n column-vectors [vy,- -+ ,v,] which are compatible with all the lattices in the
flag: that is, Aj = Spany (vi)i>14+d(1)+-.+d(—1)- We will write [v1,---,v,] as a
block matrix with blocks of sizes dy, - - ,dp. Let I; be an identity matrix of size
dj, and denote M pny = Mj, Mj[k] = Mj g1 -+~ Mj1M;. Then:

r Ml[nh—h] M2["h_h+1], . M}[th_l]_

My MMy - MM

I My - M}Lh—l]
V(M) = 0 I, . M}[thz]
0 0 Iy

Third, taking bases adapted to each lattice A; (i.e. performing column
reduction on the above matrix), we obtain:

(Mg 0] [ g T
MyM; 0--- 0 MyMM5 0 --- 0

My 0---0 MMy 0---0

I 0---0 M, 0---0

A = 0 Iy--- 0], Ay = I 0---01, ete.

: : : 0 Is--- 0

0 0---1p : : :

0 0---0 0 0--- I

: : 0 0---0

From all these descriptions, we see that ¥ is GL4(k)-equivariant (provided
we diagonally embed GLq4(k) C GL,(k)). Also E1 D ¥y (Eq) D --- D
VY (Egy) D t"Ey for all M € M.

11



2.3 Image of Lusztig’s isomorphism

The map ¥ embeds M in F1(d, V). We give several descriptions of the image.
From the last coordinate description of ¥, we may easily show:
d(1) d2)  d(h-1) d(h)
Aq D) Ao D -+ D An D tAq
a1y U a2y U amy U

T(M) = As €FI(d,V) "B D t"Eg) D -0 D "Eqy =t""En)

ANt Ly 5/

_ n—1 _
(2) = ° =ApNt E/(h+1)*0

This suggests how to describe the image as a union of opposite cells of
Schubert varieties: W(M) = U.X] for certain 7 € W/Wq. Let Zg :=
Zi>14d(1)+-+d(j—1), and consider the sets 7Z;y, 1 < j < h, which determine
7 modulo Wy. These sets should contain numbers as small as possible subject
to the conditions:

d(1) d(2)  d(h-1) d(h)
7TZ(1) D 7TZ(2) D D WZ(h) D) T7TZ(1)
a1y U a2y U damy U )
T’HZ(Q) D T’HZ(?)) D D TnZ(l)

where A % B means A D B and #(A\B) = d. There should be at most h
such permutations m which are Bruhat-maximal. One can construct them by
first maximizing a particular 7Z;), then constructing the rest of the sets, which
might not always be possible.

Example. For d = (1,1,1) n = 3, we have Z;y) = Z>j, and the three
irreducible components are = [5,9,10] = [2,3,1]7(123); 1y = [8,6,10] =
[2,3,1]73Y); 73 = [9,8, 7] [ 3, ]7(2’2’2). Each 7; is obtained by filling

7Z;y with numbers as small as possible subject to 7Z; dg) t”__lE(}H), then
constructing the rest of the 7Z,.

Specifically, to get m = 7r1, we start with 77>, D Z>g, yielding mZ>1 =
{5,8,9,10,...}. Next 7Z>4 D TL>2 D Z>g, yielding nZ>2 = {8,9,10,11,...}.
Similarly 7Z>3 = {8,10,11,12, ...}, and we conclude m = [5,9, 10].

The other components are obtained similarly. Note that since the d; are all
equal to a constant d = 1, the automorphism ¢? = o acts on ¥(M). In fact,
70 = on@ o1 = 02752

For a given d, the GLq4(k)-orbits of M are distinguished from each other by
certain collections of invariants, the rank numbers r = (r;?), where

r}“ := rank(M H s k) kG- k)) for 1<j<h, 1<k<(n—1)h.

(In fact, it suffices to consider k < h-min(dy, ... ,dy).) We also define 19 := d;
and ré? := 0 if not otherwise defined.
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For a given collection of rank numbers r := (7;1);x, we denote the corre-
sponding nilpotent quiver orbit by M* C M. Not every collection of rank
numbers is realized by an orbit: rather, the nonnegative integer entries in r
must obey the constraints:

ko ok ok kH k2
my =y =y =y > 0.
[Note: mé? is the multiplicity in (M, ... , M}) of the indecomposable quiver

summand [ j’“ defined as follows: letting ¢ := i mod h, we define vector spaces
Uy,...,U,by @lh:lUl := Spany (e;_;)o<i<k With e; € U;; and maps L;: U; — U
with L;(e;) := e;1 and Lj_j(e;_x) := 0. Thus for h = 1, the representation I}
reduces to a nilpotent Jordan block of size k+1.]

The image of a quiver orbit under ¥ can be described as:

(1) d(2)  d(h-1) d(h)
Ay ) Ao D - D Ay D tA
ay U a2y U damy U
n—1 n—1 n
\I/(./\/lr) —{A, € Fl(d, V) t E(Q) Dt E(g) D - Dt E(l)
MOE, = =ANE, =0

dim(A;/A;NEggy) = r"™ TR g

Here we take E(jpr) = t’“E(j). The image of the orbit closure M* is obtained
by replacing = by < in the Schubert conditions. From this, we may deduce
that U(M*) = X2/ and ¥(Mr) = X for a certain explicitly constructable

r=n" e W/Wa.

3 The Variety of circular complexes

3.1 Circular complexes and Lusztig’s isomorphism

We apply the previous constructions to a particularly simple, but interesting
case, intensively considered from a different point of view by Mehta and Trivedi
[12]. For positive integers a < b, we consider the variety of two-step circular
complezxes or loop-complexes:

L="Lap={(X,Y) € Myxa(k)x Maxp(k) | XY =0, YX = 0}.

Recall that any finite linear chain-complex can be “rolled up” into such a two-
step complex by letting k¢ (resp. k%) be the direct sum of all the odd-numbered
(resp. even-numbered) spaces in the linear complex. This gives a natural map
from the variety of chain-complexes to L. R
Now, L is a subvariety of the representations of the affine quiver A;; a
subvariety which is invariant under the natural action of the group GL, (k) :=
GL,(k) x GLy(k), namely (ga,gp) - (X,Y) := (ngg(jl,gang_l). We easily see

13



that £ is a finite union of GL, (k)-orbits. In fact, £ has exactly a+1 open
orbits L§, ... , LS, whose closures give the a+1 irreducible components of L:

Lo :={(X,Y) e L] rankX =¢, rankY =a — ¢}, Lo:=LS.

We define an isomorphism from £ to a union of opposite cells of Schubert
varieties in the partial affine flag variety Fl(a, b; V'), where V = F™ and n = a+b.
Our notation will emphasize the block decomposition V = F¢ @ F?, as well as:

E=k*oklotk*®otk’®--- .

In this case, Lusztig’s isomorphism is given by the map ¥ : L — G/P, &
Fl(a,b; V) as:

tl, tY
U(X,Y):= X 1, mod P,

where I,,, is an identity matrix of size m; or in terms of lattices, ¥(X,Y) =
(A1 D Ag), where E D A; and:

00 00 [0 07 [0 0
X0 X0 00 00
1,Y 1,0 Y O YO
A = |0 = |0 modP, Ay = b X| = (I, 0| modP.
00 00 01, 01,
Do 00 00

Here the column vectors of each matrix give an A-basis for A; C E, written
with respect to E = Spang(e;)i>1. The blocks have sizes a,b,a,b,.... The
map VU is GL, (k)-equivariant, provided we embed G L, (k) C GL,(k) C G as
block-diagonal matrices with constant coefficients.

We easily deduce:

E) D E3) _ -

o ANE(y, = ANE),) =0
\I/(L:C) =(¢A, € Fl(a,b; V) Sl Dbﬁz D tA dim(Al/AlﬁE(;g)) <c

E(4) S E(5) dlm(Ag/AgﬂE(4)) S a—c

Here

Eqy=E1, Egy=Ea+1, Egy=FEatv+1, Euy=Eaatbt1, Es)=Faato+1 -

From this, we may also realize L. as a subset of an ordinary flag variety
F1(b, a, b; k*+2%), the variety of partial flags

b a b
k25U, 50,00
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In fact, let k*t20 = E2)/E ), with k-basis {€ay1, ... €212}, Where & = ¢;
mod E5). Thus E(g) D E(4) is the standard flag in Fl(b, a, b;k**2%). We also
define the nilpotent linear operator ¢ : k™20 — k**2 by {(;) = &;y,, mod Ez) .
Then we have:
Ui D Eyy, Uy C Eg),
dim (U, ﬂE(g)) >a+b—c
U(L,.) =< U, € Fl(b,a,b; k*T2b) dim(UQOE(4)) >b—a+c
UiNE(3) = Uz2NE(, =0

Us D E(Ul)

Le

1%

This is precisely the opposite cell of a Schubert variety in Fl(b, a, b; k2%, but
with the additional algebraic incidence condition Us D #(Uy), which can be
written in terms of the Plucker coordinates of Uy, Us.

3.2 Affine permutations for circular complexes

We wish to identify the image of L. as the opposite cell of an affine Schubert
variety, —
for some 7 =m, € W, \W/W,.

First, we construct the sets mZ), 7Z2), which then determine 7 modulo W,.
These sets should contain numbers as small as possible subject to the conditions:

(L) = X!

T

Ly D L)
U

alJ
s : Zy\Zs)) =
Ty O Tha) D TTL(1) #(mZ)\ L)) = ¢
al by #(nZ2)\ L)) = a—c
Zgy O L)

To construct 7 according to these constraints, we will divide [1,n| into intervals
(blocks) of the form:
B g =i+, ],
———
(k)
where k£ = j—i+1 is the number of integers in the interval. We perform two
subdivisions as follows:

[1,...,n]:=]1,...,¢c,e+1,...,a,a+1,...,2a—c,
——
I (¢) II (a—c) IIT (a—c)
2a—c+1,...,a+b—c,a+b—c+1,...,a+b |

IV (b—a) V (c)

M,...,n]:=[1,...,a—c,a—c+1,... ;a,a+1,... ,a+c,

I (a—c) U (c) I (c)
a+c+1,...,b+¢,b+c+1,...,a+b ]
IV’ (b—a) V’ (a—c)

?
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where we have numbered the blocks with roman numerals. Now 7 takes the
first set of blocks to the second set, as well as shifting them by powers of 7:
m:=[a+l,...,a+c,a+2b+c+1,...,2a+2b,a+b+1,... ,2a+b—c,
V'’ (c) T(III') (a—c) 7(I1") (a—c)
2a+b+c+1,...,a+2b+c,3a+2b—c+1,...,3a+2b ]
7(IV") (b—a) 72(T") ()

Recall that 7 represents the double coset W,m W,,: in fact, 7 is maximal with
respect to the left action of W,, and minimal with respect to the right action.
This is the correct normalization so that £(m.) = dimy (L.).

To analyze the decomposition of 7 into simple reflections, we construct its
loop wiring diagram. As before, the strip below (with top and bottom edges
identified) represents a cylinder with n = a + b dots on either end. For each i
we write 7(i) = 7(i) + nj, and we draw a wire connecting the dot i on the right
to the dot 7 () on the left, but looping upwards (around the cylinder) j times.
We will group the wires into five cables corresponding to our blocks 1,... ,v (on
the right) and 1, ... , v’ (on the left), so that the cable starting at I represents ¢
non-crossing wires, etc. As a final simplification, instead of drawing the diagram
for 7, we instead draw the diagram for 7~ !7 (a harmless normalization, since 7
is in the center of W)

(a—c) v/ * N 7 oV (0
(b—a) v/ 7& o 1v (b—a)
(¢) m (a—c)

() 1 :>< ><: 1 (a—c)
(a—c) 1 . /—0 1 (¢

Whenever a cable with k wires crosses one with k' wires, we have a total of kk’
wire crossings. Thus the six cable-crossings of our picture give a wire-crossing
total of:

() =(a—c)?+c+(a—c)(b—a)+2cla—c)+c(b—a)=ab,

which we may confirm by checking directly that dim(L.) = ab.
Now we may write a reduced decomposition for 7 as follows. For integers
1, k, define the affine permutation sl¥]

i

= 8;Si—2 - Si—ak+2, which has k mutually
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commuting factors. Recall our convention s;4,; := s;. For each cable crossing:
i+1,...,i+k i+1,...,i+]
(k) >< (4)
itk+1,... i+j+k i+ji+1,... itj+k
(4) (k)

we define the associated “totally commutative” permutation:

j, k 1 2 min(m,j,k min(j,k min(m/,j,k 2 1
M o UGB lminmi] | fminG R fmin 5] L )

Finally, we can write

o la—c,c] [b—a,c] [a—c,c] [a—c,b-a] [c,c] l[a—c,a—C]
T=TS5] Sa+1  Sbt1 a+1 Sbta—c+1Sct1 ’
where the six factors (other than 7) correspond to the cable crossings, listed left
to right.

3.3 Bott-Samelson resolution

We can use the above data to give a Bott-Samelson resolution of singularities
for L.. Although this is clearly far from a minimal resolution, it brings the
circular complexes into the framework of Frobenius splittings and other results
for Bott-Samelson varieties (cf. Mathieu [11], Kumar [7], Ramanathan [14], ...
). In particular, we have the following results proved by Mehta-Trivedi [12]

Theorem The variety of circular compleres L. and the closures of all its
GL,(k)-orbits are normal, Cohen-Macaulay, and have rational singularities.

The construction of the affine Bott-Samelson variety Z; corresponding to a re-
duced word i = (i1,...,%;) is exactly analogous to (and includes as a special
case) the construction for GL, (k). (Cf. §1.4.)

We illustrate with the simplest example in our case: ¢ =1, a = 2, b = 3,
n = 5 so that each of the blocks I,... , Vv has size 1, and our cable diagram in
the previous section is a simple wiring diagram. Then m = s15354835052, and
the Bott-Samelson variety is:

E4

7N
/
(AI’A2€’1§£(/‘\?)’5\5’A4) Ey—Ey—E3;— AN, — E;—tE

NN N S
A1<—A2<—A3<—A4<—A5<—t/\1

Here E; := Spany (e;):>;, and each arrow U <V indicates the conditions U D V,

dimy (U/V) = 1. We construct a point of Z; by starting with the standard flag
E, D E3 D ---, and successively choosing the spaces Ao, A}, As, A4, Ay,
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As, corresponding to the letters 1,3,4,3,0,2. Each such choice corresponds to a
fibration with fiber P!, hence Z; is smooth of dimension ¢(7) = 6. As we did
for X, we can embed Z; into a finite-dimensional flag variety for the k-vector
space t~1E3 /tEy, since t71E3 D A D tE;y for A= Ay,..., A5, A

We can define a regular, birational map of Z; onto X, by forgetting all the
spaces except (A1, As). This map is generically one-to-one because generically
all the spaces are determined by A, Ag: that is, Ao = A{\NE, As = tA1+tEq,
etc. To desingularize the opposite cell X/ = L., we consider the subset of Z;
where Ay, A3 are generic with respect to the opposite standard flag E}, EY.
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