The Laplace Transform of step functions (Sect. 4.3).

Last Lecture
» Overview and notation.
The definition of a step function.
Piecewise discontinuous functions.
The Laplace Transform of discontinuous functions.

Properties of the Laplace Transform.

This Lecture

» Differential equations with discontinuous sources.

Equations with discontinuous sources (Sect. 4.3).

» Differential equations with discontinuous sources.
» We solve the IVPs:
(a) Example 1:

y 4+ 2y = u(t —4), y(0) = 3.

(b) Example 2:

" )0 y(0) =0, o 1, te[0,7)
vy gy = b(t), J(0) = 0. b(t)_{(), I

(c) Example 3:

o, 5 y(0) =0, | sin(t), telo,m)
Yty gy = g(t), J/(0) 0, g(t) = {07 € [r.o0).




Equations with discontinuous sources (Sect. 4.3).

» Differential equations with discontinuous sources.
» We solve the |VPs:
(a) Example 1:

y' +2y = u(t —4), y(0) =3.

(b) Example 2:

" , 5 . y(O)ZO, — L, tE[O’ﬂ—)
y ' +vy ‘|‘Zy—b(t)7 y/(O):(), b(t)_{O7 t € [m,00).

(c) Example 3:

b, 5 y(0) =0, | sin(t), tel0,m)
y'y' 7y =8(t), J/(0) =0, g(t) = {0’ € [r.o0).

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y' +2y = u(t—4), y(0) = 3.

Solution: Compute the Laplace transform of the whole equation,

e—4s

LIy +2L[y] = Llu(t —4)] =

S

From the previous Section we know that
—4s —4s

s Lly]—y(0)] +2L[y] = £ = (s+2)L[y] = y(0)+ &

(s+2) T s(s+2)’

1
s(s+2)

Introduce the initial condition, L[y] =

Use the table: L[y] = 3£[e‘2t] 4 e 4




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y' +2y = u(t —4), y(0) = 3.
1
s(s+2)
We need to invert the Laplace transform on the last term.

Partial fractions:
1 a b a(s+2)+bs (a+b)s+(2a)

Solution: Recall: L[y] =3L[e ] +e*

5+2) s G+ s5+2) ss+2)

1 1
We get, a+ b =0, 2a=1. We obtain: a:§, b:_i' Hence,

s (s+2)1°

5(512)_;[1 : }

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y' +2y = u(t—4), y(0) = 3.
1 1 {1 1 }

s(s+2) 2ls (s+2)
The algebraic equation for L[y] has the form,

Solution: Recall:

1 {6_45 1 e—4s 1 }

> Z_

Lly] = 35[6_271 + S (s +2)

(E[u(t —4)] = Lu(t — 4) e 2] )

Lly]=3L[e*] + %

We conclude that
1
y(t) =37 + S u(t - 4) {1 - e—2<f—4>]. _




Equations with discontinuous sources (Sect. 4.3).

» Differential equations with discontinuous sources.
» We solve the |VPs:
(a) Example 1:

y'+2y=u(t-4), y(0)=3.
(b) Example 2:
5 y(0) =0, 1, te[0,m)
"+y' + =y =b(t), b(t) =
Yy =0 gy =0, M7 00 te o).

(c) Example 3:

. 5 y(0)=0, . (sin(t), te[o,n)
y oty +Zy = &(t), y'(0) =0, g(t) = {O, t € [m, 00).

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, b(t)_{l, t e[0,n)

1! / 5
+y' + 2y = b(t),
oy y =) y'(0) =0, 0, te[mo0).

4

Solution:
b(t)

Rewrite the source function using 1—
step functions.

u(t) u(t-npi)




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" ), 0 y(0) =0, _ 1, tel0,m)
y +vy +Zy_b(t), J(0) = 0. b(t)_{O’ e Iroo).

Solution: The graphs imply: b(t) = u(t) — u(t — )

Now is simple to find L[b], since

e—’ﬂ'S

Clb(t)] = Llu(t)] — Llu(t — )] = =

S S

So, the source is L[b(t)] = (1 — e ™) =, and the equation is

0| =

L)+ LT+ 2 L] = (1-e ™) -

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

1, tel0,m)

y//+y/+§y=b(t)a r0) =0 b(t):{o t € [m,00).

4 y'(0) =0,

0|

Solution: So:  L[y"] + L[y'] + Z Lly] = (1—e™)

The initial conditions imply: L[y”] = s® L[y] and L[y'] = s L[y].

1
Therefore, <52 +s+ Z) Lly]=(1—e™) <
1
s (52 +s+ %)

We arrive at the expression: L[y] = (1 —e™™)




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

5 y(0) = 0, 1, telo,n)
"+y 4+ =y = b(t), b(t) =
Ry gy =0, gy g, X 0, te [, o0).

1
s(s2+s+2)

Solution: Recall: L[y] = (1 — e_m)

1
s(s2+s+2)

Denoting: H(s) =
we obtain, L[y] = (1—e7 ™) H(s).

In other words: y(t) = £ 1[H(s)] — L7 [e ™ H(s)].

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

% I y(0) =0, )L t e [0,m)
y'y gy =b(t), J(0) = 0. b(t)_{07 e [roo),

Solution: Recall: y(t) = £7* [H(s)] — £ [e7™ H(s)].
Denoting: h(t) = L7 '[H(s)], the L[] properties imply
£l (€™ H(s)| = u(t — ) h(t — ).
Therefore, the solution has the form
y(t) = h(t) — u(t — ) h(t — 7).

We only need to find h(t) :E_l[ ( 2+1 n 5)}
s(s2+s+3




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" )0 y(0) =0, _ 1, te[0,m)
y Ay gy = b(t), J(0) = 0. b(t){07 e [ oo),

Solution: Recall h(t)zc—l{ <2+1 +5)]
S\S S a

Partial fractions: Find the zeros of the denominator,

1
Sy = 5 [—1 +v1-— 5} =  Complex roots.

The partial fraction decomposition is:
1 a (bs + ¢)

H(s) = _?
(5) (s2+s+2)s S+(52—|—s+%)

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, _J 1, telo,m)
y'(0) =0, b(t) = {o, t € [r,00).
1 a (bs + ¢)

Solution: Recall: H(s) = (1s5+3)s =<7 (2 15+5)

5
y'+y + 2V = b(t),

The partial fraction decomposition is:
5 5
1 :a(s2+s—|—z) +s(bs+c) = (a—l—b)s2—|—(a—|—c)5—|—za.
This equation implies that a, b, and ¢, are solutions of

a+b=0, a+c=0, = 1.

—a
4




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y(0) =0, Mﬂ:{l,temm)

5
yY'+y' + =y =b(t),

4 y'(0) =0, 0, t€[m00).
Solution: So: a:ﬂ, b:—ﬂ, c:—ﬂ.
5 5 5
Hence, we have found that,
1 411 (s+1)
Als) = 5. 5 {_ - (s2 5 }
<s2—|—s—|—z)s s (s2+s+3)

We have to compute the inverse Laplace Transform

4 71 s+1
=gt 1{5_(52(+s+)g)}

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" ), 0 y(0) =0, B 1, tel0,m)
y +vy +Zy—b(t), J(0) = 0. b(t)_{O’ e Iroo).

4 1 1
Solution: Recall: h(t) = - £7* {— S Chs )5 }

5 s (s2+s+2)
In this case we complete the square in the denominator,

245t = [52+2<1>5+1}—1+§—<s+1>2+1
4 2 4] 4 4 2 ‘

_|
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Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y +y+5y o(t). y(0) =0, b(t)_{l, t e[0,n)

4 y'(0) =0, 0, t¢€[m 00).
4 17 4 (s+3)+12
Solution: Recall: h(t) = ~ £ H - —5—1{ 2/ T2 }
> s 0 H(s+3) 1]

h(t):gﬁ_l[l}_ﬂﬁ—l[[( (S+%) }—gﬁ_

]
sl 5 s+02+1]0 5 L(s+1)2+1))
Recall: L71[F(s—c)] = e f(t). Hence,

h(t) = = {1 — e /2 cos(t) —

Equations with discontinuous sources (Sect. 4.3).

» Differential equations with discontinuous sources.

» We solve the [VPs:
(a) Example 1:

y' +2y =u(t —4), y(0) = 3.

(b) Example 2:

y' +y +5y b(t), v(0) =0, b(t)—{cl)’ telom)

y'(0) =0, , te[m o).

(c) Example 3:

w05 y(0) =0, | sin(t), telo,m)
vty gy =), J/(0) =0, g(t) = {0’ € [r.00).




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, sin(t) te[0,7)
! /
+y + -y =gl(t), t) =
vy gy =8 gy €= £ € [r.00).
Solution:
y a (1)
Rewrite the source function using 1]
step functions. /\
0 pi t
y n(t) y [ u(t)-u(t-pi)
114
\/ 0 pi t

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
5 y(0) =0, sin(t) te[0,m)
/! /
+y + -y =gl(t), t) =
y'+y' + 5y =gt J(0) =0, gt)=1, £ € [ 00).

Solution: The graphs imply: g(t) = [u(t) — u(t — )] sin(t).
Recall the identity: sin(t) = —sin(t — m). Then,
g(t) = u(t) sin(t) — u(t — ) sin(t).
g(t) = u(t) sin(t) + u(t — ) sin(t — 7).
Now is simple to find £[g], since

L[g(t)] = L[u(t) sin(t)] + L[u(t — =) sin(t — 7)].




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
" ), 9 y(0) =0, sin(t) t€[0,m)
+y + -y =gl(t), t) =
oyt =et) g o, 9= t € [, 00).

Solution: So:  L[g(t)] = L[u(t) sin(t)] + L[u(t — ) sin(t — 7)].

—T7S

1
E[g(t)]:m+e (S2+1).

Recall the Laplace transform of the differential equation

L")+ £1/]+ 5 £1v] = £lg)

The initial conditions imply: L[y”] = s® L[y] and L[y'] = s L[y].
1
(s*+1)

Therefore, (52 +s+ Z) Lly] = (1 + e—ws)

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP
7 ), 9 y(0) =0, sin(t) t€[0,m)
+y + -y =gl(t), t) =
vy gy =8 gy —o €= £ € [r.00).

f - . 2 § _ —T7s
Solution: Recall: (s + s+ 4) Lly]= (1+e™) )

1
(s24+s+2)(s2+1)

Lly] = (1 + e‘”s)

1
(s2+s+2)(s2+1)

Introduce the function H(s) =

Then, y(t) = L7YHH(s)]+ L7 [e ™ H(s)].




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

% )0 y(0) =0, B sin(t) te€[0,7)
y'+y +Zy—g(t), J(0) =0, g(t)_{o e [ o0),

Solution: Recall: y(t) = L7 Y[H(s)] + L *[e ™ H(s)], and

1
(s24+s+2)(s2+1)

H(s) =

Partial fractions: Find the zeros of the denominator,
1

Sy = 5 [—1 ++v1-— 5} =  Complex roots.
The partial fraction decomposition is:
1 _ (as+b) (cs + d)

(s2+s+3)(s2+1) (s2+s+2) (s2+1)

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" )0 y(0) =0, B sin(t) te€[0,7)
g +y+zy—g(t), y'(0) =0, g(t){o t € [m, 00).

Solution: So: 1 _ (as + b) (cs+d)
AR I R ER e A GRS}

Therefore, we get

1:(as—l—b)(52—|—1)+(cs—|—d)(s2+5+2)7

1:(a+c)s3+(b+c+d)52+<a+2c+d)s+<b+§d>.

This equation implies that a, b, ¢, and d, are solutions of

5
a+c=0, b+c+d=0, a—|—Zc—|—d:O, b—l—gd:l.




Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

y"+y’+§y:g(t), y(0) =0, g(t)—{Sin(t) t€[0,m)

4 y'(0) =0, 0 t € [m,00).
16 12 16 4
Solution: SO: a:ﬁ, b:ﬁ, C:_ﬁ’ d:ﬁ
4 4 —4s+1
We have found: H(s):—[ (S+3)5 ( 2S+ )}
17 (S2+S+Z) (s> +1)
Complete the square in the denominator,
5 1 1 1 5 1\2
2 2
-l -degm (e
5+s+4 {s—k 25+4 4—|—4 s+2 +
4 4s + 3 —4s5 41
H(S):ﬁ[ (12) (2 1)]
[(S—I-Q) +1] (5 + )

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" )9 y(0) =0, B sin(t) te€[0,7)
g +y+zy—g(t), y'(0) =0, g(t){o t € [m, 00).

:i{ (4s + 3) (—45+1)}
17 (s+1)?+1] &+ )

Rewrite the polynomial in the numerator,

Solution: So: H(s)

11 1
(4s—|—3)—4<5—|—§—§)—|—3—4(5—|—§>—|—1,

) 1 2 S n 1 }
+1] [(s+3)*+1]  (E+D) (+DT




Differential equations with discontinuous sources.
Example
Use the Laplace transform to find the solution of the IVP

y"+y’+§y:g(t), y(0) =0, g(t)—{Sin(t) t€[0,m)

4 y'(0) =0, 0 t € [r,00).
Solution:

_ 4, (s+3) 1L, !
T T e T NGRS

Use the Laplace Transform table to get H(s) equal to

H(s) = % [4z[e—f/2 cos(t)] + £ [e~*/?sin(t)] — 4 L[cos(t)] +£[sin(t)]].

H(s) = [{% <4e_t/2 cos(t) + e /2 sin(t) — 4 cos(t) + sin(t))}.

Differential equations with discontinuous sources.

Example
Use the Laplace transform to find the solution of the IVP

" )0 y(0) =0, B sin(t) te€[0,7)
g +y+1y—g(t), y'(0) =0, g(t)—{o t € [m, 00).

Solution: Recall:

H(s) = E{i (4e_t/2 cos(t) + e~ t/?sin(t) — 4 cos(t) + sin(t))}.

17
Denote:
_ 4 —t/2 —t/2 :
h(t) = 17 [4e /2 cos(t) + e sin(t) — 4 cos(t) + sm(t)}.
Then, H(s) = L[h(t)]. Recalling: L[y(t)] = H(s) + e ™ H(s),

Lly(t)] = L[h(t)] + e L[h(z)].
We conclude: y(t) = h(t) + u(t — m)h(t — 7). <




