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Review: On solutions of y”" 4+ a,y' +a,y = 0.

Theorem (Constant coefficients)
Given real constants a,, a,, consider the homogeneous, linear
differential equation on the unknown y : R — R given by

y'+ay +ay=0.

Let ry, r— be the roots of the characteristic polynomial
p(r) = r> 4+ a,r + a,, and let c,, ¢, be arbitrary constants. Then,
the general solution y of the differential equation is given by

(a) If ry # r—, real or complex, then y(t) = c,e™' + c,e™".

(b) Ifrp =r_ =% €R, then y(t) = ¢, et + c, te't.
Furthermore, given real constants t,, y; and y,, there is a unique
solution to the initial value problem

Y'+ay +ay=0  y(t)=y, y(t)=y.




Review: On solutions of y”" 4+ a,y' +a,y = 0.

Example
Find the general solution of the equation y” —y’ — 6y = 0.

Solution: Since solutions have the form e, we need to find the
roots of the characteristic polynomial p(r) = r?> — r — 6, that is,

1
(1i\/1+24):§(1j:5) = =3 r-=-2

o1
79

So, ry are real-valued. A fundamental solution set is formed by

-2
n(t) = e, ya(t) = e .
The general solution of the differential equations is an arbitrary
linear combination of the fundamental solutions, that is,

y(t)=c et + e ?, a, & €R.

Remark: Since ¢;, ¢, € R, then y is real-valued.
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Two main sets of fundamental solutions.

Example
Find the general solution of the equation y” — 2y’ + 6y = 0.

Solution: We first find the roots of the characteristic polynomial,

rP—2r+6=0 = ry=

(2+£vV4—-24) = r.=1+iV5.

N| —

A fundamental solution set is

Ja(t) = eHVEIE () = VR,

9
These are complex-valued functions. The general solution is

(14iv/5) t 18 o(1-iV5B) t

y(t) = El (S 3 El, 52 c (C <]

Two main sets of fundamental solutions.

Remark:

» The solutions found above include real-valued and
complex-valued solutions.

» Since the differential equation is real-valued, it is usually
important in applications to obtain the most general
real-valued solution. (See RLC circuit below.)

» In the expression above it is difficult to take apart real-valued
solutions from complex-valued solutions.

» In other words: It is not simple to see what values of ¢, and ¢,
make the general solution above to be real-valued.

» One way to find the real-valued general solution is to find
real-valued fundamental solutions.
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Review of complex numbers.

» Complex numbers have the form z = a + ib, where ;> = —1.
» The complex conjugate of z is the number Z = a — ib.

» Re(z) = a, Im(z) = b are the real and imaginary parts of z

z+z z—z
> Hence: Re(z) = T and Im(z) = ¥
i
o .
- a—+ ib)" , :
> 2T — g w In particular holds e?tP = 2 e?.
< n!
n—

» Euler's formula: e = cos(b) + isin(b).

» Hence, a complex number of the form e

can be written as
patib _ g2 [cos(b) + isin(b)}, e? b — g2 [cos(b) — isin(b)}.

a+ib b e get the real numbers

1 , , 1 . .
E(ea+’b+ea_’b) = e? cos(b), ?(e‘”’b—ea_’b) = e? sin(b).
i

» From e and e~




Two main sets of fundamental solutions.

Theorem (Complex roots)

If the constants a;, a, € R satisfy that af — 443, < 0, then the
characteristic polynomial p(r) = r? + a,r + a, of the equation

y'"4+a,y +ay=0 (1)

has complex roots ry = a+ i3 and r— = o« — i3, where

a 1
04:—51, 525\/430—3%.

Furthermore, a fundamental set of solutions to Eq. (1) is
yi(t) = e(a+iﬂ)ta yo(t) = e(a_iﬂ)t7
while another fundamental set of solutions to Eq. (1) is

yi(t) = e*f cos(Bt), yo(t) = e*Fsin(Bt).

Review of complex numbers.

|dea of the Proof: Recall that the functions
n(t) = e(a+iﬁ)t7 y(t) = e(a_imt7
are solutions to y” + a, y’ + a, y = 0. Also recall that

7(t) = et [cos(Bt) +isin(Bt)],  7(t) = e*[cos(Bt) —isin(St)].
Then the functions

1 1

yi(t) = 5()71(’5) + (1)) ya(t) = Z()N/l(t) — (1))

are also solutions to the same differential equation. We conclude
that y; and y, are real valued and

y(t) = et cos(Bt), y(t) = e“tsin(Bt).
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A real-valued fundamental and general solutions.

Example
Find the real-valued general solution of the equation

y" -2y +6y =0.

Solution: Recall: Complex valued solutions are

Balt) = eHHVEIE () = VR,

Y

Any linear combination of these functions is solution of the

differential equation. In particular,
1

1(0) = 5[0 +5(0], (0) = - [7(0) — 7))

Now, recalling e(1£iVB) t _ otatiV5it

1 . . 1 . .
y(t) = 5 [ef e™VF Lt e VO] (1) = > [ef &'Vt _ gt e=1V51],
/




A real-valued fundamental and general solutions.
Example
Find the real-valued general solution of the equation

y" =2y +6y =0.

t . , ot . _
Solution: y; = % [e'\/gt 4+ e_"/gt}, v = [en/ﬁt _ e—/\/ﬁt}_

The Euler formula and its complex-conjugate formula

e/V3t = [cos(v/5 t) + isin(V5 1)),
e—iVBt _ [cos(VB t) — isin(V5t)],

imply the inverse relations
VBt | e=V5t — 2cog(v/Bt), e/V5t — e V5t = 2jsin(v/5t).
So functions y; and y, can be written as

vi(t) = et cos(V/5 t), v.(t) = etsin(v/5 t).

A real-valued fundamental and general solutions.

Example
Find the real-valued general solution of the equation

y" =2y + 6y =0.

Solution: Recall: y(t) = ge(I+ive)t 4 7 o(1-iVB)t & & ¢ C.
The calculation above says that a real-valued fundamental set is
vi(t) = et cos(v/5t), va(t) = et sin(v/5 t).
Hence, the complex-valued general solution can also be written as
y(t) = [cicos(V5 t) + o sin(VE t)] e, a,c € C.
The real-valued general solution is simple to obtain:
y(t) = [a cos(V/5t) + ¢, sin(V5 t)] e, ¢, G € R,

We just restricted the coefficients ¢;, ¢, to be real-valued. <




A real-valued fundamental and general solutions.

Example
Show that y;(t) = ef cos(v/5t) and y,(t) = ef sin(v/5t) are
fundamental solutions to the equation y” — 2y’ + 6y = 0.
Solution: y,(t) = et cos(v/5t), y.(t) = e'sin(v/5t).
Summary:
» These functions are solutions of the differential equation.
» They are not proportional to each other, Hence Ii.
» Therefore, y;, y» form a fundamental set.

» The general solution of the equation is

y(t) = [c1 cos(V/5t) + ¢ sin(V/5t)] et

» y is real-valued for ¢, ¢, € R.

» y is complex-valued for ¢, ¢, € C.

A real-valued fundamental and general solutions.

Example
Find real-valued fundamental solutions to the equation

y'"+2y" +6y=0.

Solution:
The roots of the characteristic polynomial p(r) = r> +2r + 6 are

-2+ V4 -24] = %[—2 £v-20] = rp=-14iV5.

N | —

r4 =

These are complex-valued roots, with
a=-—1, 8 = /5.

Real-valued fundamental solutions are

vi(t) = et cos(V/5 t), vo(t) = e tsin(vV5¢). 4




A real-valued fundamental and general solutions.

Example
Find real-valued fundamental solutions to the equation

y'+2y +6y=0.
Solution: y;(t) = e™f cos(V/5t), y,(t) = e tsin(vV5t).

Differential equations like the one
in this example describe physical
processes related to damped
oscillations. For example
pendulums with friction.

A real-valued fundamental and general solutions.

Example
Find the real-valued general solution of y” +5y = 0.

Solution: The characteristic polynomial is p(r) = r? + 5.
Its roots are ry = ++/5i. This is the case a = 0, and 0= V5.

Real-valued fundamental solutions are
vi(t) =cos(V5t),  y(t) =sin(v/51).
The real-valued general solution is

y(t) = ¢ cos(v/5t) + ¢, sin(V/5 1), ¢, & €R. <

Remark: Equations like the one in this example describe
oscillatory physical processes without dissipation, o = 0.




Second order linear homogeneous ODE (Sect. 2.3).

» Review: On solutions of y” +a,y' 4+ a,y =0.
» Characteristic polynomial with complex roots.

» Two main sets of fundamental solutions.
» Review of Complex numbers.
» A real-valued fundamental and general solutions.

» Application: The RLC circuit.

Application: The RLC circuit.

Consider an electric circuit with _/\/\/\/_| |_m\_
L

resistance R, non-zero capacitor
C, and non-zero inductance L, as -
in the figure.

| (t) : electric current.

The electric current flowing in such circuit satisfies:

LI'(t) + RI(t) /

1
Derivate both sides above: L/"(t)+ RI'(t) + +F I(t) = 0.
R 1
- . /! -
Divide by L: 1"(t )+2<2L>I(t)+ =16 =o.

R 1
Introduce o = L and w = ———, then " +2al' +w? 1 =0.

VLC




Application: The RLC circuit.

Example

Find real-valued fundamental solutions to I” + 2a !’ + w? | = 0,
where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.

Solution: The characteristic polynomial is p(r) = r? + 2ar + w?.
The roots are:

rizl[—2o¢:|:\/4a2—4w2] = ry=—-atvVa?—w?

2

Case (a) R =0. This implies @ = 0, so ry = +iw. Therefore,

l,(t) = cos(wt), L(t) = sin(wt).

Remark: When the circuit has no resistance, the current oscillates
without dissipation.

Application: The RLC circuit.

Example

Find real-valued fundamental solutions to I” +2al’ + w? 1 = 0,
where o = R/(2L), w? = 1/(LC), in the cases (a) (b) below.

Solution: Recall: ry = —a +Va? — w?.

Case (b) R < /4L/C. This implies
4L R> 1

2 _ 4L ~ b 2

R<C @ I <Ic T o =<w.

Therefore, ri = —a + ivw? — a?. The fundamental solutions are

L(t) = e " cos(Vw? —a?t), bh(t)=e " sin(vw?—a?t).

Il

VYV 600 The resistance R damps
R C L /\ VA N . .
h— \[ VT the current oscillations.

| (t) : electric current.




