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L"Hopital's rule for indeterminate limits 0

Remarks:

f
» L'Hopital’s rule applies on limits of the form L = lim (x) in

x—a g(x)

the case that both f(a) = 0 and g(a) = 0.

. . . 0
» These limits are called indeterminate and denoted as 0

Theorem
If functions f, g : | — R are differentiable in an open interval
containing x = a, with f(a) = g(a) =0 and g’(x) # 0 for
x € | —{a}, then holds
/
lim M = lim f(X),
x—ag(x)  x—agl(x)

assuming the limit on the right-hand side exists.




|L"Hopital’s rule for indeterminate limits 0

Example
Evaluate L — fim YA TX—1=x/2

x—0 X2

. . . 0
Solution: The limit is indeterminate, 0 But,

e (/20072 (1/2)
x—0 2x

The limit on the right-hand side is still indeterminate, g

We use L'Hoépital’s rule for a second time,

U2 (-1/4)
x—0 2 2 '

We conclude that L = —%.

L"Hopital’s rule for indeterminate limits 0

Remark: L'Hépital's rule applies to indeterminate limits only.

Example

1 —
Evaluate L = Iim &(X).
x—0 X—f—X2

: . : 0 | iia i b .
Solution: The limit is indeterminate 0 L'Hopital’s rule implies,

Remark:
0
» The limit 1 is not indeterminate, since 1 =0.
» Therefore, L'Hopital’s rule does not hold in this case:

sin(x) " (sin(x))/ _ cos(x) 1

i X))
xl—>mO 1+ 2x XTO (1 + 2X)/ XLnO 2
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. NG 'e
Indeterminate limit —
00

Remark: L'Hépital’s rule can be generalized to limits E,
00
and also to side limits.
Example
2+t
Evaluate L= I|im —l——an(x).
x—(2)~ 3 + sec(x)

. . . . . .. 00 VSTRT . .
Solution: This is an indeterminate limit —. L'Hopital's rule implies

00
. (2+tan(x) _ sec?(x) . sec(x)
lim ;= lim = lim
x—(3)" (3 + sec(x) x—(%)- sec(x)tan(x)  x—(Z)- tan(x)
: sec(x) 1 cos(x) 1 B
>N tan(x)  cos(x) sin(x)  sin(x) M E L -




. NG'e
Indeterminate limit —
00

Remark: Sometimes L'Hépital’s rule is not useful.

Example
sec(x)

Evaluate L= Iim .
x—(Z)~ tan(x)

Solution: We know that this limit can be computed simplifying:

sec(x) 1 cos(x) 1 B
tan(x)  cos(x) sin(x)  sin(x) - b=t

We now try to compute this limit using L'Hopital’s rule.

Indeterminate limit —
00
Example
Evaluate L= I|im sec(x)

x—(%)~ tan(x)’

: . : : . L 00 ..
Solution: This is an indeterminate limit —. L'Hopital’s rule implies
00

/
[~ im (sec(x)) — m sec(x)2tan(x) — tan(x).
x—(2)~ (tan(x))’  x—(Z)-  sec?(x) x— (%)~ sec(x)
oo . : 00
The later limit is once again indeterminate, —. Then
00
(tan(x))’ sec?(x) sec(x)

L= Ilm —F== Im = lim :
x—(2)= (sec(x))  x—(Z)- sec(x)tan(x)  x—(Z)- tan(x)

L'Hopital’s rule gives us a cycling expression. <




. NG'e
Indeterminate limit —
00

Example

. 3x2 —5
Evaluate L = XI|_>rrgo 2 —x13

. - . . Lo 00 NTRT . .
Solution: This is an indeterminate limit —. L'Hopital’s rule implies

00
s (3x*-5) bx 6
L_XI|_>n;O (2x2 — x + 3) _x||—>oo4x—1 _Xll—>m00<4—%>.

1 6
Recalling lim — =0, we get that L = 7 We conclude that

X—00 X

i 3x2 -5
im =
x—00 2x%2 — x + 3

3
>
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Indeterminate limits oo - 0 and oo — 0.

Remark: Sometimes limits of the form oo -0 and (co — o0) can be

converted by algebraic identities into indeterminate limits = or >
00
Example
: 1 1
Evaluate L = lim ( _ — —).
x—0 SII‘](X) X
Solution: This is a limit of the form (co — o0). Since
1 1 x—sin(x) _ , 0
. — — = ————— = indeterminate —.
sin(x) x x sin(x) 0
Then L'Ho6pital’s rule in this case implies
[ msin())” 1 cos(x)
~ x—0 (x sin(x))’ ~ x—0sin(x) + x cos(x)
Indeterminate limits co - 0 and oo — 0.
Example
: 1 1
Evaluate L = lim ( _ — —).
x—0\sin(x)  x
1_
Solution: Recall [ — lim —L— <)
x—0 sin(x) 4 x cos(x)
This limit is still indeterminate g Hence
1- ’ i
TR et ) B sin(x) Y

x=0 (sin(x) + x cos(x))/ x—0 2 cos(x) — xsin(x))/ 2

We conclude that L = 0. <




Indeterminate limits oo - 0 and oo — 0.

Example
Evaluate L = lim (3x)%/*.

X—00

Solution: This limits is of the form oc®. So, before using
L'Hopital’s rule we need to rewrite the function above.

(3X)2/X _ eIn((?ax)z/x) _ e(% In(3x)).

Since exp is a continuous function, holds
lim (3x)2/% = @lime—oo (3 1n(3x)) _ glime—oo (2232)
X—00

The exponent, is an indeterminate limit 2. L'Hopital’s rule implies

21In(3x))’
lim 2In(3x) _ lim (2In(39))" _ lim 2/_X:0.
X—00 X X—00 (X)/ x—oo 1
We conclude that L = €9, that is, L = 1. <
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Overview of improper integrals (Sect. 8.7)

Remarks:
» L'Hopital’s rule is useful to compute improper integrals.

» Improper integrals are the limit of definite integrals when one
endpoint if integration approaches +oo.

Definition
The improper integral of a continuous function f : [a,00) — R is

/aOO f(x)dx = bli_)moo/ab f(x) dx.

The improper integral of a continuous function f : (—oo, b] — R is

/b f(x)dx = lim /ab f(x) dx.

— 0o

The improper integral of a continuous function f : (—oc0,0) — R,

/_Z F(x) dx = /_Oo £(x) dx+/:o £(x) dx.

Overview of improper integrals (Sect. 8.7)

Example
el
Evaluate I:/ n(x) dx.
1

X2

Solution: This is an improper integral:

00 b
/ In(;) dx = lim / In(;)
1 X b—oo 1 X

Integrating by parts, u = In(x), and dv = dx/xz,
5 In(x) 1 b [*/1 1
/1 o O= (=) mea)|; ‘/1 () (5) &

®In(x) . In(b) bdx  In(b) 1}b
/1 dx +/1 ‘

X2 b xX b x
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Example
o0
I
Evaluate /:/ n(;) dx.
1 X
> In(b 1
Solution: Recall: / "0 g — i (- n(b) 1 +1).
1 X b—oo b b
The first limit on the right-hand side is indeterminate >
00
L'Hopital’s rule implies
. In(b) . (In(b)) . (1/b)
b||—>moo b b (b)’ bobe 1 0
Therefore, the improper integral is given by
o >
/ ") —0-041 = / "0 gy — 1.
1 X 1 X




