Math 132 Area Between Curves Stewart §5.1

Region between two parabolas. We have seen that geometrically, the integral
ff f(x) dz computes the area between a curve y = f(z) and an interval z € [a, ]
on the z-axis (with area below the axis counted negatively). In Calculus II, we will
show the versatility of the integral to compute all kinds of areas, lengths, volumes:
almost any measure of size for a geometric object.

In this section, we compute more general areas: those between two given curves
y = f(x) and y = g(x), usually with no boundary on the z-axis.

EXAMPLE: Consider the region with top boundary y = f(z) = z2+2+1, bottom
boundary y = g(z) = 2221, left boundary the y-axis z = 0, right boundary x = 1:*

R = {(z,y) with g(e) <y < f(x) and o € [0,1]}.
= {(z,y) with22’-1 <y <a2’4+z+land 0 <z <1}
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Here y = g(z) = 222—1 is a standard parabola shifted downward, with minimum
point z = 0. The curve y = f(z) = x?+x+1 is roughly like its leading term y = 2,
a parabola opening upward; its minimum point satisfies (z?+z+1) = 2z+1 = 0,
ie = —%.

To compute the area of R, we use the same geometric-numerical strategy as
for the region under a single curve: split R into n thin vertical slices of width
Ax = %, each approximately a rectangle; then add up the rectangle areas and
take the limit as n becomes larger and larger. In the interval z € [0, 1], we take
sample points z1,...,x,, one in each Ax increment. The slice at position x; has
height equal to the ceiling minus the floor, f(x;) — g(x;), so:

area of slice ~ (height)x(width) = (f(z;) — g(z;)) A=,
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*We specify the region as the set of all points (z,y) which satisfy the given conditions.



and the total area is:

n
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= /0 (33 +$+1) - (2.’E —1) dr = [2$—{—§x —37 ] = 5.

EXAMPLE: Next, consider the region between the same curves y = f(x) = 22 +z+1
and y = g(z) = 222—1, but above the interval = € [1,3]. To picture the region
without a calculator, we determine the intersection points where the curves cross:

f(x) =g(x) <= 2*+tr+l=22"-1 <=

2__ —
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by the Quadratic Formula. Only x = 2 is relevant for our region above z € [1, 3].
At z = 1 we have g(1) < f(1), so to the left of z = 2, our region is defined by
g(z) <y < f(x). At & = 3, we have f(3) < g(3), so to the right of x = 2, it is
fz) <y < g(@):
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Repeating our previous area formula for the two parts of our region gives:
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Ay = Apg + Ay = / (f(z) - g(x)) da + /2 (9(z) — f(2)) da
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EXAMPLE: Finally, we consider the same curves y = f(z) = 2?4+x+1 and y =
g(z) = 222—1, but we take the entire finite region between them:

R' = {(z,y) with g(z) <y < f(2)}.
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Here the top boundary is y = 22 4+ 2 4 1 and the bottom boundary is y = 222 — 1,
but we have not specified an x interval. However, we have already computed the
intersection points x = —1 and = = 2, and the curves do not enclose any finite
regions beyond these points. Thus:

2
Aliy = / (@) =gl do = .

We can generalize the above examples in:
Theorem: The area of the region enclosed between f(z) and g(x) for

b
x € [a,b] ist A = / |f(z) — g(x)| dz.

The absolute value signs ensure we take the integral of top minus bottom, regard-
less of which is which. In practice, we must find the intersection points where
f(z) = g(z), which split the integral into intervals where g(x) < f(x) versus

f(z) < g(x).
Integrating with respect to y. Consider the region:
R = {(z,y) with y* <z <y+1}.

Here the boudary curves are naturally graphs in which y is the independent vari-
able: the right boundary is the line z = f(y) = y+1; and the left boundary is
x = g(y) = y?, a parabola opening to the right.



Understand: it is merely by habit that we consider y as a function of x. We can
make x a function of y instead if it is more convenient, and the same formulas
will work if we switch the roles of x and y. Thus, we find the intersection points:
y+1 = y? when y = LQ‘/E by the Quadratic Formula. The area as:

1+2\/3 y:1+2\/5
_ 2 _ 1,2 1.3 _ 5
A= ﬁ—f (y+1) = (¥*) dy [gy +y— 3y Ll—ﬁ s V5.
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Here ((y+1) — (y?)) dy represents the area of the horizontal slice of the region at
height y, with thickness dy.

To check this, we re-do it from our usual perspective, using = as the indepen-
dent variable. This makes it more complicated, since we must consider the region
as having three boundary graphs: upper boundary y = \/x, lower right boundary
y = x—1, and lower left boundary y = —/z. The intersection points are:
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e Between y = —\/z and y = 2—1: x = 3—2\/5

e Between y = /z and y = —y/z: =0 (left end)

e Between y =/rand y =2—1: x = upper right corner)

(lower middle corner)

These split the region into left and right parts:
iRd

The area is:
3—V5 34+V5
A= /0 (V) — (—/@) dz + /f (VE) - (a—1) dz,
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which after much algebra gives the same answer as before: %\/5



