Review for Exam 2.
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6 or 7 problems.
No multiple choice questions.
No notes, no books, no calculators.

Problems similar to homeworks.
Exam covers:

Variation of parameters (2.6).

» Undetermined coefficients (2.5).

vV v.vy

Constant coefficients, homogeneous, (2.2)-(2.4).
Reduction order method, (2.4.2).

Second order variable coefficients, (2.1).

First order homogeneous (1.3.2).
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Variation of parameters (2.6).

Theorem (Variation of parameters)

Let p, q, f : (t;, t,) — R be continuous functions, then let
functions y;, y, : (t;, t,) — R be linearly independent solutions to
the homogeneous equation

y"+p(t)y +q(t)y =0,
and let the function W,,,, be the Wronskian of solutions y, and y,.

If the functions u, and u, are defined by

)
w0 = ) W ® 0= 9

then a particular solution y, to the non-homogeneous differential
equation y" + p(t)y' + q(t) y = f(t) is given by

_ [ yn(®)f(2)

Yp = Uiy1 + UzYo.

Variation of parameters (2.6).

/ /
u,y, + u,y, =0,
Proof: Summary: If u; and u, satisfy jyi fyi then
yp = U\ + uy, SatiSﬂeS L(yp) = f

The equations above are simple to solve for u; and w,,

/ ., /
Uéz—&tl{ = U{yl’—yly2 u=Ff = u{(y—1y2 ylyz)zf.
Y2 Y V2
f f
Since W,,y, = y1¥s — ¥ly», then u; = — Y2 = u= Nt
yiyz WYle
Integrating in the variable t we obtain
t)f(t t)f(t
u(t) = _2(f (1) )dt, u(t) = ()F (1) )dt,
WY1)/2 (t) Wy1Y2 ( t)

This establishes the Theorem. ]




Variation of parameters (2.6).

Example
Find a particular solution to the differential equation

2yll . 2y — 3t2 o 1’

knowing that the functions y, = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

Solution: First, write the equation in the form of the Theorem.
That is, divide the whole equation by t?,

2 1 1
y'-Sy=3-5 = f(t)=3-=

We know that y; = t? and y, = 1/t. Their Wronskian is

Won(t) = () () ~@0(3) = Whan( =3

Variation of parameters (2.6).

Example
Find a particular solution to the differential equation

t2y" — 2y =3t2 — 1,
knowing that the functions y, = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

1
Solution: y; = t2, y, = 1/t, f(t)=3— 2 W,,,,(t) = =3.

We now compute y; and u,,
1 1 1 1 B 1,




Variation of parameters (2.6).

Example
Find a particular solution to the differential equation
t2y" — 2y =312 — 1,

knowing that the functions y; = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

Solution: The particular solution y, = wuy; + by, is

Vp = [In(t) + %t—ﬂ (t2) + %(—t?’ +t)(th)

1 1 1 1 1
Vo= t2In(t)+ = — 2+ Z = t2In(t) + = — = t2

- 1 1
Yp = t*In(t) + 5 §Y1(t)-

1
A simpler expression is y, = t* In(t) + 5 <

Variation of parameters (2.6).

Example
Find a particular solution to the differential equation

2y" — 2y = 3t — 1,

knowing that the functions y, = t? and y, = 1/t are solutions to
the homogeneous equation t2y” — 2y = 0.

Solution: If we do not remember the formulas for u;, u,, we can

always solve the system / /
uyr + Uy, =0

uy, + uyy, = f.

! (1) 1
2
t u{+u§;:0, 2t uy + u, > =3-4
1 1
1 by =——33
ué:—t3u{:>2tu{—|—tu{:3_p:> t 3t1
Uéz—t2+§_




Variation of parameters (2.6).

Example

Use the variation of parameters to find the general solution of

y// + 4)// +4y — X—2 e_2X.

Solution: We find the solutions of the homogeneous equation,

1
rPt4r+4=0 = &25[—4i\/16—16] = ry=-2.

Fundamental solutions of the homogeneous equations are

N = e—2X, Yo = Xe—2x.

We now compute their Wronskian,
e~ xe~
—2e7 (1-2x)e ¥

yi W 2x

i Y

Hence W = e,

W =

= (1 —-2x)e ™ 4 2xe ¥

Variation of parameters (2.6).

Example

Use the variation of parameters to find the general solution of

y// + 4)// + 4y — X—2 e_2X.
Solution: y; = e 2, Vo = X e 2¥, g = x2e 2 W =e ¥,

Now we find the functions uy and u»,

; V-8 xe X x2e—2x 1 N In x|
u = — — = —— u, = —1In |X|.
' w e—4x X '
J e e X x2e—2x 2 _l
W e~ B X
_ 1 _ _
Yp =y + thy, = —In|x| e 2X—;xe X — _(1+In|x|) e .

—2x

Since ¥, = — In|x| 72 is solution, y = (¢, + cx — In|x|) e™2*.
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Undetermined coefficients (2.5).

Guessing Solution Table.

fi(t) (K, m, a, b, given.) || yp,(t) (Guess) (k not given.)

Ke?* ke®*

Kt™ kmt™ 4 km—1t™ " 4+ + ko

K cos(bt) ky cos(bt) + ko sin(bt)

K sin(bt) ky cos(bt) + ko sin(bt)

Ktme™ e (kmt™ + -+ - + ko)

Ke®" cos(bt) e® [ ki cos(bt) + kz sin(bt)]

KKe® sin(bt) e® [ ki cos(bt) + kz sin(bt)]

Kt™ cos(bt) (kmt™ + -+ + ko) [a1 cos(bt) + a sin(bt)]
Kt™ sin(bt) (kmt™ + -+ + ko) [a1 cos(bt) + a sin(bt)]




Undetermined coefficients (2.5).

Example
Find all the solutions to the inhomogeneous equation

y" =3y —4y = 2sin(t).

Solution: We know that the general solution to homogeneous

equation is y(t) = ce*t + c,e .

Following the table: Since f = 2sin(t), then we guess
¥p = kqsin(t) + ko cos(t).
This guess satisfies L(y,) # 0.
Compute: y;, = k, cos(t) — k,sin(t), y, = —ksin(t) — k, cos(t).
L(yp) = [—kisin(t) — ky cos(t)] — 3[k, cos(t) — k, sin(t)]
—4[k, sin(t) 4 k, cos(t)] = 2sin(t),

Undetermined coefficients (2.5).

Example
Find all the solutions to the inhomogeneous equation

y" =3y — 4y = 2sin(t).
Solution: Recall:
L(yp) = [—kisin(t) — ky cos(t)] — 3]k, cos(t) — k, sin(t)]
—4[k, sin(t) 4 k, cos(t)] = 2sin(t),

(—5k, + 3k,) sin(t) + (—3k, — 5k,) cos(t) = 2sin(t).

This equation holds for all t € R. In particular, at t = g t=0.
5
—5k, 4 3k, = 2, k= -1
_3k1 - 5k2 — 0, k 3
2




Undetermined coefficients (2.5).

Example
Find all the solutions to the inhomogeneous equation

y" =3y — 4y = 2sin(t).

. 5 3
Solution: Recall: k, = 17 and k, = 7

So the particular solution to the inhomogeneous equation is

yp(t) = 1—17 [—5sin(t) + 3cos(t)].

The general solution is

1
y(t) = e’ + et + o | —5sin(t) + 3cos(t)].

Undetermined coefficients (2.5)

Example
Use the undetermined coefficients to find the general solution of

y" + 4y = 3sin(2x) + &>
Solution: Find the solutions of the homogeneous problem,
PP44=0 = =42
y, = cos(2x), y, = sin(2x).

Start with the first source, fi(x) = 3sin(2x).
The function y,, = k; sin(2x) + k, cos(2x) is the wrong guess,
since it is solution of the homogeneous equation. We guess:

Yp = X ki sin(2x) + k, cos(2x)].
Yy = [ ki sin(2x) + k, cos(2x)]| + 2x [ k; cos(2x) — k,sin(2x)].
vy =4[k cos(2x) — k,sin(2x)| + 4x[—k, sin(2x) — k, cos(2x)].




Undetermined coefficients (2.5)

Example
Use the undetermined coefficients to find the general solution of

y" 4 4y = 3sin(2x) + e3*.
Solution: Recall: y; =sin(2x), and y, = cos(2x).
4[ ki cos(2x) — kysin(2x)] + 4x[—k, sin(2x) — k, cos(2x)]+
4x[ ki sin(2x) + k, cos(2x)] = 3sin(2x),
Therefore, 4|k, cos(2x) — k;sin(2x)] = 3sin(2x).
Evaluating at x =0 and x = 7/4 we get

4k1:O, _4k2:3 = k]_:O, k2:__.

Therefore, y, = ~a x cos(2x).

Undetermined coefficients (2.5)

Example
Use the undetermined coefficients to find the general solution of

y" 4 4y = 3sin(2x) + e3*.

3
Solution: Recall: y, = —Zxcos(2x).

We now compute y,, for f(x) = e3*.

We guess: y,, = ke3*. Then, Yy = 9e3x,
(94 4)ke> = > = =— = Yp,=-s€

Therefore, the general solution is

: 3 1
y(x) = ¢ sin(2x) + <c2 ~ 1 x) cos(2x) + 3 e,




Undetermined coefficients (2.5).

Example

» For y" — 3y’ — 4y = 3e?tsin(t), guess

Yp(t) = [kisin(t) + ko cos(t)] e*".

> For y" — 3y’ — 4y = 2t% €3t guess

Yp(t) = (ko + kit + kot®) €F.

» For y"” — 3y’ — 4y = 3t sin(t), guess

yp(t) = (1 + kit) [kosin(t) + ks cos(t)].




