Second order linear ODE (Sect. 2.2).

» Review: Second order linear differential equations.
» Idea: Soving constant coefficients equations.
» The characteristic equation.

» Solution formulas for constant coefficients equations.



Review: Second order linear ODE.

Definition
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Review: Second order linear ODE.

Definition
Given functions a1, ag, b : R — R, the differential equation in the
unknown function y : R — R given by

y'+a(t)y +a(t)y = b(t)

is called a second order linear differential equation. If b =0, the
equation is called homogeneous. If the coefficients a;, a, € R are
constants, the equation is called of constant coefficients.

Theorem (Superposition property)
If the functions y, and y, are solutions to the homogeneous linear
equation

y" +a(t)y +at)y =0,
then the linear combination c,y,;(t) + c,y.(t) is also a solution for
any constants c¢;, ¢, € R.
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|dea: Soving constant coefficients equations.

Remark: Just by trial and error one can find solutions to second
order, constant coefficients, homogeneous, linear differential
equations. We present the main ideas with an example.

Example
Find solutions to the equation y” + 5y’ + 6y = 0.

Solution: We look for solutions proportional to exponentials e't, for
an appropriate constant r € R, since the exponential can be
canceled out from the equation.

If y(t) = e, then y'(t) = re", and y”(t) = r?e"™. Hence

(r’+5r+6)e"=0 < r*+5r+6=0.

That is, r must be a root of the polynomial p(r) = r? 4 5r + 6.

This polynomial is called the characteristic polynomial of the
differential equation.
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Example
Find solutions to the equation y” + 5y’ + 6y = 0.
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The roots of the characteristic polynomial are
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r =

N
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Example
Find solutions to the equation y” + 5y’ + 6y = 0.

Solution: Recall: p(r) = r?> +5r +6.

The roots of the characteristic polynomial are

= _2’

(-5+£v25—24) = L3

(Sil) = {

r\.)\l—l
r\)\



|dea: Soving constant coefficients equations.

Example
Find solutions to the equation y” + 5y’ + 6y = 0.
Solution: Recall: p(r) = r?> +5r +6.

The roots of the characteristic polynomial are

= _2’

(-5+£v25—24) =

N \

(Sil) = {

= _3.

r\.)\l—l

Therefore, we have found two solutions to the ODE,

2t

yi(t) = e <, y(t) = e3¢
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Find solutions to the equation y” + 5y’ + 6y = 0.

Solution: Recall: p(r) = r?> +5r +6.

The roots of the characteristic polynomial are

1 n = =2,
= - (-5+V25-24) = 7( 5+1) = '
2 2 r2 = _3.
Therefore, we have found two solutions to the ODE,
n(t)=e  y(t)=e

Their superposition provides infinitely many solutions,
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Example
Find solutions to the equation y” + 5y’ + 6y = 0.

Solution: Recall: p(r) = r?> +5r +6.

The roots of the characteristic polynomial are

1 n = =2,
= (-5+v25-24) = 7( 5+1) = '
2 2 r2 = _3.
Therefore, we have found two solutions to the ODE,
n(t)=e  y(t)=e

Their superposition provides infinitely many solutions,

y(t) = qe 2 4 ge 3, ca, 6 € R.
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infinitely many solutions,
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Remarks:
» There are two free constants in the solution found above.

» The ODE above is second order, so two integrations must be
done to find the solution. This explain the origin of the two
free constant in the solution.



|dea: Soving constant coefficients equations.

Summary: The differential equation y” + 5y’ + 6y = 0 has
infinitely many solutions,

}/(t) = Cleizt + C2€'73t, ¢, G €R.

Remarks:
» There are two free constants in the solution found above.

» The ODE above is second order, so two integrations must be
done to find the solution. This explain the origin of the two
free constant in the solution.

» An IVP for a second order differential equation will have a
unique solution if the IVP contains two initial conditions.
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The characteristic equation.

Definition
Given a second order linear homogeneous differential equation with
constant coefficients

y'+ay +a =0, (1)

the characteristic polynomial and the characteristic equation
associated with the differential equation in (1) are, respectively,

p(r) = r* +ar + a, p(r) =0.



The characteristic equation.

Definition
Given a second order linear homogeneous differential equation with
constant coefficients

y'+ay +a =0, (1)

the characteristic polynomial and the characteristic equation
associated with the differential equation in (1) are, respectively,

p(r) = r* +ar + a, p(r) =0.

Remark: If r,, r, are the solutions of the characteristic equation
and ¢, ¢, are constants, then we will show that the general
solution of Eq. (1) is given by

y(t) = e + e
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The characteristic equation.

Example
Find the solution y of the initial value problem
y'+5/+6=0, y(0)=1, y(0)=-1
Solution: A solution of the differential equation above is
y(t) = ce™® + e 3t

We now find the constants ¢, and ¢, that satisfy the initial
conditions above:

]. - y(O) =G + G, - 1 - yI(O) - _2C1 - 3C2.

C1:1_C2



The characteristic equation.

Example
Find the solution y of the initial value problem
y'+5/+6=0, y(0)=1, y(0)=-1
Solution: A solution of the differential equation above is
y(t) = ce™® + e 3t

We now find the constants ¢, and ¢, that satisfy the initial
conditions above:

]. - y(O) =G + G, - 1 - yI(O) - _2C1 - 3C2.

a=1-6=1=2(1-¢)+3c



The characteristic equation.

Example
Find the solution y of the initial value problem
y'+5/+6=0, y(0)=1, y(0)=-1
Solution: A solution of the differential equation above is
y(t) = ce™® + e 3t

We now find the constants ¢, and ¢, that satisfy the initial
conditions above:

]. - y(O) =G + G, - 1 - yI(O) - _2C1 - 3C2.
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The characteristic equation.

Example
Find the solution y of the initial value problem
y'+5/+6=0, y(0)=1, y(0)=-1
Solution: A solution of the differential equation above is
y(t) = ce™® + e 3t

We now find the constants ¢, and ¢, that satisfy the initial
conditions above:

]. - y(O) =G + G, - 1 - yI(O) - _2C1 - 3C2.

C1:1_C2:>1:2(1_C2)+3C2:>C2:_1:>C1:2.



The characteristic equation.

Example
Find the solution y of the initial value problem
y'+5/+6=0, y(0)=1, y(0)=-1
Solution: A solution of the differential equation above is
y(t) = e 2 4 e 3t

We now find the constants ¢, and ¢, that satisfy the initial
conditions above:

]. - y(O) =G + G, - 1 - yI(O) - _2C1 - 3C2.
C1:1_C2:>1:2(1_C2)+3C2:>C2:_1:>C1:2.
Therefore, the unique solution to the initial value problem is

y(t) =272t — e3¢,
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The characteristic equation.

Example
Find the general solution y of the differential equation

2y" =3y  +y=0.

Solution: We look for every solution of the form y(t) = e, where
r is a solution of the characteristic equation

2P —3r+1=0 = r:%(3:t\/9—8)



The characteristic equation.

Example
Find the general solution y of the differential equation

2y" =3y  +y=0.

Solution: We look for every solution of the form y(t) = e, where
r is a solution of the characteristic equation

]
Il
\.I—‘

1
2r’ —3r+1=0 = r=78+v9-8) =

N =



The characteristic equation.

Example
Find the general solution y of the differential equation

2y" =3y  +y=0.

Solution: We look for every solution of the form y(t) = e, where
r is a solution of the characteristic equation

1
2r’ —3r+1=0 = r=78+v9-8) =

Therefore, the general solution of the equation above is

y(t) = ae’ + qe'l?,

where ¢, ¢, are arbitrary constants. <
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Theorem (Constant coefficients)

Given real constants a,, a,, consider the homogeneous, linear
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Theorem (Constant coefficients)
Given real constants a,, a,, consider the homogeneous, linear
differential equation on the unknown y : R — R given by
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Let ry, r— be the roots of the characteristic polynomial
p(r) = r?> + a;r + a,, and let c,, c; be arbitrary constants. Then,
the general solution of the differential eqation is given by:

(a) If ry # r—, real or complex, then y(t) = c,e™ ' + ¢, 1.



Solution formulas for constant coefficients equations.

Theorem (Constant coefficients)
Given real constants a,, a,, consider the homogeneous, linear
differential equation on the unknown y : R — R given by

y”+a1y’+agy:0.

Let ry, r— be the roots of the characteristic polynomial
p(r) = r?> + a;r + a,, and let c,, c; be arbitrary constants. Then,
the general solution of the differential eqation is given by:

(a) If ry # r—, real or complex, then y(t) = c,e™ ' + ¢, 1.
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Solution formulas for constant coefficients equations.

Theorem (Constant coefficients)
Given real constants a,, a,, consider the homogeneous, linear
differential equation on the unknown y : R — R given by

y”+a1y’+agy:0.

Let ry, r— be the roots of the characteristic polynomial
p(r) = r?> + a;r + a,, and let c,, c; be arbitrary constants. Then,
the general solution of the differential eqation is given by:

(a) If ry # r—, real or complex, then y(t) = c,e™ ' + ¢, 1.
(b) Ifrp =r_ =?€R, thenis y(t) = c, e’ + ¢, te't.

Furthermore, given real constants t,, y, and y,, there is a unique
solution to the initial value problem

y'+ay +ay=0,  y(t)=ye Y(t)=y.
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Review: On solutions of y”" +a,y' +a,y =0.

Theorem (Constant coefficients)
Given real constants a,, a,, consider the homogeneous, linear
differential equation on the unknown y : R — R given by

y'+ay +a,y=0.

Let ry, r— be the roots of the characteristic polynomial
p(r) = r> + a,r + a,, and let c,, ¢, be arbitrary constants. Then,
the general solution y of the differential equation is given by

(a) If ry # r_, real or complex, then y(t) = c,e™t 4 c,e™t.

(b) Ifrp =r_ =% ER, then y(t) = ¢, e’ + ¢, te®.
Furthermore, given real constants t,, y; and y,, there is a unique
solution to the initial value problem

y//+31y/+aoy:07 Y(to):)’b y/(to):)/Z'
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Example
Find the general solution of the equation y” —y’ — 6y = 0.
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Review: On solutions of y”" +a,y' +a,y =0.

Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the
roots of the characteristic polynomial p(r) = r> — r — 6, that is,

re = 1(1i\/1+24)

N |



Review: On solutions of y”" +a,y' +a,y =0.

Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the

roots of the characteristic polynomial p(r) = r> — r — 6, that is,

(1i\/1+2) (115)

N \



Review: On solutions of y”" +a,y' +a,y =0.

Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the

roots of the characteristic polynomial p(r) = r> — r — 6, that is,

(1i\/1+2) (1i5) = =3 r.=-2

N \
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Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the

roots of the characteristic polynomial p(r) = r> — r — 6, that is,

(1i\/1+2) (115) = =3 r.=-2
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So, r4 are real-valued.
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Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the
roots of the characteristic polynomial p(r) = r> — r — 6, that is,

(1i\/1+2) (115) = =3 r.=-2
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So, ry are real-valued. A fundamental solution set is formed by

yi(t) = e3t7 ya(t) = e 2t
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Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the
roots of the characteristic polynomial p(r) = r?> — r — 6, that is,

(1i\/1+2) (115) = =3 r.=-2

N \

So, ry are real-valued. A fundamental solution set is formed by
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n(t) = e’ ya(t) = e "
The general solution of the differential equations is an arbitrary
linear combination of the fundamental solutions,



Review: On solutions of y”" +a,y' +a,y =0.

Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the
roots of the characteristic polynomial p(r) = r> — r — 6, that is,

(1i\/1+2) (115) = =3 r.=-2

N \

So, ry are real-valued. A fundamental solution set is formed by

-2
n(t) = e’ ya(t) = e~
The general solution of the differential equations is an arbitrary
linear combination of the fundamental solutions, that is,

y(t)=cq ¥ + e ?, a, G € R.



Review: On solutions of y”" +a,y' +a,y =0.

Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the
roots of the characteristic polynomial p(r) = r> — r — 6, that is,

(1i\/1+2) (115) = =3 r.=-2

N \

So, ry are real-valued. A fundamental solution set is formed by

-2
n(t) = e’ ya(t) = e~
The general solution of the differential equations is an arbitrary
linear combination of the fundamental solutions, that is,

y(t)=cq ¥ + e ?, a, G € R.

Remark: Since ¢, ¢, € R, then y is real-valued.
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Two main sets of fundamental solutions.

Example
Find the general solution of the equation y” — 2y’ 4+ 6y = 0.
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Example
Find the general solution of the equation y” — 2y’ 4+ 6y = 0.

Solution: We first find the roots of the characteristic polynomial,
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Two main sets of fundamental solutions.

Example
Find the general solution of the equation y” — 2y’ 4+ 6y = 0.

Solution: We first find the roots of the characteristic polynomial,

rP—2r+6=0 = ry=

(2+V4 —24)

N~



Two main sets of fundamental solutions.

Example
Find the general solution of the equation y” — 2y’ 4+ 6y = 0.

Solution: We first find the roots of the characteristic polynomial,

rP—2r+6=0 = ry=

(2£V4-24) = ri=1£iV5

N~



Two main sets of fundamental solutions.

Example
Find the general solution of the equation y” — 2y’ 4+ 6y = 0.

Solution: We first find the roots of the characteristic polynomial,

(2£V4-24) = ri=1£iV5
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Two main sets of fundamental solutions.

Example
Find the general solution of the equation y” — 2y’ 4+ 6y = 0.

Solution: We first find the roots of the characteristic polynomial,

(2£V4-24) = ri=1£iV5

rP—2r+6=0 = r=

N~

A fundamental solution set is

7(t) = o(1+iVE)t

)%} (t) = e1=1Vo)t,

)

These are complex-valued functions. The general solution is

y(t) =& eVt L g VO 5z eCc. g
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Two main sets of fundamental solutions.

Remark:

>

The solutions found above include real-valued and
complex-valued solutions.

Since the differential equation is real-valued, it is usually
important in applications to obtain the most general
real-valued solution. (See RLC circuit below.)

In the expression above it is difficult to take apart real-valued
solutions from complex-valued solutions.

In other words: It is not simple to see what values of & and ¢,
make the general solution above to be real-valued.

One way to find the real-valued general solution is to find
real-valued fundamental solutions.



Second order linear homogeneous ODE (Sect. 2.3).

» Review: On solutions of y” +a,y’ +a,y = 0.
» Characteristic polynomial with complex roots.

» Two main sets of fundamental solutions.
» Review of Complex numbers.
» A real-valued fundamental and general solutions.

» Application: The RLC circuit.
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Two main sets of fundamental solutions.

Theorem (Complex roots)

If the constants a,, a, € R satisfy that a? —4a, < 0, then the
characteristic polynomial p(r) = r? + a;r + a, of the equation

y'+ay +ay=0 (2)

has complex roots ry = a+ i3 and r— = « — i3, where

a 1
oz:—zl, ﬂziy/4a0—a%.

Furthermore, a fundamental set of solutions to Eq. (2) is
yl(t) = e(a—i—iﬂ)ta yZ(t) = e(a—iﬁ)t7
while another fundamental set of solutions to Eq. (2) is

yi(t) = e** cos(3t), yo(t) = e*Fsin(3t).
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A real-valued fundamental and general solutions.

Example
Find the real-valued general solution of the equation

y" —2y' + 6y =0.

Solution: Recall: Complex valued solutions are
Ja(t) = VR () = eTVRI,

Any linear combination of these functions is solution of the

differential equation. In particular,

Bt = S5O+ 70), (e = 22 [7:(6) — 7(0)].

Now, recalling e(£iV8)t — gtetivht

w(t) = %[etei‘/gtJret e*"\/gt], y(t) = %[et elVBt ot e*"\/gt],
i



A real-valued fundamental and general solutions.

Example

Find the real-valued general solution of the equation

y" —2y' + 6y =0.

t . ) t . )
Solution: y, = i[e'ﬁt + efn/ﬁt], v, = ‘i_ [e"/gt _ e—:\@t]_
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Example
Find the real-valued general solution of the equation

y" —2y'+6y =0.

Solution: Recall: y(t) = ge(+ivEt L & (1-iVB)t & & ¢ C.
The calculation above says that a real-valued fundamental set is
yi(t) = e cos(V5 t), va(t) = et sin(v/5t).
Hence, the complex-valued general solution can also be written as
y(t) = [cicos(V5 t) + o sin(VE t)] e, a,c € C.
The real-valued general solution is simple to obtain:
y(t) = [cicos(V5 t) + o sin(V5 )] e, a, 6 €R.

We just restricted the coefficients ¢;, ¢, to be real-valued. <
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Example

Show that y;(t) = ef cos(v/5t) and y,(t) = ef sin(\/5 t) are
fundamental solutions to the equation y” — 2y’ + 6y = 0.
Solution: y;(t) = et cos(v/5t), y,(t) = efsin(v/51).
Summary:

These functions are solutions of the differential equation.
They are not proportional to each other, Hence Ii.

Therefore, y;, ¥, form a fundamental set.

vV V. Vv VY

The general solution of the equation is

y(t) = [c cos(vV/5t) + ¢, sin(V/5t)] €.

v

v is real-valued for ¢, ¢, € R.

v

y is complex-valued for ¢;, ¢, € C.
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Example
Find real-valued fundamental solutions to the equation
y'+2y' +6y=0.

Solution:
The roots of the characteristic polynomial p(r) = r? +2r + 6 are
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A real-valued fundamental and general solutions.

Example
Find real-valued fundamental solutions to the equation

y'+2y' +6y=0.
Solution: y;(t) = e % cos(V5t), y,(t) =e t sin(V5t).

Differential equations like the one
in this example describe physical
processes related to damped
oscillations. For example
pendulums with friction.
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A real-valued fundamental and general solutions.

Example
Find the real-valued general solution of y” +5y = 0.

Solution: The characteristic polynomial is p(r) = r? + 5.
Its roots are ry = ++/5 /. This is the case « = 0, and 0= V5.

Real-valued fundamental solutions are
vi(t) =cos(v5t),  y(t) =sin(V/51).
The real-valued general solution is

y(t) = ¢ cos(VBt) 4+ ¢ sin(v5t),  c, e eR. 4

Remark: Equations like the one in this example describe
oscillatory physical processes without dissipation, o = 0.
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» Two main sets of fundamental solutions.
» Review of Complex numbers.

» A real-valued fundamental and general solutions.

» Application: The RLC circuit.
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Consider an electric circuit with
resistance R, non-zero capacitor
C, and non-zero inductance L, as

in the figure. I (t) : electric current.
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Application: The RLC circuit.

Consider an electric circuit with
resistance R, non-zero capacitor R c L
C, and non-zero inductance L, as -

in the figure. I (t) : electric current.

The electric current flowing in such circuit satisfies:

LI'(t) + RI(t) C/

1
Derivate both sides above: L/1”(t)+ R/I'(t) + e I(t) = 0.
R 1
- . . /, —
Divide by L: 1”(t )+2(2L)/( )+ e (B =0.

R 1
Introduce o = oL and w = ——, then I” +2al' +w?] =0.

VLC
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where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.
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Example
Find real-valued fundamental solutions to I” + 2a I’ + w? | = 0,
where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.
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Case (a) R =0. This implies & =0, so ry = fiw.



Application: The RLC circuit.

Example
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Example

Find real-valued fundamental solutions to I” + 2a I’ + w? | = 0,
where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.

Solution: The characteristic polynomial is p(r) = r? + 2ar + w?.

The roots are:

ri:g[_zaim} > rn=-atVa?-wl

Case (a) R =0. This implies « =0, so ry = +iw. Therefore,

l,(t) = cos(wt), L(t) = sin(wt).



Application: The RLC circuit.

Example

Find real-valued fundamental solutions to I” + 2a I’ + w? | = 0,
where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.

Solution: The characteristic polynomial is p(r) = r? + 2ar + w?.
The roots are:

ri:g[_zaim} > rn=-atVa?-wl

Case (a) R =0. This implies « =0, so ry = +iw. Therefore,

I,(t) = cos(wt) L(t) = sin(wt).

)

Remark: When the circuit has no resistance, the current oscillates
without dissipation.
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Application: The RLC circuit.

Example

Find real-valued fundamental solutions to I” 4+ 2a I’ + w? | = 0,
where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.

Solution: Recall: ry = —a £ Va2 — w2,

Case (b) R < \/4L/C. This implies
4L R? 1

2 Sk A 2 2

R<C @4L2<LC<:>a<w.

Therefore, rr = —a £ ivw? — a?. The fundamental solutions are

h(t) =e * cos(Vw? —a?t), h(t)=e " sin(vVw?—a?t).

vV 0ot }\ The resistance R damps
R ¢ L AN o
— ‘ \L VT the current oscillations.

1 (t) : electric current.
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Review: On solutions of y”" +a,y' +a,y =0.

Summary:
Given constants a;, a, € R, consider the differential equation

y'+ay' +ay=0

with characteristic polynomial having roots

a 1
ri:—§i2\/af—4ao.

(1) If a% — 4a, > 0, then y;(t) = €™t and y,(t) = et

1
(2) If a2 — 4a, < 0, then introducing o = —%, B = 5\/430 — a2,

yi(t) = e*f cos(3t), yo(t) = e*Fsin(Bt).
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(3) If a2 —4a, = 0, then y;(t) = e 2 °.
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Review: On solutions of y”" +a,y' +a,y =0.

Question:

Consider the case (3), with 312 —4a, =0, that is, a, =

|8,

» Does the equation

a2
y“+aly’+jy=0

have two linearly independent solutions?

» Or, is every solution to the equation above proportional to
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Remark:
» Case (3), where 4a, — a> = 0 can be obtained as the limit
B — 0 in case (2).
» Let us study the solutions of the differential equation in the
case (2) as 3 — 0 for fixed t.

» Since cos(5t) — 1 as § — 0, we conclude that
yp(t) = e tcos(fBt) — e 3t = yi(t).

» Since sméft) — 1las 3 — 0, that is, sin(8t) — ¢,

yo8(t) = e 7 Lsin(Bt) — Bt e 2t 0.

> Is y,(t) = tyi(t) solution of the differential equation?
Introducing y, in the differential equation one obtains: Yes.
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Remark:

>

>

Case (3), where 4a, — a> = 0 can be obtained as the limit
B — 0 in case (2).

Let us study the solutions of the differential equation in the
case (2) as 3 — 0 for fixed t.

Since cos(ft) — 1 as § — 0, we conclude that
yp(t) = e 7 tcos(fBt) — et = yi(t).

Since sméft) — 1las 3 — 0, that is, sin(8t) — ¢,

yo8(t) = e 7 Lsin(Bt) — Bt e 2t 0.

Is y,(t) = t yi(t) solution of the differential equation?
Introducing y, in the differential equation one obtains: Yes.

Since y, is not proportional to y;, the functions y;, y, are a
fundamental set for the differential equation in case (3).
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Theorem
If a;, a, € R satisfy that 312 = 4a,, then the functions

y(t)=e 2t y(t)=te 71,

are a fundamental solution set for the differential equation
y" +ay +ay =0.

Example

Find the general solution of 9y” + 6y’ +y = 0.

Solution: The characteristic equation is 9r2 4+ 6r +1 = 0, so
1
(2)(9)

r+ =
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Theorem
If a;, a, € R satisfy that 312 = 4a,, then the functions

p(t)=e 1t p(t)=te 7,
are a fundamental solution set for the differential equation
y" +ay +ay =0.
Example
Find the general solution of 9y” + 6y’ +y = 0.

Solution: The characteristic equation is 9r2 4+ 6r +1 = 0, so

Lo 1
T (2)09)

[-6+36-36] = = —%.



Main result for repeated roots.

Theorem
If a;, a, € R satisfy that 312 = 4a,, then the functions
_a _a
y(t)=e 27, yo(t) =te 2,

are a fundamental solution set for the differential equation
y” + 31}/ + agy — 0
Example

Find the general solution of 9y” + 6y’ +y = 0.

Solution: The characteristic equation is 9r2 4+ 6r +1 = 0, so

1

6+£v36-36] = n=—3

== e

The Theorem above implies that the general solution is

y(t) =c e /34 ¢ te /3
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Reduction of the order method: Constant coefficients.

Proof case a? — 4a, = 0:
Recall: The characteristic equation is r?> + a;r + a, = 0, and its
solutions are ry = (1/2)[—a, £+ /a2 — 4a).

The hypothesis a> = 4a, implies r, = r. = —a,/2.

So, the solution r, of the characteristic equation satisfies both
r+2+alr++aozo, 2r.+a, = 0.

It is clear that y;(t) = e™! is solutions of the differential equation.

A second solution y, not proportional to y; can be found as
follows: (D’Alembert ~ 1750.)

Express: y,(t) = v(t) y2(t), and find the equation that function v
satisfies from the condition y) + a,y, + a,y, = 0.
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Recall: y, = vy, and yJ' + a,y) + ay» = 0. So, y, = ve™" and
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Reduction of the order method: Constant coefficients.

Recall: y, = vy, and yJ' + a,y) + ay» = 0. So, y, = ve™" and
ys = v'e™t + rve™t vl =v"e"t 4 2r,v et 4 rPve™
Introducing this information into the differential equation
[v”+2r+v’—|—r+2v] er+t—|—al[v’+r+v] et 4 gvet =0.
[v” +2rv + r?v} + a [v’ + r+v} +a,v=0
v+ (2r+ + al) v+ (r+2 + a,r. + ao) v=0

Recall that r, satisfies: r+2 + air. +a, =0 and 2r, + a, = 0.

V=0 = v=(ag+at) = y=(ca+ct)e"".
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Reduction of the order method: Constant coefficients.

Recall: We have obtained that y,(t) = (¢, + ot) ™.

If , =0, then y, = c,e™*! and y; = et are linearly dependent
functions.

If ¢, #0, then y, = (¢, + ,t) e and y;, = e™* are linearly
independent functions.

Simplest choice: ¢, = 0 and ¢, = 1. Then, a fundamental solution
set to the differential equation is

w(t) =e™, vo(t) = te™t Ul

The general solution to the differential equation is

y(t) =& et + & te™".
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Find the solution to the initial value problem
5
Wby +y=0 y(0)=1  y(0)=3.
1
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Reduction of the order method: Constant coefficients.

Example
Find the solution to the initial value problem
5
Wby +y=0 y(0)=1  y(0)=3.
1
Solution: The solutions of 9r2 +6r+1=0, are r, = r. = —3

The Theorem above says that the general solution is
t
)= Pt > () S a(i- )et

The initial conditions imply that

1=y(0) =q,
5 c = ¢ =1, G =2.
5 :y/(O) = _§1 + G

We conclude that y(t) = (1 4 2t) e /3. <
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Theorem above can be used in variable coefficients equations.

Theorem
Given continuous functions p, q : (t;, t,) — R, let y, : (t;, t,) — R
be a solution of

Yy +p(t)y +q(t)y =0,

If the function v : (t;, t,) — R is solution of

yi(£) v + [2y/(t) + p(t)yi(t)] v/ = 0. (3)

then the functions y; and y, = v y; are fundamental solutions to
the differential equation above.



Reduction of the order method: Variable coefficients.

Remark: The same idea used to prove the constant coefficients
Theorem above can be used in variable coefficients equations.

Theorem
Given continuous functions p, q : (t;, t,) — R, let y, : (t;, t,) — R
be a solution of

Yy +p(t)y +q(t)y =0,

If the function v : (t;, t,) — R is solution of
yi(£) v + [2y/(t) + p(t)yi(t)] v/ = 0. (3)

then the functions y; and y, = v y; are fundamental solutions to
the differential equation above.

Remark: The reason for the name Reduction of order method is
that the function v does not appear in Eq. (3). This is a first order
equation in v/.
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Example
Find a fundamental set of solutions to

t2y" 4+ 2ty —2y =0,
knowing that y,(t) = t is a solution.

Solution: Express yo(t) = v(t) y2(t). The equation for v comes
from t2y! + 2ty! — 2y, = 0. We need to compute

Yo=Vvt, vi=tv +v, vl =tv"+2v.

So, the equation for v is given by
t?(tv” +2v) + 2t(tV + v) —2tv =0
BV 4 (22 +2t°)V + (2t —2t)v =0

4
BV + @)V =0 = V' + -V =0
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Reduction of the order method: Variable coefficients.

Example
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Reduction of the order method: Variable coefficients.
Example
Find a fundamental set of solutions to
t2y" 4+ 2ty —2y =0,
knowing that y,(t) = t is a solution.

4
Solution: Recall: v + ;v’ =0.
) . ) 4
This is a first order equation for w = v/, given by w + ?W =0, so

/
4
1:_; = In(w)=—4n(t)+ ¢ = w(t)=at™* ¢ eR.
w

Integrating w we obtain v, that is, v = ot 3 + ¢, with G, G € R.
Recalling that y, = t v we then conclude that y, = czt_2 + Gt.
Choosing ¢, = 1 and ¢; = 0 we obtain the fundamental solutions

1
y(t) =tand y(t) = 2 <
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Reduction of the order method: Variable coefficients.

Proof of the Theorem: The choice of y, = vy, implies
v=vyitvyl, oy =Vt y vyl
This information introduced into the differential equation says that
(V' +2vy +vy )+ p (Vi tvy)+ary =0

v+ @2y +py) v+ + ey +ay)v=0.
The function y, is solution of y;’ + py, + gy, = 0.
Then, the equation for v is given by Eq. (3), that is,

32! v’ + (2)/1, +py) v =0.
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Reduction of the order method: Variable coefficients.

Proof: Recall y; v’ + (2y] + py,) v/ = 0. We now need to show
that y; and y, = vy, are linearly independent.

34 vy

W. —
2yl (Vi vyy)

=n(V'ys + vy) — vyl

We obtain W,,,, = v'y?. We need to find v/. Denote w = v/, so
W/ y’
ww + @2y +pp)w=0 = —=-221_p
w 34!

Let P be a primitive of p, that is, P'(t) = p(t), then

In(w) ==2In(y,) — P = w= elin(r )—P]
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Reduction of the order method: Variable coefficients.

Proof: Recall y; v’ + (2y] + py,) v/ = 0. We now need to show
that y; and y, = vy, are linearly independent.

34 vy

W. =
2yl (Vi vyy)

=y(v'yi +w)) — vy

We obtain W,,,, = v'y?. We need to find v/. Denote w = v/, so
W/ /
pwW A tpr)w=0 = =-2"_p
w N
Let P be a primitive of p, that is, P'(t) = p(t), then

In(w) =—=2In(y,) —P = w= MO )=Pl oy = vy 2e P

We obtain v'y2 = e~F, hence W,,,, = e~ ", which is non-zero.
We conclude that y; and y, = vy, are linearly independent.
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