The length of a curve in space (Sect. 13.3)

» The length of a curve in space.
» The length function.
» Parametrizations of a curve.

» The length parametrization of a curve.

The length of a curve in space

Definition
The length or arc length of a curve in
the plane or in space is the limit of the

polygonal line length, as the polygonal
line approximates the original curve.

Theorem

The length of a continuously
differentiable curve r : [a, b] — R”",
with n=2, 3, is the number

b
Eba:/ V()] dt.




The length of a curve in space

b
Recall: The length of r:[a, b] — R3is £, :/ ¥'(t)| dt.
a

» |f the curve r is the path traveled by a particle in space, then
r' = v is the velocity of the particle.

> The length is the integral in time of the particle speed |v(t)|.

» Therefore, the length of the curve is the distance traveled by
the particle.

» In Cartesian coordinates the functions r and r’ are given by

Therefore the curve length is given by the expression

b
lps = /a \/[x’(t)]2 + [y’(t)}2 - [z’(t)}2 dt.

The length of a curve in a plane

Example
Find the length of the curve r(t) = (rp cos(t), ro sin(t)), for
t € [r/4,37/4], and ry > 0.

Solution: Compute ¥ (t) = (—rpsin(t), ro cos(t)). The length of
the curve is given by the formula

/4
(= /;4 \/[—ro sin(t)}2 + [ro cos(t)]2 dt

3r/4

e_/;:M V2 ([=sin(t)]? + [cos(t)]?) dt:/ o dt.

/4

Hence, / = gfo- (The length of quarter circle of radius ry.) <




The length of a curve in a plane.

Example
Find the length of the spiral r(t) = (tcos(t), tsin(t)), for
t € [0, to].

Solution: The derivative vector is

v'(t) = ([—tsin(t) + cos(t)], [t cos(t) + sin(t)]),

¥ (t)|* = [t*sin(t) + cos®(t) — 2t sin(t) cos(t)]
+ [t? cos®(t) + sin®(t) + 2t sin(t) cos(t)]

We obtain |r/(t)|?> = t? + 1. The curve length is given by

to t
E(to):/ V1+t2dt =In(t+ 1—|—t2)‘00.
0
We conclude that ((tp) = In(to + /1 + ). <

The length of a curve in space.

Example

Find the length of the curve

r(t) = (6 cos(2t), 65sin(2t), 5t), for
t € [0, 7].

Solution: The derivative vector is
r'(t) = (—=12sin(2t), 12 cos(2t), 5),
¥'(t)]? = 144[sin®(2t) + cos?(2t)] + 25 = 169 = (13)°.
The curve length is

fz/o 13dt =13t|, = (=13 4




The length of a curve in space.

|dea of the Proof: The curve length is
the limit of the polygonal line length, as
the polygonal line approximates the

original curve.

N—-1
EN — Z ‘r(tn"f‘l) - r(tn)‘a {a - t07 t17 Ty tN—17 tn = b}7
n=0
N—1 N b
EN = Z |r/(tn)| (tn+1 - tn) 10)0 / |r/(t)| dt.
n=0 a

The arc length of a curve in space (Sect. 13.3)
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The length function

Definition
The length function of a continuously differentiable vector function
r is given by

or) = /tt ¥(7)\dr.

Remarks:

(a) The value /(t) of the length function is the length along the
curve r from ty to t.

(b) If the function r is the position of a moving particle as function
of time, then the value /(t) is the distance traveled by the
particle from the time tj to t.

The length function

Example

Find the arc length function for the
curve r(t) = (6 cos(2t), 6sin(2t), 5t),
starting at t = 1.

Solution: We have found that |¥'(t)| = 13. Therefore,

E(t):/ltl?)dT S ) =13(t—1). §




The length function

Example

Given the position function in time

r(t) = (6cos(2t),6sin(2t),5t), find the
position vector r(tp) located at a length
lyp = 4 from the initial position r(0).

Solution: We have found that the length function for r starting at
t=1isl(t) =13(t —1).

It is simple to see that the length function for r starting at t =0 is
/(t) =13t

Since t = ¢/13, the time at ¢y = 4 is to = 4/13.

Therefore, the position vector at £g = 4 is given by

r(tp) = (6cos(8/13),6sin(8/13),20/13). 4
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Parametrizations of a curve

Remark:
A curve in space can be represented by different vector functions.

Example
The unit circle in R? is the curve represented by the following
vector functions:

> r1(t) = (cos(t),sin(t));

> rp(t) = (cos(5t), sin(
> r3(t) = (cos(et),sin(et)).

5t));

Remark:

The curve in space is the same for all three functions above. The
vector r moves along the curve at different speeds for the different
parametrizations.

Parametrizations of a curve

Remarks:

>

If the vector function r represents the position in space of a
moving particle, then there is a preferred parameter to
describe the motion. The time t.

Another preferred parameter useful to describe a moving
particle is the distance traveled by the particle. The length /.

The latter parameter is defined for every curve, either the
curve represents motion or not.

A common problem when describing motion is the following:
Given a vector function parametrized by the time t, switch the
curve parameter to the curve length /.

This is called the curve length parametrization.




The arc length of a curve in space (Sect. 13.3)
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The length parametrization of a curve

Problem:
Given vector function r in terms of a parameter t, find the arc
length parametrization of that curve.

Solution:

(a) With the function values r(t) compute the arc length function
{(t), starting at some t = ty.

(b) Invert the function values ¢(t) to find the function values t(¥).
(c) Example: If £(t) = 3et/?, then t(£) = 21In(¢/3).

(d) Compute the composition function #(¢) = r(t(¢)). That is,
replace t by t(¢) in the function values r(t).

Remark: The function values ¥(¢) are the parametrization of the
function values r(t) using the curve length as the new parameter.




The length parametrization of a curve

Example

Find the curve length parametrization of the vector function
r(t) = (4cos(t),4sin(t),3t) starting at t = 1.

Solution: First find the derivative function:

r'(t) = (—4sin(t), 4 cos(t), 3).
Hence, |F'(t)|2 = 4%sin?(t) + 4% cos?(t) +3° = 16 + 9 = 52,
Find the arc length function: ¢(t) = /1t5 dr = ((t) =5(t — 1).

(¢ +5)
£
e[ 52)257)

14 :
Invert the equation above: t = 5 + 1, that is, t =

So, ¥(/) = <4 cos{

The length parametrization of a curve

Theorem
If the continuously differentiable curve v has length parametrization

" dr . .
values ¥(¢), then u({) = Tk unit vector tangent to the curve.

Proof:

Given the function values r(t), let ¥#(¢) be the reparametrization of

t
r with the curve length function £(t) = / ¥'(7)| dT.
to

Y dt 1

Notice that — = |/(t)| and -~ = |
otice that —- [¥'(¢)] an de  |r(t)]

de(() _ dr(t) dt _ ¥ (1)
d¢ dt df "’/(t)‘-

We conclude that |u(¢)| = 1. O

Therefore, u(¢) =




The length parametrization of a curve

Example

Find a unit vector tangent to the curve given by
r(t) = (4cos(t),4sin(t),3t) for t > 0.

Solution: Reparametrize the curve using the arc length.
Recall: |¥(t)| =5, and £(t) = 5t, so t = £/5. We get

P(0) = (4 cos(£/5), 4sin(£/5), 3¢/5).

Therefore, a unit tangent vector is

dr 4 4 3
ut)=— = u()= <—g sin(£/5), £ cos({/5). g>- g
We can verify that this is a unit vector, since

4 2

()2 = (5) [sin2(€/5)—i—cos2(€/5)]—I—(g)2 = u(0) = 1.




