Review for Exam 2

Tuesday Recitations: Sections 13.1-13.3. 14.1-14.6.
Thursday Recitations: Sections 13.1-13.3. 14.1-14.7.

50 minutes.

>
>
>
» From five 10-minute problems to ten 5-minutes problems.
» Problems similar to homework problems.

>

No calculators, no notes, no books, no phones.

Section 13.2: Projectile motion

Example

Find the position r and velocity functions v of a particle moving
with an acceleration a(t) = (0,0, —10) m/sec®. The initial velocity
and position are, v(0) = (0,2,1) m/sec and r(0) = (0,0,2) m.

Solution: Since a(t) = (0,0, —10),

V(t) - <V0X7 W0y » —10t + VOZ>;} N Vox — 87
— VO)/: )
V(O) — <O727 1>7 Vo, = 1.

The velocity is v(t) = (0,2, —10t + 1). the position is

r(t) = (rox, 2t + roy 5% Lt + r02>,} . :ox = g,
_ Oy =y,
I’(O) — <O7 07 2>7 fo, = 2

We conclude that r(t) = (0,2t, —5t% + t + 2). <




Section 13.2: Projectile motion

Example
Find the trajectory of the particle in the previous example.

Solution: Recall r(t) = (0,2t, —5t% + t + 2).
x(t) =0, y(t)=2t, z(t)=-5t>+1t+2.

5
The trajectory is z(y) = ~a y2 4+ g + 2.
A
z
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Section 13.3

Example

Reparametrize with respect to its arclength, starting at t = 0, the
position function r corresponding to the acceleration

a(t) = ([—sin(t) — cos(t)], [cos(t) — sin(t)],0) and initial velocity
vo = (1,1, 1) and initial position rg = (0,0, 0).

Solution: First, we need to find r(t). Then, we reparametrize.
v(t) = ([cos(t) — sin(t) + vox], [sin(t) + cos(t) + vo, ], voz)-
The initial condition implies

<]. + vox, 1 + WOy s VOz> = <1, 1, ].> = vox = 0 = oy, Voz = 1.

v(t) = ([cos(t) — sin(t)], [sin(t) + cos(t)], 1).




Section 13.3

Example

Reparametrize with respect to its arclength, starting at t = 0, the
position function r corresponding to the acceleration

a(t) = ([—sin(t) — cos(t)], [cos(t) — sin(t)],0) and initial velocity
vo = (1,1, 1) and initial position rg = (0,0, 0).

Solution: Recall: v(t) = ([cos(t) — sin(t)], [sin(t) + cos(t)],1).
The position function is

r(t) = ([sin(t) 4 cos(t) + rox], [= cos(t) + sin(t) + roy], t + roz).
The initial condition implies

<1 + rox, -1+ Ny, r02> = <0,0,0> = hx = —1, oy = 1, roz = 0.

r(t) = ([sin(t) + cos(t) — 1], [ cos(t) + sin(t) + 1], t).

Section 13.3

Example

Reparametrize with respect to its arclength, starting at t = 0, the
position function r.

Solution: Recall: v(t) = ([cos(t) — sin(t)], [sin(t) 4 cos(t)], 1),
and recall r(t) = ([sin(t) + cos(t) — 1], [ cos(t) + sin(t) + 1], t).

Then, |v(t)[* = [cos(t) — sin(t)]* + [cos(t) +sin(t)]* + 1
v(t)[2 = cos?(t) + sin?(t) — 2sin(t) cos(t)
+ cos?(t) + sin®(t) + 2sin(t) cos(t) + 1
v(t)| = /3, therefore ((t / V3 dr implies £ = /3 t.

W):<{Sin(\f_)“os(?)_q,{—cos(\%)ﬁm(\f—) } 13>




Section 13.3

Example

: 3. 3 :
Reparametrize the curve r(t) = <§ sin(t?), 2t2, 5 cos(t2)> with
respect to its arc length measured from t = 1 in the direction of
increasing t.

Solution:
We first compute the arc length function. We start with the

derivative
v'(t) = (3t cos(t?), 4t, —3 sin(t?)),

We now need its magnitude,

P (1)) = \/9¢2 cos?(2) + 1682 + 9sin¥(t?),

F(t)| = V92 +16t2=(V9+16)t = |r(t)] =5t

Section 13.3

Example

: 3. 3 :
Reparametrize the curve r(t) = <§ sin(t?), 2t2, 5 cos(t2)> with
respect to its arc length measured from t = 1 in the direction of
increasing t.

Solution: Recall: |¢'(t)| = 5t. The arc length function is
= Tdr=—|(71 = —(t°—1).
. 2 2

1
: : : : 2
Inverting this function for t2, we obtain t*> = gs + 1.

The reparametrization of r(t) is given by

3 2 2 3 2
?(s):<§sin<gs+1),2<gs+1>,§cos<gs+1>>. 4




Section 14.2

Example

Find an equation for the level surface of f(x,y,z) =z — x
containing the point Py = (3, —1,1).

2_ 2

Solution: Any level surface is the set of points is space solution of
z—x*>—y? =k, k € R.

To find k, we evaluate the equation above at Py,

1-9-1=k = k=-9

We conclude that z — x% — y? = —0. <
Section 14.2

Example

—/ 1
Compute the limit  lim VX Y+ :

(xy)—43) x—y—1

— v/ 1

Solution: Remark: f(x,y) = VX y—|1— is not defined at (4, 3).
X—y—

Recall from Calculus I: Multiply by the conjugate.

Fx,y) = {\/_—\/y—kl} {\/;4—\/)/4-1}
’ x—y—-1 Jlyx+Vy+1
flx.y) = (x — (y +1)] _ 1
Ty DRV T T
We conclude that, lim  f(x,y)= ! <

(xoy)—(4.3) 4




Section 14.2

Example 2+ )2

Compute the limit lim .
(x.y)—(0,0) Xy

X2 4 y?

Solution: Remark: f(x,y) = is not defined at (0, 0).

Recall: It is often easier to prove that a limit does not exist.

The two paths theorem. Paths x = 0 or y = 0 are not useful.
First path, y = x. Then

2 2
lim £(x,x) = lim =2 — im2=2.
x—0 x—0 X x—0
Second path, y = 2x. Then
2 4 2 5
lim £(x,2x) = lim 2 i 2 =2
x—0 x—0 X(2X) x—0 2 2
Therefore, lim  f(x,y) DNE.
(x,y)—(0,0) (y)
Section 14.3

Example

Given a function z defined by the equation xy + z3x — 2yz = 0,
find Oxz in terms of x, y and z.

Solution: We use implicit differentiation:

y—l—z3—|—3z2zxx—2yzx =0,

z.(3xz> = 2y) = -y - 2°

(v +2°)
Zy = — :
(3xz2% — 2y)




Section 14.4

Example

Given f(x,y) = €Y, and the coordinate transformation
x = rcos(f) and y = rsin(#), find f, and fy, where

N~

f(r,0) = f(x(r,0),y(r,0)).

Solution: The chain rule implies
?r:fxxr+fy)/ra %:fXXO“}‘nyH-

fr=ye¥ x +xe¥y, = £ (yx +xy);

S

— " sin(f) cos(?) [rsin(6) cos(6) + r cos(6) sin(6)].
fo =y xo+xe¥yy = Ty =eY(yxo+xyp).
fy = e sin(0) cos(0) [—rz sin(6) sin(6) + r? cos(#) cos(f)]. <

Also: , = rsin(26) e sin(29)/2 and f) = r2 cos(26) " sin(20)/2,

Section 14.5

Example
Find all directions u such that (D,f)(1,1) = 0, where

2 2
f(x,y)=

X =Yy
x2 +y2
Solution: Recall: The Dyf =0 iff u L Vf. The gradient is

[ 2x(x? 4 y?) B (x? — y?)2x P 4xy?
(x2 + y2)2 (x2 + y2)2 (x2 + y2)2

T4y (Coy2y o A

Ty (Pt yR)? T (x4 y?)?

4xy

f=_——"7
v (x2 + y2)2

(y,—x). = (V)(1,1)=(1,-1).




Section 14.5

Example
Find all directions u such that (D,f)(1,1) = 0, where

K2 2
f(x,y)= 4

Solution: Recall: (Vf)(1,1) = (1, —1).
We find all u, unit, such that u 1 (1,—1).

(ux,uy) - (1,-1) =0 = uc=u,.
Since u is unit, then

u>2(—|—u)2,=1 = 28=1 = u ==

X

Slis

1
We conclude: u=+—(1,1). <

V2

Section 14.5

Example
Find the direction of most rapid increase of the function
f(x,y,z) = In(x3+y3 — 1) — y + 3z at the point Py = (1,1,4).

Solution: Recall: The direction of most rapid increase is the
direction of the gradient vector at Pj.

2

Vf = 1>j + 3k.

3x2 i+( 3y -
X3_|_y3_]_ X3—|—y3—1

The direction of maximum increase is

(VF)(1,1,4) = (3,2,3)




Section 14.5

Example

(a) Find the direction in which f(x, y) = x?e3 decreases the most
rapidly at Py = (—1,0), and also find the directional derivative
of f(x,y) at Py along that direction.

(b) Find the directional derivative of f(x,y) above at the point P
in the direction given by v = (—1,1).

Solution:
(a) The direction f decreases the most rapidly is given by —Vf,

Vf(x,y) = (2xe¥,3x%e¥) = —Vf(-1,0)=(2,-3).
The value of the directional derivative along this direction is,
—|VF(~1,0)| = —v9 + 4 = —V13.

(b) A unit vector along (—1,1) is u = (—1,1), then,

&\H

5

Duf(=1,0) = VA(=1,0) u = (-2,3): —=(-1,1) = —

<

Sl
N
N

Section 14.6

Example

Find the linear approximation of f(x,y) = x cos(my/2) — y?e* at
the point (0, —1), and use it to approximate (0.1, —0.9).

Solution: f(x,y) = x cos(my/2) — y?e*, f(0,—1) = —1.

fi(x,y) = cos(my/2) — y?e*, £(0,—1) = cos(—7/2) —1 = —1.
f(xy) = —xsin(ry/2)5 = 2ye*  £,(0,~1) =2,

Then, the linear approximation L(x,y) is given by

L(Xay):_(x_0)+2(y+1)_17 = L(X,y):—X+2y—|—]_

The linear approximation of (0.1, —0.9) is L(0.1,—0.9),
£(0.1,-0.9) = —0.1 +2(0.1) =1 =0.1 — 1 = —0.0. <




Section 14.6

Example

(a) Find the linear approximation L(x, y) of the function
f(x,y) =sin(2x + 3y) 4+ 1 at the point (-3, 2).

(b) Use the approximation above to estimate the value of
f(—2.9,2.1).

Solution:
(a) L(x,y)=1£(-3,2)(x+3)+£(-3,2)(y —2)+ f(—3,2).

Since fi(x,y) = 2cos(2x + 3y) and f,(x,y) = 3cos(2x + 3y),
f(—3,2) = 2cos(—6+6) =2, f,(—3,2) =3cos(—6+6) = 3,

f(—=3,2) =sin(-6+6)+1=1.

the linear approximation is L(x,y) =2(x +3) + 3(y — 2) + 1.

Section 14.6

Example

(a) Find the linear approximation L(x, y) of the function
f(x,y) =sin(2x + 3y) + 1 at the point (—3,2).
(b) Use the approximation above to estimate the value of
f(—2.9,2.1).
Solution: Recall: L(x,y) =2(x+3)+3(y —2) + 1.
(b) We use L to find the a linear approximation to f(—2.9,2.1).
We need to compute L(—2.9,2.1).
1(—2.9,2.1) = 2(—2.943) +3(2.1 — 2) +2
[(—2.9,2.1) =2(0.1) +3(0.1) +1 = [(—2.9,2.1) = 1.5.

<]

Exact value is close to 1.479.




Section 14.7

Example

(a) Find all the critical points of f(x,y) = 12xy — 2x3 — 3y2.

(b) For each critical point of f, determine whether f has a local
maximum, local minimum, or saddle point at that point.

Solution:
(a) VF(x,y) = (12y — 6x2,12x — 6y) = (0,0), then,

x2 =2, y=2x, = x(x—4)=0.

There are two solutions, x =0=y =0, and x =4 = y = 8.

That is, there are two critical points, (0,0) and (4, 8).

Section 14.7

Example
(a) Find all the critical points of f(x,y) = 12xy — 2x3 — 3y2.

(b) For each critical point of f, determine whether f has a local
maximum, local minimum, or saddle point at that point.

Solution:
(b) Recalling Vf(x,y) = (12y — 6x2,12x — 6y), we compute

fox = —12x, f, = -6, f, =12

X
D(x,y) = fufy = (fy)? = 144 (5 — 1),

Since D(0,0) = —144 < 0, the point (0,0) is a saddle point of f.
Since D(4,8) = 144(2 — 1) > 0, and £« (4,8) = (—12)4 < 0,

the point (4,8) is a local maximum of f. <




Section 14.7

Example
Find the absolute maximulm and absolute minimum of
f(x,y) =2+ xy —2x — ZyQ in the closed triangular region with

vertices given by (0,0), (1,0), and (0, 2).

Solution:
We start finding the critical points inside the triangular region.

1
Vi(x,y)= <y —2,x — §y> =(0,0), = y=2, y=2x
The solution is (1,2). This point is outside in the triangular region

given by the problem, so there is no critical point inside the region.

Section 14.7

Example
Find the absolute maximulm and absolute minimum of
f(x,y) =2+ xy — 2x — =y? in the closed triangular region with

vertices given by (0,0), (1,0), and (0, 2).

Solution:

We now find the candidates for absolute maximum and minimum
on the borders of the triangular region. We first record the
boundary vertices:




Section 14.7

Example
Find the absolute maximulm and absolute minimum of
f(x,y) =2+ xy —2x — ZyQ in the closed triangular region with

vertices given by (0,0), (1,0), and (0, 2).

Solution:
» The horizontal side of the triangle, y =0, x € (0,1). Since

g(x)=f(x,00=2-2x, = g'(x)=-2#0.

there are no candidates in this part of the boundary.

> The vertical side of the triangle is x =0, y € (0,2). Then,
1, , 1

g)=1f(0.y)=2-2y" = gl)=-5y=0,

so y = 0 and we recover the point (0,0).

Section 14.7

Example
Find the absolute maximulm and absolute minimum of
f(x,y) =2+ xy —2x — Zyz in the closed triangular region with

vertices given by (0,0), (1,0), and (0, 2).
Solution:

» The hypotenuse of the triangle y =2 — 2x, x € (0,1). Then,

1
g(x) =f(x,2=2x) =2+ x(2 - 2x) = 2x — 2(2 - 2x)*,
=24 2x —2x% = 2x — (x> = 2x + 1),
=1+ 2x — 3x°.

1 4
Then, g’'(x) =2 — 6x = 0 implies x = 3 hence y = 3 The

1 4
didate | (—,—).
candaidate Is 3 3




Section 14.7

Example

Find the absolute maximum and absolute minimum of
f(x,y) =2+ xy —2x — Zyz in the closed triangular region with
vertices given by (0,0), (1,0), and (0, 2).

Solution:

1 4

» Recall that we have obtained a candidate point <§, §> We

evaluate f at this point,
1 4 4 2 116 4

(L4 =2t 21 16_4

3'3 + 3

Recalling that £(0,0) = 2, f(1,0) =0, and f(0,2) =1, the
absolute maximum is at (0,0), and the minimum is at (1,0). <




