The Stokes Theorem. (Sect. 16.7)

» The curl of a vector field in space.
» The curl of conservative fields.
» Stokes' Theorem in space.

» ldea of the proof of Stokes' Theorem.

The curl of a vector field in space

Definition
The curl of a vector field F = (F;, F>, F3) in R3 is the vector field

curl F = (0oF3 — 03F) i+ (0sF1 — 01F3)j + (01F2 — 02F1) k.

Remark: Since the following Remark: The curl of a
formula holds, vector field measures the
P " rotational component of
the vector field at ever
curl F = 61 32 63 . . . y
point of its domain.
Fr F, F
In 3-dimensions a vector is
then one also uses the notation needed to collect this

information.
curlF =V x F.




The curl of a vector field in space

Example
Find the curl of the vector field F = (xz, xyz, —y?).

Solution: Since curl F = V x F, we get,
i j k

VXanx ay 82 =

Xz Xxyz —y?

(8y(—y2)—az(xyz)) i—(@x(—y2)—az(xz))j —|—(8X(Xyz)—(9y(xz)) k,

= (—2y—xy)i— (O—X)j + (yZ—O) k,
We conclude that

VX F = (-y(2+x),x,yz). 4
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The curl of conservative fields

Recall: A vector field F : R3 — R3 is conservative iff there exists a
scalar field f : R3 — R such that F = V.

Theorem
If a vector field F is conservative, then V x F = 0.
Remark:

» This Theorem is usually written as V x (V) = 0.

» The converse is true only on simple connected sets.
That is, if a vector field F satisfies V x F = 0 on a simple
connected domain D, then there exists a scalar field
f: D C R3 — R such that F = V.

Proof of the Theorem:
V x F = (8,0, — 0,0,f), —(0,0,f — 0,0xF), (050, f — 0,0xF))

L]
The curl of conservative fields
Example
Is the vector field F = (xz, xyz, —y?) conservative?
Solution: We have shown that V x F = (—y(2 + x), x, yz).
Since V x F # 0, then F is not conservative. <

Example
Is the vector field F = (y223, 2xyz3, 3xy222) conservative in R3?

Solution: Notice that ) )
i j k
v X F — ax ay aZ
y2z3 2xyz3 3xy?z?
= <(6><yz2 — 6xyz%), —(3y°z® — 3y?Z2°), (2yz® — 2yz3)> = 0.

Since VxF=0and R3is simple connected, then F is
conservative, that is, there exists f in R3 such that F = V. <
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Stokes' Theorem in space

Theorem
The circulation of a differentiable vector field F : D C R3 — R3
around the boundary C of the oriented surface S C D satisfies the

equation
%F-dr://(VxF)-nda,
C S

where dr points counterclockwise when the unit vector n normal to
S points in the direction to the viewer (right-hand rule).




Stokes' Theorem in space

Example

Verify Stokes’ Theorem for the field F = (x?,2x, z?) on the ellipse
S={(xy,2) : & +y*<4, z=0}.

Solution: We compute both sides in j{ F.-dr= //(V x F)-ndo.
C S

We start computing the circulation

z

2
integral on the ellipse x? + =1
s
W—% If we choose the upward normal to S,
2y

CS«% we have to choose a counterclockwise

parametrization for C.

. So we choose, for t € [0, 27],

W"% ((£) = (cos(t), 2sin(£), 0).
] g

and the right-hand rule normal nto S
- n=(0,0,1).

Stokes' Theorem in space

Example

Verify Stokes' Theorem for the field F = (x2, 2x, z?) on the ellipse
S={(x,y,2) : 4x*+y*<4, z=0}.

Solution: Recall: j{F dr = //(V x F) - ndo, with
C

S
r(t) = (cos(t),2sin(t),0), t € [0,27] and n = (0,0, 1).
The circulation integral is:

fCF-dr: /027T F(t)-r'(t)dt

2w
:/0 (cos?(t), 2 cos(t), 0) - (—sin(t),2cos(t),0) dt.

2T
7{ Frdr= /0 [— cos?(t) sin(t) + 4 cos*(t)] dt.




Stokes' Theorem in space
Example
Verify Stokes’ Theorem for the field F = (x2,2x, z?) on the ellipse
S={(x,y,z) : 4x*> +y> <4, z=0}.

2
Solution: % F-dr= / - cos?(t) sin(t) + 4cosz(t)} dt.
c 0
The substitution on the first term u = cos(t) and du = —sin(t) dt,

27 1
implies / — cos?(t)sin(t) dt = / u? du = 0.
0 1
27 27
j{ F.-dr= / 4 cos?(t) dt = / 2[1 + cos(2t)] dt.
c 0 0

27
Since / cos(2t) dt = 0, we conclude that ]{ F.dr=4nr.
0 C

Stokes' Theorem in space

Example
Verify Stokes’ Theorem for the field F = (x?,2x, z?) on the ellipse
S={(xy,2) : & +y*<4, z=0}.

Solution: % F.-dr=4rand n=(0,0,1).
C

We now compute the right-hand side in Stokes' Theorem.

z

_/¢Z777;ééi h:/la7xFynda

2y

c— <
i k

VxF=10« 0, 0,

x2 2x Z2

= VxF=(0,0,2).

S is the flat surface {x? + }2’—5 <1, z=0}, so do = dx dy.




Stokes' Theorem in space

Example
Verify Stokes’ Theorem for the field F = (x?,2x, z?) on the ellipse

S={(xy,2) : & +y*<4, z=0}.
Solution: %F -dr =47, n=(0,0,1), V x F=(0,0,2), and
do = dx dy.

2v/1—x2
Then, //(VXF) nda—/ / (0,0,2) - (0,0,1) dy dx.
2v/1—x2

The right-hand side above is twice the area of the ellipse. Since we
know that an ellipse x?/a® 4+ y?/b? = 1 has area wab, we obtain

//S(VXF)-ndazéhr.

This verifies Stokes' Theorem. <

Stokes' Theorem in space

Remark: Stokes’ Theorem implies that for any smooth field F and
any two surfaces S1, S, having the same boundary curve C holds,

//(VXF)*"ldO';[:/ (VxF)~n2d02.
S1 S2

Example

Verify Stokes' Theorem for the field F = (x2, 2x, z2) on any
2 2

half-ellipsoid S = {(x,y,2) : x>+ 25 + 25 =1, 2 > 0},

Solution: (The previous example was the case a — 0.)

We must verify Stokes' Theorem on Sy,

j{F-dr:/ (VXF)-nQdO'Q.
C So>




Stokes' Theorem in space

Example

Verify Stokes' Theorem for the field F = (x2, 2x, z?) on any
2 2

half-ellipsoid S, = {(x,y,z) : x*+ )2/—2 + Z— =1, z > 0}.

Solution: ]{F-dr: 4w, V x F =(0,0,2), [ :/ (V x F)-nydos.
C S2

S, is the level surface F = 0 of

2 2

F(x,y,2) =x" + 25 + =5 — L

=0 YR <2 Y 2Z> (V xF)-n 0 22/2"
= — = X, —. — . = .

2 |V]F|7 ’ 27 32 ) 2 ‘VFI

|VF| |VF|
P _— F ° — 2-
dos ‘VF . k| 22/32 = (V X ) n, dos

Stokes' Theorem in space

Example

Verify Stokes' Theorem for the field F = (x2, 2x, z?) on any
2 2

half-ellipsoid S, = {(x,y,z) : x*+ )2/—2 + I = =1, z > 0}.

Solution: 7{ F-dr=4mand (V xF)-nydop = 2.
C

Therefore,

/ (VXF)-nQdJQI// 2dxdy:2(27r).
So S1

We conclude that / (V x F) -nydop = 47, no matter what is

the value of a > 0. <
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|dea of the proof of Stokes’ Theorem

Split the surface S into n surfaces S;,
fori=1,---,n, as it is done in the
figure for n = 9.

]{F-dr:Zf F-dr;
¢ i=1"Ci
~ Zy{ F - d¥; ((N:, the border of small rectangles);
i=17Ci

n
= Z// (V x F)-n;dA (Green's Theorem on a plane);
i=1 7 /R

://S(VXF)-ndU. 0




