Chapter 9

Weight and Distance
Enumeration

The weight and distance enumerators record the weight and distance informa-
tion for the code. In turn they can be analyzed to reveal properties of the code.
The most important result is MacWilliams’ Theorem, which we prove several
times. We also prove the related Delsarte Bound and Lloyd’s Theorem.

9.1 Basics

The basic definitions are:

DEFINITION. Let code C' C F™ (F a field) contain ¢; codewords of weight i,
for : = 1,...n. Then the weight enumerator is

We(z) = Z PAGICIE icizi € Z[7].
0

ceC =

The homogeneous weight enumerator is

n

Wol(w,y) = a"Woly/z) = Y ca™ 'y € Zfz,y).
=0

Actually these definitions make sense whenever the alphabet admits addition,
an example of interest being F' = Z;.

DEFINITION. The distance enumerator of the code A is given by
Wa(z) = |A]7" Y 2D e Q).
c,deA

This can be defined for any alphabet. The notation does not greatly conflict with
that above, since the distance enumerator of A equals the weight enumerator
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of A when A is linear. (Indeed, for a code defined over an alphabet admitting
addition, we can translate each codeword to the 0-word and get an associated
weight enumerator. The distance enumerator is then the average of these weight
enumerators.) One could also define a homogeneous distance enumerator.

The basic results are that of MacWilliams:

(9.1.1) THEOREM. (MACWILLIAMS’ THEOREM.) Let C be a [n,k] linear
code over Fy. Set

n

Wel(z) = ch- 2t and Weo (2) = Zcle

=0 =0

Then
(1) We(z) = |CH] 7! i ctF(1+(s—1)2)" "1 - 2)", and

(2) Wo(z,y) = [CH"Weu(z + (s = Dy, z —y) .
and its nonlinear relative due to Delsarte:

(9.1.2) THEOREM. (DELSARTE’S THEOREM.) Let A be a code in F™ with
distance enumerator W 4(z) = Y.1"_, a;z". Define the rational numbers by, by

n

AT a1+ (s = 1D2)" (1 —2)' =) bz
m=0

i=0
Then b,, > 0, for all m.

These two results are related to Lloyd’s Theorem 9.4.9, which states that cer-
tain polynomials associated with perfect codes must have integral roots. Lloyd’s
Theorem is the most powerful tool available for proving nonexistence results for
perfect codes.

9.2 MacWilliams’ Theorem and performance

In this section we relate weight enumerators to code performance. This leads to
a first proof of MacWilliams’ Theorem. For easy of exposition, we shall restrict
ourselves to the consideration of binary linear codes on the BSC(p) throughout
this section. Let C be a binary [n, k] linear code. (See Theorem 9.4.8 below for
the general case of MacWilliams’ Theorem 9.1.1.)

We begin with performance analysis for the binary linear code C' on the
BSC(p) under the basic error detection algorithm SSy = D:

Algorithm D:
receive r;
if r € C, then decode to r;
otherwise decode to co.
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As before, we view the received vector r as being the sum of the transmitted
codeword ¢ and an error word e, that is, r = ¢+ e. There are three things that
can happen:

correct decoding (error vector e = 0),
error detected (error vector e ¢ (),
and false decoding (error vector e € C, e # 0).

The probability of correct decoding is ¢" (where ¢ = 1 — p). The probability of
the other two events can be calculated using the weight enumerator of C. We
calculate them in terms of the probability that decoding results in a guess at a
codeword, whether or not that guess is correct.

(9.2.1) PROPOSITION. Let Pp be the probability of detecting an error, Py the
probability of false decoding, and Pg the probability of getting a decoding result.
(1) Pr=q¢" + Pg.
(Q)PR—I—PD::[. .
(3) Pr=Y1_ciq""'p' = Welg, p).-

PROOF. The first two parts are clear. For the third, observe that we have a
decoding result precisely when the error word is a codeword. The chance of a
given word of weight w occuring as an error word is ¢~ "“p*. m]

Next we use the dual code C* to calculate P in a different way. MacWilliams’
Theorem results from equating the two probabilities. (This proof of MacWilliams’
Theorem follows Chang and Wolf, 1980.)

Set M =2""% and let C+ = {hy,hy,...,h;,... hy}. For any r € F}, we
let s;(r) =h, -r and

S(r) = (s1(r), s2(r),...,si(r),...,sm(r)) € Y

the “total syndrome” of r. We have

r gives a result <« reC < ec(C
— Sr)=0 <= S(e)=0
and
r gives a detected error <= r¢C = ed¢(C

— S(r)£0 <= S(e)#0
<= sj(r)#0, somej <= s;(e)#0, some j.

Of course, for a fixed e and j, the probability that S(e) # 0 or that s;(e) # 0
is either 0 or 1. Indeed

(9.2.2) LEMMA.
Prob(S(e) #0]e) = Prob(s;(e) #0, some j|e)
. M

=) ZProb(sj(e) #0]|e,j).

1
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PrOOF. The sum is exactly the weight of S(e). The number of entries 0 in
S(e) is the cardinality of e- NC+, and sois M = 2" % ife € C and is M/2 =
2n=k=1if e ¢ C. Therefore wy(S(e)) # 0 if and only if wg(S(e)) =2""*~1. O

From the lemma we get

Pp = Prob(S(e) #0)
= Z Prob(e)Prob(S(e) # 0] e)
eclkFy

M
= > Prob(e)271k_1 ZProb(sj(e) #0]e,j)

n—
eclFy

M
= Fllﬂﬂ Z Z Prob(e)Prob(s;(e) #0|e, )

j=1ecF}

. M
= S ZProb(sj(e) #01[J)

j=1

Therefore of interest is

(9.2.3) LEMMA. For wu(h;) = wj,

. N wj—i, i

Prob(sfe) 017) = 3 (" )a
odd
1=0

= (I-(¢g—p™)/2.

PRrROOF. Let ly,...,l,, be the nonzero coordinate positions of h;. Then
sj(e) = h; - e # 0 if and only if there are an odd number of 1’s among the
positions e;; for ¢ = 1,...,w;. This gives the first equality. The rest follows
from Lemma 9.2.4 below, as ¢ +p = 1. O

(9.2.4) LEMMA. (1) X (V)a* =" = (a + b)™.

(2) o (D) (=1)fa" 70" = (a = b)* .
(3) Z:iid =0 (w)aw_ibi = ((a + b)w - (a' - b)w)/Q . d

i
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Lemma 9.2.3 and the previous calculation now give
Pr = 1-Pp
1 M

Jj=1

. M
= 1- WZU—(Q—?)W)/?
=1

1 M
= 1 (w2 0--»")
j=1
1 M 1 M
= -G D 1t D a-»™
j=1 j=1
1 M
= w2 la—»"
j=1

1 < ;
= Qn_kE ct(qg—p),
1=0

where Y ¢zt = Wi (2).

Comparing this with Proposition 9.2.1, we obtain

(9.2.5) PROPOSITION. Y7 (¢;q" 'p' = Pp = 5.4 >0 ci(q — p)'. a

PROOF OF MACWILLIAMS® THEOREM 9.1.1 (BINARY CASE):

In the equation of the proposition, replace p by liz and ¢ =1 —p by 1J1rz to
get
n n—i 7 n n [

1 z 1 ;1 L (1==z
Yolrz) (5) ~mwiesmad ()
i=0 =0 =0

hence

These two polynomial functions are equal when evaluated at any 0 < p < 1,
hence for all z > 0. We conclude that the equality is still valid in the polynomial
ring Q[z]. This gives a first proof of MacWilliams’ Theorem 9.1.1 in the binary
case. U

REMARK. The full version of MacWilliams’ Theorem 9.1.1 for linear codes
over F; can be proven with exactly the same approach, evaluating in two ways
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the performance of error detection on the sSC(p). A proof of MacWilliams’
Theorem in full generality is given below in Theorem 9.4.8(2).

Next we consider performance at the other end of the decoding spectrum—
maximum likelihood decoding for error correction. The weight enumerator of
a linear code can still be used to help us bound the probability of decoding
falsehood P = Po(MLD).

(9.2.6) THEOREM. When decoding the binary linear code C' on the BSC(p)
(with p < ) under MLD, we have

«(MLD) ch .

where

w w . .
i=[w/2]
In particular

Po(MLD) < W (2/p(1—p)) - 1.

PROOF. For a given nonzero codeword x of weight w, E,, is the probability
that the error vector e is at least as close to x as it is to 0. This must be the
case if, when decoding r = ¢ + e, MLD incorrectly prefers ¢+ x to c+ 0 = c.
This gives the first bound on Po(MLD). (It is very unlikely to be tight, since
a given e might be closer to several codewords than it is to 0.)

Asp < < =, we have

- w 3 —1 w w = w
By= ) (Z.)pl(l—p)w < pPA-p? Y (Z)
i=[w/2] i=[w/2]

()

= p“/P(1—p)/P2v
= (2 p(l—p)>w-

Therefore

+(MLD) Z Bu > cu (200 9) " = Wo(2Va1-9) - 1
w=1 w=1

as desired. O

This theorem is an example of the Union Bound, and our treatment follows
McEliece and Van Tilborg.
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9.3 Delsarte’s Theorem and bounds

We use a version of the Plotkin Bound to prove a “nonlinear MacWilliams’
Theorem,” due originally to Delsarte. Delsarte’s Theorem (9.1.2, 9.3.5, 9.4.8(1))
then leads to other important bounds.

For integers m,n, s with 0 < m < n and s > 2, define the s-ary Krawtchouk
polynomial

where, by definition,

)

(m) Cz(e—1)-(z—j+1)
J J!

for x € R. For fixed m,n, s, the Krawtchouk polynomial K, (z;n, s) has degree
(at most) m in z. In particular, it is uniquely determined (using, say, Lagrange

interpolation) by its values at the integers ¢ € {0,1,...,n}. Indeed its degree
in z is exactly m, since the coefficient of 2™ is

Z(—l)jl.—ji(_l)m,ﬂ (s —1ym-i = CDT 5~ (m) (s —pym-i = &7

gt (m—j4)! m! j m!

j=0
For us, the point of introduction to these interesting polynomials is

(9.3.1) PROPOSITION. The Krawtchouk polynomial K, (x;n, s) has degree m
inx. Forie{0,1,...,n}, Kn(i;n,s) is the coefficient of 2™ in

(1+(s—1)2)" (1 —2)".

PRrROOF. The first remark was proven above. Calculating the convolution,
we see that the coefficient of 2™ in this product is

m n—i ) ) i o
(s =1)mTImTI (=172 ). a
2 (=)o) ()
(9.3.2) CorOLLARY. (1) Ko(i;n,s) = 1.
(2) Ki(i;n,s) =(n—i)(s—1)—i= (s —1)n — si.
(3) Kin(0;n,8) = (s — 1)™("). O
These could also be calculated directly.

(9.3.3) COoROLLARY. Forl<m <n and1 <i<mn, we have the recursion

Km(la n, S) = Km(l - 1;77,, 5) - Km—l(i - 17 n, 'S) - (5 - I)Km—l(la n, S) .

Krawtchouk polynomial
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PROOF. If we evaluate the coefficient of 2™ on both sides of
(14 (5= 1)2) (1= 2)) (14 (5= 1)2) = (L4 (s— 1)2)"~ 0D (1= 2" 1)(1 = 2),
then we find
K (i3n,8) 4+ (s = DKp—1(i5m,8) = K (i — 1y ny8) = K1 (i — 15m, 8) . 0

Corollary 9.3.3 gives an easy recursive method for calculating the Krawtchouk
coefficients, with Corollary 9.3.2(1) and (3) providing initialization.
The proposition allows us to reformulate MacWilliams’ Theorem as

(9.3.4) THEOREM. (MACWILLIAMS’ THEOREM IN KRAWTCHOUK FORM.)
Let A and B be Fy-linear codes of length n with B = ALt. Set Wa(z) =
S paizt and Wg(z) = >0 b; 2. Then

n
|A|7! Z K (45m, 8)a; = by, .
=0

PROOF. Set A = C+ and B = C in MacWilliams’ Theorem 9.1.1. Then b,,
is the coefficient of 2™ in

Wa(2) = A7) a1+ (s —1)2)" (1 - 2)",
=0

and the result follows from Proposition 9.3.1. m]

We will prove Delsarte’s Theorem 9.1.2 in its Krawtchouk form:

(9.3.5) THEOREM. (DELSARTE’S THEOREM IN KRAWTCHOUK FORM.) Let
A be a code of length n over an alphabet of size s, and set W a(z) = > 1 a; 2"
Then, for 0 <m < n,

ZKm(i;n, s)a; > 0.
i=0

In view of Theorem 9.3.4, Delsarte’s Theorem can be thought of as a “nonlinear”
version of MacWilliams’ Theorem. Our proof here of Delsarte’s Theorem follows
Simonis and DeVroedt (1991). For linear codes A we also recover MacWilliams’
Theorem (in its Krawtchouk form, Theorem 9.3.4) in the process, giving us a
second proof of that result.

Let A be a code of length n with size |[A| = M, and let Wa(2) = > i a; 2*
be its distance enumerator. In the next lemma s is arbitrary, but after that
we will restrict our attention again to the binary case s = 2. As before, this
restriction is only for the sake of clarity. The arguments readily extend to larger
alphabets. (See Theorem 9.4.8(1) below for the general case.)

(9.3.6) LEMMA. (1) 37 ja; =M.
(2) MY yia; = Zc,deA du(c,d).
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ProOF. We have

Walz)= M~ Z de(cd)—Zaz ;

c,deA
SO
n
W)= Mt YD 1ned =3,
c,deA i=0

giving (1). Similarly

WA(l)/: -1 Z du(c,d) 1du(e,d)—1 Zzaz,

c,deA

giving (2). a

Again direct arguments are available. The given proof of the lemma illustrates
how standard generating function methods can be used with weight and distance
enumerators.

Lemma 9.3.6(1) is a strong form of the 0’th Delsarte inequality:

ZKozns a; = Zl a;=M2>0.

For linear A, this could be phrased as Y., Ko(i;n, s) a; = Mby, where by = 1
is the number of words of weight 0 in A~.

At this point, we assume additionally that A is a binary code.
(9.3.7) LEMMA. (FIRST BINARY DELSARTE INEQUALITY.) We have

n n

D Ki(isn,2)a; =Y (n—2i)a; > 0.

i=0 i=0
Indeed, if A is binary and linear, then this sum is Mby, where by is the number
of words of weight 1 in A*.

PROOF. Let G be an M x n matrix whose rows are the codewords of A, and
let w; be the weight of the j'th column of G. In Lemma 9.3.6

Mimi = > du(c,d)
=0

c,deA

effectively counts pairwise distances in A by examining G row-by-row. To count
instead by columns, observe that in column j a 0 of row x and 1 of row y
contribute twice to the sum, once for each of dy(x,y) and du(y,x). Thus

Z du(c,d) —QZw]M w;)

c,deA
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Therefore

n

Xn:mi = 2M‘1ij(M_wj)
1=0

j=1

< 2M—1i:MT2

j=1

and so

This proves the first Delsarte inequality.

If A is linear, then the various w; are either 0 or M/2. Indeed w; is 0 only
when there is in A1 a word of weight 1 whose nonzero entry is at position 7,
the number of such positions being b;. Therefore

zn:iai = 2M‘1iwj(M_wj)
i=0

j=1

= (n—by)M/2

and

(9.3.8) COROLLARY. (BINARY PLOTKIN BOUND.) If A is a binary code with
minimum distance d and length n < 2d, then

2d
Al < .
| |_2dfn
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PROOF. The first Delsarte inequality yields

n

0 < > (n—2i)a

=0

= n+ Z(n — 2i)a;
i=d

< n+(n—2d)2ai
i=d

= n+(m—-2d)(|A-1)
= n—(n—2d)+ (n—2d)|A]
= 2d+ (n—2d)|A].

This implies (2d — n)|A| < 2d and so proves the Plotkin bound. O

In Lemmas 9.3.6(1) and 9.3.7 we have the Delsarte inequalities for m = 0,1
(and the corresponding linear interpretation). We next attack the m’th Delsarte
inequality.

For a fixed m, consider a new code Al™ = {c[™ | ¢ € C'} oflength N = ().
Starting [W]ith a codeword ¢ € A, we construct the codeword c¢™ e Al™l whose

entries ¢ are indexed by the m-subsets of {1,...,n}, and are given by
C[Jm = Z Cjs
JjeJ

for each m-subset J.

(9.3.9) LEMMA.
(1) If x+y =z, then x4 ylml = glm] _ |
(2) 1w ) =i then winG™) = 5250, () (775)-

PROOF. The first part is immediate. For the second part, let I be the subset

[m]

of {1,...,n} whose positions hold the 1’s of x. Then the entry z};" is 0 or 1

as |[I N J| = jis even or odd. For a fixed j, there are (;) choices for I N J and

(;LL:’]) ways of completing this choice to an appropriate m-subset of {1,...,n}.
O

A particular consequence of Lemma 9.3.9 is that A" has the same number
of codewords as A. The weight in (2) depends only on the original weight 7, so

we can define
W™ (i) Z (]) (m —j) '

odd
=0
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If dg(x,y) = i, then dg(x[™ yl™) = wl™(i). Therefore, for W m(2) =
Yo al?”] 2", we have

wlml (3)=r
The definition of w!™ (i) is to be compared with the well-known binomial

identity o y
() =205

j=0
proved by counting m-subsets of a two-colored n set according to how many
elements of each color have been selected.

PROOF OF DELSARTE’S THEOREM 9.3.5 (BINARY CASE):
By the first Delsarte inequality for A™! we have

N
0 < > (N-—2r)al"

r=0
N

= Y (N-2r) > a
r=0 wlm] (i)=r
N

= > > (N=2w"(i))a
=0 o[m] (i)=r

In the case that A is linear, A™l is also linear by Lemma 9.3.9(1). The sum

counts |Al™| = |A| times the number of weight 1 words in Al Let x be

a word of weight 1 in FY, and suppose its unique nonzero entry is in position
J, where J is an m-subset of {1,...,n}. Then x will be in AlMT when all
codewords of Al™ have J-entry 0. This happens when every codeword ¢ of A
has an even number of 1’s in the positions of J. That is, when the word of F3
with 1’s in the positions of .J belongs to A*. Therefore words of weight 1 in
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Alm] ™+ correspond exactly to words of weight m in A+, and we have recovered
MacWilliams’ Theorem in its Krawtchouk form 9.3.4.

(9.3.10) THEOREM. (LINEAR PROGRAMMING BOUND.) Let A be a code of
length n over an alphabet of size s with dymin(A) > d. Then

Al < maX{ZAi
=0

Ay, >0, ZAZ-Km(i;ms) >0,1<m<n } .
i=0

Ag=1,4;=0,1<i<d,

If s =2 and d is even, then we can also assume that A; = 0, for all odd i.

PROOF. For W4(z) = Y"1 a; 2%, the choice A; = a; solves all the inequali-
ties by Delsarte’s Theorem 9.3.5. It has Y., A; = |A|, by Lemma 9.3.6(1).
If s =2 and d is even, then when we first puncture and then extend A, the

resulting code A* (even in the nonlinear case) has |A*| = | 4| and dpin(A*) > d.
Furthermore, the coefficients a of W 4« (z) satisfy the same inequalities as the
a; and additionally have a} = 0, for odd %. a

As our proof of the Plotkin bound in Corollary 9.3.8 suggests, these methods
can be used to find general bounds; but new bounds of this type are very difficult
to prove. On the other hand, the linear programming bound is remarkably
effective in specific cases, as the following example suggests.

EXAMPLE. Let C be a binary linear code of length 8 with dmin(C) >
4. We prove that |C] < 16 (the extended Hamming code providing an
example that has exactly 16 codewords).

We have Ag =1, A = A3 = As = A7 =0, and also A4 > 0, Ag > 0,
and As > 0. The Delsarte inequalities for m and 8 — m are equal under
these circumstances, so only m = 1,2,3,4 can be of help. In fact, those
for m = 1 and m = 2 are all we need. We have (using Corollaries 9.3.2
and 9.3.3)

8
0 < > AKi(i;n,s) = 8+0As — 445 — 8As;
=0

8
0 < > AiKs(izn,s) =28 — 444 + 44 + 284s.

i=0
The first inequality gives

As < 2 —2As,
so that in particular Ag < 1. Adding the two inequalities produces

Ay <94+ 5A4s.
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Therefore
8
c] < > As
i=0
= Ao+ As+ As + As
< 1+ (9+54) + (2 — 24s) + As
= 124 4As
< 16,

as claimed. Indeed, in order for the sum to be 16 we must have Ag = 1,
in which case 0 < Ag < 2 — 245 yields Ag = 0. Also Ay <9+ 545 = 14.
As

Ao+ As + A + As

™
&
I

1+14+0+1
16,

INIA

there is a unique solution to the linear programming problem, namely
AQILAl:A22A3:A5:A6:A7:O,A4214,Agzl.

This corresponds to the weight enumerator 14 14z* 4+ 28 for the extended
binary Hamming code of length 8.

Of course this toy example could also be handled by more combinatorial meth-
ods, but the linear programming approach has better scaling properties. For
instance, codes with lengths in the teens can still be handled very easily, while
combinatorial approaches can already at that point require extensive case-by-
case analysis.

9.4 Lloyd’s theorem and perfect codes

We present MacWilliams’ theorem a third time, Delsarte’s theorem a second
time, and Lloyd’s theorem a first time.

In this section, we will be concerned with codes defined over a finite alphabet
F that has the structure of a commutative ring with a multiplicative identity 1.
Our main examples are fields F and rings of modular integers Zs; = Z (mod s).
It is important to realize that any code over a finite alphabet of s letters can be
viewed as a code over Z; (merely by assigning each letter a unique value from
Zs). In particular, our proof here of Delsarte’s Theorem in Theorem 9.4.8(1)
does not suffer any loss of generality by restricting attention to codes over Zs.

In this situation we have an additive structure on F" with identity element
0, and we have natural scalar multiplication given by

r(at,...,aj,...,an) = (ra1,...,7a5,...,r0y),

for arbitrary r € F. Therefore we can still talk about ra+tb, c¢-d, wg(e), and
so forth.
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An F-linear code of length n will be, as before, any nonempty subset C of
F™ that is closed under addition and scalar multiplication. The code C dual
to C' is also defined as before:

Ct={veF"|v-c=0, forallceC},

and is F-linear even if C' is not.
A linear character x of (F,+) is a map x: F' — C* with

x(a+b) = x(a)x(b) forall a,beF.

For finite F' the image of x will be in the roots of unity, and we must have

x(0) = 1 and x(—a) = x(a)™" = x(a) .

A Dbasic example is the trivial character 1p(a) = 1, for all @ € F. Later we will
make a specific choice for x, but for the moment x can be any linear character
of (F,+).

We next define, for u,v € V.= I, the related notation

x(ulv) = x(u-v) = x (Z uv) = [T x(uvs) .
i=1 =1

For n = 1, x(ulv) = x(uv); and the first two parts of the next lemma are con-
sequences of the commutativity of F', while the third part is just a restatement
of the defining property for a character. The general case follows directly.

(9.4.1) LEMMA. (1) x(u]v) = x(v|u);
(2) fora € F, x(ulav) = x(au|v) = x(a|lu-v);
(3) x(a+b[v) = x(a[v)x(b|v). O

We thus see that x(+|) is symmetric and biadditive on F™.
More generally, for subsets A, B of V', we define

X(AB)="> «x(alb).

acA,beB
We have before encountered the notation
A+B={a+blacA,beB},

and we further write A @ B for A 4+ B if every element of A 4+ B has a unique
expression as a+ b, forae A and b € B.
The defining property of a character y and biadditivity then extend to

(9.4.2) LEMMA. x(A @ B|v) = x(4|v)x(B|v)

linear character
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PRrROOF.

X(A® Blv)

Z x(a -+ b[v)

acA,beB

= Y x@v)x(blv)

acA,beB

= > x(av) Y x(blv)

acA beB
= x(Alv)x(B|v) O

REMARK. The lemma and proof remain valid for all A and B if we view
A+ B as a multiset, keeping track of the number of different ways each element
can be written as a + b. This is the “group algebra” approach, which can be
very effective.

The next two lemmas are elementary but fundamental for what we are doing
in this section.

(9.4.3) LEMMA. Consider the property:

(ND) F is a commutative ring with identity, and (F,+) possesses
a linear character x such that, for each 0 # v € F, there is an
a, € F with x(a,v) # 1.

Then ¥y and Zs both have the property (ND).

ProoOF. For F = Zg, let ¢ be a primitive s'th root of 1 in C. (That is,
¢ =1but ¢! # 1, for 0 < i < s.) Then x(i) = ¢* has the desired properties
with respect to a, = 1, for all v #£ 0.

Let F = F, with s = p?, a power of the prime p. In fact, every nontrivial
linear character x has the desired property. We give a concrete construction. Let
¢ be a primitive p’th root of 1. Realize F as F,[x] (mod m(z)) for an irreducible
polynomial m(z) of degree d in F,[zx]. Each element of F is represented by a
unique polynomial f(x) € F,[z] of degree less than d. Then x(f(z)) = ¢/ has
the desired properties. (Each f(0) is in F, = Z, and can be thought of as an
integer.) For each v # 0, we can choose a, = v~ 1. O

If we view x(-|-) as a symmetric, biadditive form on F™, then Property (ND)
of the lemma says that, at least for F'!, the form is nondegenerate:

0={veF'|x(av)=1, forallac F'}.

The next lemma continues this line of thought.

From now on we will assume that the alphabet F has a character x of (F,+)
satisfying Property (ND) of Lemma 9.4.3. We choose and fix such a character
X- Our main examples remain Z, and Fj.
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(9.4.4) LEMMA. LetveV.
(1) Always

x(V]v) V] ifv=0

= 0 otherwise.

(2) If W is an F-linear code in V', then

X(Wlv) = [W|ifvew

= 0 otherwise.

PROOF. If 0 # v € V, then by Property (ND) of Lemma 9.4.3 there is a
word a € V with weight 1 and a-v # 0. Therefore V- = {0}, and (1) is a
special case of (2).

For (2), if v.e W+, then

W) = 3 1=,
weW

Therefore to complete (2) and the lemma we may assume that there is a w € W
with v =w-v #0.

By Property (ND) of Lemma 9.4.3, there is an a = a, € F with y(av) # 1.
Therefore, for a = aw,

x(av) = x(a|lw - v) = x(alv) # 1,

by Lemma 9.4.1(2).
Now we have

x(Whv) = x(Waoalv)
= x(Wlv)x(alv)
by Lemma 9.4.2. Therefore
0=x(Wlv)(x(alv) —1),
and x(W|v) = 0, as required. m|

(9.4.5) COROLLARY. Suppose that, for some set of constants oy,

Y aux(ulv) =0,

ucV

for all 0 #£v € V. Then ay = « is constant, for allu e V.

PRrOOF. By Lemma 9.4.4(1), a constant choice a,, = « does have the stated
property. In particular, after subtracting an appropriate constant « from each
coefficient, we could assume that ) ay x(u|v) = 0 holds for all v, including
0. We do so, and then aim to prove that each «, equals 0.
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For fixed but arbitrary z € V, we have

0 = ZO~X(Z|V)

vev

= 3 (3 et
veV \ueV

= Y an (Z (ulv)x <z|v>)
ucV veV

= Zau Z (u—1zlv)
ueV veV

= a,lV|

by Lemma 9.4.4(1).

(9.4.6) PROPOSITION.

Z 2y (ulv) = (1 +

ucV

ProoOF. For all (vy,...

For all v € V with wi(v) =

(s —1)z)""

,Un) = Vv €V, we have

Z ZWH(U)X(U‘V) = Z H zvml) x(ujlv;)
ucV uEVj 1
=TT X xuy
j=1 ueF

by distributivity. Here

3 2y ufoy) = 14 2x(F\ {0 Joy)

ueF

which, by the case n = 1 of Lemma 9.4.4(1), is 1+ (s — 1)z when v; = 0 and is
1 — z when v; # 0. Therefore

Z wi(u)

ueV

[T 3 =" x(uluy)

j=1 ueF
1+ (s —1)z)" V(1

x(ulv)

_ Z)WH(V) ,

as claimed. O

Let Y, = {x € V | wu(x) = m }, so that the sphere of radius e centered at
0, S. = S.(0), is the disjoint union of the Y,,, form =1,... e.
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(9.4.7) COROLLARY. Let wy(v)=1.
(1) X(Yin|v) = K (i57, 5),
(2) X(Selv) = X250 Km(is 7, 5).

PROOF. By the proposition, x(Y;,|v) is the coefficient of z™ in
(1+(s—1)2)" "1 —2)".

By Proposition 9.3.1 this coefficient is also K, (¢;n, s). This gives (1), and (2)
follows directly. a

(9.4.8) THEOREM. Let A be a code in F™ with distance enumerator W 4(z) =
S a;z'. Define the rational numbers b, by

AT a1+ (s = 1D)2)" (1= 2)" = > bma™.
=0 m=0
Then

(1) (DELSARTE’S THEOREM 9.1.2.) by, > 0, for all m. (Indeed we have
b = A7 2wy =m IX(u[A)[)

(2) (MACWILLIAMS’ THEOREM 9.1.1.) If A is an F-linear code, then
Was(z) =20 o bmz™.

PROOF. We calculate

Z Z 2y (ulc —d)

c,dcAueV

in two different ways.

By Proposition 9.4.6,

Z Z zWH(“)X(u|c —d) Z (1+(s— 1)z)”7WH(°*d)(l + z)wH(c*d)

c,decAueV c,deA

A a1+ (s = 1)2)" (1 + 2)7,

=0

which is |A|? times the lefthand side of the definition.
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On the other hand

Z ZZWH x(ulc—d) = ZzWH(“) Z (ulc—d

c,deAueV ueV c,deA

= Z Wi (1) Z (ule)x(u| —d)
ueV c,deA

= > 2x(uA)x(u| - A)
ueV

= 3 vy (uA)x(ulA)
ueV

= > (A
ucV

= > | X xwaP |

We conclude that

AN @t + (s -1 (142 =Y | Y AP ] =

=0 m=0 \wg(u)=m

Therefore
=472 > [xul4a))? >0,

wh (u)=m

proving Delsarte’s Theorem.
Furthermore, if A is linear, then by Lemma 9.4.4(2)

x(uld) = |A]ifue At

= 0 otherwise.

Therefore

b = A7 Y Ix(uA)P

wi (u)=m

= 472 Y 4P

wi (u)=m

ucAt
= [{u|wn(u)=mued'},

proving MacWilliams’ Theorem.

O

This proof of MacWilliams’ Theorem is essentially one of the two given in
the original paper (and thesis) of MacWilliams for linear codes over fields. Its
modification to prove Delsarte’s Theorem as well is due to Welch, McEliece, and

Rumsey (1974).
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Here we have proved MacWilliams’ Theorem for a more general class of
codes than the linear codes of Theorem 9.1.1, namely for those codes that are
F-linear, where F has Property (ND) of Lemma 9.4.3. Many properties of
linear codes over fields go over to these codes. For instance, substituting 1 into
the equations of Theorem 9.4.8, we learn that, for the F-linear code A,

n

AT s = (AT a1+ (s = D" (1= 1) = > by l™ = [AF].

=0 m=0

That is, |A||A+] = |V|, whence A++ = A (things that could also be proved
directly).

(9.4.9) THEOREM. (LLOYD’S THEOREM.) Let C C F™ be a perfect e-error-
correcting code. Then the polynomial

U, (z) = Z Ki(z;n,s)
i=0

of degree e has e distinct integral roots in {1,...,n}.

PROOF. The basic observation is that, since C'is a perfect e-error-correcting
code,

SeaeC=V.
Therefore, by Lemma 9.4.2

X(Selv) x(Clv) = x(V]v),
for all ve V. As V = S, we have by Corollary 9.4.7
Ve(z) X(Clv) = ¥n(z),

where z = wy(v) and ¥,(z) = Y27  Ki(z;n, s).

By Proposition 9.3.1, K;(z;n, s) is a polynomial of degree ¢ in z, so ¥;(z)
has degree j in x. In particular, ¥, () = x(V|v) has degree n. But by Lemma
9.4.4(1) it has roots = 1,...,n. Therefore

U (z)=clz—1)(z—-2) - (x—n),

for an appropriate constant ¢ (which can be calculated using Corollary 9.3.2).
We conclude that

(@) X(CV) = ela — Dz~ 2) - (& ),

for x = wi(v).
As the polynomial W, (z) has degree e in x, the theorem will be proven once
we can show that, for at least e values of m # 0, there are words v € Y,,
with x(Clv) # 0. By Theorem 9.4.8(1), this is equivalent to proving that
[{m #0| by # 0} > e. But this is immediate from Proposition 9.4.10 below.
O
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(9.4.10) PROPOSITION. For the e-error-correcting code A with the b, defined
as in Theorem 9.4.8, we have

{m#0[bm #0} >e.

PrROOF. Let N(A) = {m # 0 | b, # 0} and g = |N(A)|, and assume
that g < e. Define the polynomial a(z) = [[,,cn4)(x —m), of degree g (an
empty product being taken as 1). Therefore a(m) = 0 when m € N(A), whereas
X(A|v) = 0 whenever 0 # m = wi(v) € N(A), by Theorem 9.4.8(1).

As each K;(z;n,s) has degree ¢ in x (by Proposition 9.3.1), there are con-
stants «; (not all 0) with

Using Corollary 9.4.7(1), we get, for all v # 0,
0 = a(wu(v))x(Alv)

- ( aix(YiV)>X(A|V)

0

Mm

Il
=3

Q; X(Y:L S3) A‘V)

I
th

.
Il

|
gM%

Z X(y +alv).
€Y;,a

From Corollary 9.4.5 we learn «; = « is a nonzero constant function of ¢ and
that every element u € V is equal to some y + a. In particular, it must be
possible to write the word e at distance e from a codeword c in the form y + a.
As A is an e-error-correcting code, the only possibility is e = (e — ¢) + ¢, with
e —c €Y., hence g > e, as claimed. O

REMARKS. 1. The proposition is also due to MacWilliams and Delsarte.
In MacWilliams’ version for linear codes, |[{m # 0 | b,, # 0}| is the number
of nonzero weights in the dual code (as is evident from our proof of Theorem
9.4.8(2)).

2. We could combine Lloyd’s Theorem and the proposition, with the rephrased
proposition saying that equality holds if and only if A is perfect, in which case
the appropriate polynomial has the appropriate roots. This might shorten the
proof somewhat but also make it more mysterious.

3. Recall that the covering radius g = cr(A) of the code A C F" is the
smallest g such that F" = (J,.4Sy(a). That is, it is the smallest g with
V =5, + A. A more careful proof of the proposition gives

[{m #0 b #0} = cr(4).
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Lloyd’s Theorem and the Sphere Packing Condition are the main tools used
in proving nonexistence results for perfect codes and other related codes. The
Sphere Packing Condition has a natural derivation in the present language:

|Se] |C] = x(5|0)x(C[0) = x(Se & C|0) = x(V]0) = [V,

for the perfect e-error-correcting code C' in V.
The following simple example of a nonexistence result for perfect codes is a
good model for more general results of this type.

(9.4.11) THEOREM. If C is a binary perfect 2-error-correcting code of length
n > 2, then eithern =2 and C =F% orn=5and C = {x,y | x+y =1}

PROOF. We do this in three steps:

Step 1. Sphere Packing Condition: There is a positive integer r with
24+ n+n? =21 If n <6, then we have one of the examples of
the theorem. Therefore we can assume that n > 7, and in particular
8n < 2L

By the Sphere Packing Condition we have

n
1 =2"
+n+<2> ,

where r is the redundancy of the code. This simplifies to 2 +n 4+ n? = 271,
We record the first few values:
n [2]3]4]|5]6
24+n+n?[8|14[22]32]44

Only n = 2,5 can occur, and in these cases we easily find the examples described.
Therefore we may assume from now on that n > 7, in which case

2+n(7T+1)<2+n(n+1)=2""".

Step 2. Lloyd’s Theorem: n =3 (mod 4).

\IIZ(x) = Kl(x,n,Z)+K1($,n,2)+K2(x,n,2)
= 1+ (n—-22)+

(G () eI

= %(4952 —4(n+ 1)z + (2+n+n?))

))
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By Step 1. 2+n+n? = 2"+ so if we substitute y for 22, then Lloyd’s Theorem
9.4.9 says that the quadratic polynomial

y2 _ 2(n + 1)y + 2T+1
has two even integer roots in the range 2 through 2n. Indeed
> —2n+ Dy +2" = (y — 29 (y — 2°),

for positive integers a,b with a +b =7 + 1 and 2% + 2 = 2(n + 1).
We next claim that 2% and 2° are not 2 or 4. If y = 2 is a root, then

4—2(n+1)2+2"" =0 hence 2" =4n < 8n.
Similarly if y = 4 is a root, then
16 — 2(n +1)4 + 2" = 0 hence 2" = 8n — 8 < 8n;

and in both cases we contradict Step 1.
Therefore a,b > 3, and

n+1=2"142""1=0 (mod4),
as desired.
Step 3. Conclusion.

Let n = 4m + 3 and substitute into the Sphere Packing Condition:

o+l 2+ (4m + 3) + (4m + 3)?

= 244m+3+16m%>+24m+9
14 + 28m + 16m?

The lefthand side is congruent to 0 modulo 4, while the righthand side is con-
gruent to 2 modulo 4. This contradiction completes the proof. O
REMARK. For n =2, we find
y' =2+ Dy +27 =y — 6y +8 = (y—2)(y —4);
and, for n = 5, we find

y272(n+1)y+2r+1:y2712y+32:(y*4)(y*8).
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9.5 Generalizations of MacWilliams’ Theorem

In Sections 9.2 and 9.3, for ease of exposition we only presented proofs of
MacWilliams’ Theorem 9.1.1 in the case of binary linear codes. On the other
hand, in Section 9.4, once we had introduced the appropriate machinery, we
were easily able to prove MacWilliams’ Theorem for a class of codes larger than
that of all linear codes over finite fields. It seems to have been Gleason (1971)
who first fully appreciated the strength and generality of MacWilliams’ proof
using characters.

Initially in this section F' is a ring that satisfies Property (ND) of Lemma
9.4.3, but we mainly concentrate on the case F' = Z,4 as it is of indepen-
dent interest. We only give examples of two of the many generalizations that
MacWilliams” Theorem admits.

Let V.= F", and let f: V — R be a map to any vector space over C. Then
the (discrete) Fourier transform (or Hadamard transform) of fis f: V — R

given by
= D flu)x(ulv).

ueV

(9.5.1) PROPOSITION. (POISSON SUMMATION FORMULA.)
If A is an F-linear code then

Yo fw =AY f(v)

ucAt veA

PrROOF. We use Lemma 9.4.4(2) to calculate

A f) = |A|‘12<2f )

veA vEA \ueV

SICED LTI P SR)
ucV veA

= JAIT' DD fw) 4|
ucAt

= > f(w

ucAt
as desired. O

This calculation was embedded in our proof of Theorem 9.4.8 for the partic-
ular choice of map f(u) = 2¥#(W ¢ C[z]. Using the proposition and Proposition

Fourier transform



complete weight enumerator

150 CHAPTER 9. WEIGHT AND DISTANCE ENUMERATION

9.4.6 in that case, we find

Wai(z) = Y flw) = 147" ) f(v)

ucAl veA
= A (Zf u|v>
veA \ueV
= AT (14 (s = 1)z)n (1 = 2w )
veA
= AT a1+ (s —1)2)" (1 -2).
=0

This is MacWilliams’ Theorem. (This can not really be described as a fourth
proof but rather a rewording of the third proof.)

Remember that the homogeneous weight enumerator of A is

x,y) = Z g wa(@) wa(@)

acA

Thus, for a given a = (a1,...,4a;,...,a,), we have in W@ yw(@) factors
x, one for each a; = 0, and factors y, one for each a; # 0. Different nonzero
coefficients make the same contribution. If instead we wish to note the con-
tribution of each member of F', we look at the (homogeneous) complete weight
enumerator C4(z1,...,xs) for A, a polynomial in s = |F| commuting variables,
one to count occurrences of each member of the alphabet. (For the binary al-
phabet, the complete weight enumerator is just the usual homogeneous weight
enumerator. )

At this point we specialize to F' = Z4. For the word v = (v1,...,vj,...,0,)
of V', we write wo(v) for the number of 0’s among the v;, wq(v) for the number
of 1’s, wo(v) for the number of 2’s, and w3(v) for the number of 3’s among the
vj. Thus wo(v) +w1i(v)+wa(v)+ws(v) = n. The complete weight enumerator
for A is then

Ca(z,y,z,w) Z J:WO(V) wi(v) pwa(v) gyws(v)
vEA

If we want a version of MacWilliams’ Theorem for complete weight enumerators,
we do not have to retrace our steps in the previous sections. We just apply
Poisson summation and the Fourier transform to a different base function f.

For F' = Zy, we set f(u) = 2o y¥1(W) zw2(u) 4yws(0)  Then, as before, we

have
Cyur(@,y,z,w) = Y flu) = [A[T D f(v)

ucAt vEA



9.5. GENERALIZATIONS OF MACWILLIAMS’ THEOREM 151

To compute the Fourier transform, we follow Proposition 9.4.6:

fv) = Y fx(uv)

ueV

- Z Vo (w) 4wi(w) ZW2(u) wWS(u)X(u|V)
ueV

= Z H W) wilug) ywa(uy) ww3("j)x(uj|vj)
ueV \j=1

= H (Z xwo(u) ywl(u) ZW2(U) wwa(u)x(u|vj)>
j=1 \uweF

= H 2 x(0lv;) +yx(Lvs) + 2 x(2lv;) + w x(3[v;)) -

The value of each factor will depend upon that of v;:

v; | 2 x(0]vy) +yx(1]v;) + 2 x(2lvy) + w x(3Jv))

J
0 r+y+z+w
1 T4y — 2z — 1w
2 r—y+z—w
3 T —1iy — 2+ 1w

Hence finally

fv) = @ry+ztw)™ (@+iy—z—iw)m
(2 —y+ 2z —w)"*™ (z — iy — 2 + dw) ")

When inserted into the summation formula, this gives MacWilliams’ Theo-
rem for complete weight enumerators over Z,:

(9.5.2) THEOREM. If A is a Z4-linear code, then

Cai(z,y,z,w) = |A7' Cale+y+2z+w,z+iy — 2z — iw,
rT—y+z—w,x—1iy—z+iw) . o

Although this is quite complicated, it is also relatively powerful. For in-
stance we regain the usual homogeneous Z,-version of MacWilliams’ Theorem
by specializing to y = z = w.

Wyi(z,y) = Carl(z,9,9,9)
A7 Cale+y+y+y z+iy—y—iy,
T—y+y—y,x—iy—y+iy)
= |AI"' Calw+3y, 2 —y,x —y,x —y)
A7t Wa(z + 3y, —y) .
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In certain situations there are metrics on F™ that are more appropriate than
the Hamming metric. For instance, when reading time from a clock with hands
but no numbers, it will be easier to mistake 3 o’clock for 2 or 4 than for 8
o’clock. The Lee metric on Zg sets the Lee distance

di(i,j) = min(fi —jf, s — [i = j]),
for i,j € Zg, and the Lee weight
wi (i) = di(4,0).
Thus, on Z4, we have
wr,(0) =0, wr,(1) =wr(3) =1, and w,(2) = 2.

This is the first new case, since the Lee metric on Zs and Zs is the same as the
Hamming metric.

As before, two words v = (v1,...,v,) and w = (w1, ..., w,) from Z? have
Lee distance given by

dp(v,w) = Z dr, (v;, w;)
=1

and Lee weight wr,(v) = dp,(v,0).
The Lee weight enumerator of A C Z7 is then

La(z) = Z 2V
veEA

As the largest weight of a word in Z7 is tn, where t = |s/2], the homogeneous
Lee weight enumerator is

La(z,y) =Y afmmvutymt),
veA

When F' = Z,4, the homogeneous Lee weight enumerator is

La(z,y) =) a?retymt),
veA

For a particular word v € Z} we see that
x?n—wL(v)wa(v) — (xQ)WU(v) (:Ey)wl(v) (yQ)WQ(V) (xy)W3(v) ,
and therefore
La(z,y) = Ca(2? 2y, y* zy) .
(9.5.3) THEOREM. If A is a Zy-linear code, then

LAl (‘T,y) = |A|71LA(I +y,T— y) .
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ProoF. We use Theorem 9.5.2.

Lac(z,y) = Car(2® a2y,y° 2y)
= |A7! CA(x2 + zy + 9% 4 zy, 2% + izy — y? — ixy,
x? fxy+y2 fxy,xz—i:z:ynyqLizy)
= A7 Ca((e+y)%a® =9 (@ —y)* 2® —y?)

= |A ' La(z+y,z—y) . O
It is notable (and significant) that the transformation

T— Tty y—x-VY,

which takes the homogeneous Lee weight enumerator of the Z4-linear code A to
| A| times that of its dual, is the same transformation that takes the homogeneous
weight enumerator of the binary linear code A to |A| times that of its dual. (See
Theorem 9.1.1(2).)



