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Double integrals on regions

e Regions in Cartesian coordinates (Sec. 15.3)
— Type I: Regions functions y(z).
— Type II: Regions functions z(y).

-

Regions in Cartesian coordinates y(z): Type I
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Regions in Cartesian coordinates y(z): Type I

Theorem 1 Let go(x), g1(z) be two continuous functions
defined on an interval [zo, x1], and such that
go(x) < g1(x). Let f(x,y) be a continuous function in

Slide 3
D={(z,y) e R*:zg <z <z, go(z)<y<gi(a)}
Then, the integral of f(x,y) in D is given by
1 91(z)
// f(z,y) dedy = / / fz,y)dy | de.
D 0 go(x)
Cartesian Type I: Find the // f(z,y) dxdy for
D
f(x,y) :x2+y2, on D={(z,y) e R*:0<x<1, z*<y<az}
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Slide 4 gl(x) =x
0 1 X




Math 20C Multivariable Calculus Lecture 20
1 x
// fx,y) dmdy:/ / (x2+y2)dy} da,
D 0 LJx2
tr 1
- [ [ iz + 5 0 as
0 L 3
T 2 2 1 3 6
= — — — d s
Slide & /0 x¥(x —x%) 4+ = (x x)] T
1
1 1
= / 22—zt + =a2? —176} dx,
o | 3 3
1
_ 1 4 1 5 1 4 7
- {4”@ AR TR TR |
11 1 __ 9
3 5 21 3x5xT7
Regions in Cartesian coordinates z(y): Type II
y z ‘ f(x.y)
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Regions in Cartesian coordinates z(y): Type II

Theorem 2 Let hyo(y), hi(y) be two continuous functions
defined on an interval [y, 1], and such that
ho(y) < hi(y). Let f(z,y) be a continuous function in

D={(z,y) € R* : ho(y) <z < hi(y), vo<y<u}

Then, the integral of f(x,y) in D is given by

[ [ 160y daay - / [ / ::j)f(x,y)dx] ay.
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Cartesian Type II: Find the // f(x,y) dxdy for
D

f(x,y):x2+y2, on D={(z,y)cR*:0<x<1, 22<y<z}

b=y

0 [ X
Notice that ho(y) =y, and hy(y) = \/y. Then,

D={(z,y) € R ho(y) =y <z <hi(y) =v¥ % <y<uy}
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Integrate f(x,y) = 2xy in the region bounded by
y=0,y=zand y+x =2

~

1 T 2 2—x
// fdxdy = / / 2xy dy dx + / / 2zy dy dx.
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Integrate f(x,y) = 2xy in the region bounded by
y=0,y=zand y+x =2

Ly

2RY=—X+2
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Find the [ [, f(z,y)dxzdy for f(z,y) =1, and
D:{(x,y)€R2:§+%§1}

As type I, then,

gi(z) =3v1—y?/4, go(z) = =31 —y?/4
As type II, then,

hi(x) =2y/1—22/9, ho(y) = —2y/1—22/9.
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Find the [ [, f(z,y)dzdy for f(z,y) =1, and
D:{(x,y)eﬂ%z:%+§§1}

y ) ,
2 X/MA+y9=1
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y=gm=-1-%p x=h)=-1-37
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Double integrals on regions in polar coordinates

e Regions in Cartesian coordinates (Sec. 15.4)
— Type I: Regions functions r(#).
— Type II: Regions functions 6(r).
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/Review of polar coordinates

Definition 1 Let (z,
Then, polar coordinates (r,0) are defined in

IR* — {(0,0)}, and given by

r=+/x2+y? 60 =arctan (%) .

The inverse expression is

= rcos(f),
rsin(6).

y) be Cartesian coordinates in IR?.

~

-

Double integrals in polar coordinates on disk
sections

Theorem 3 If f(r,0) in continuous in

D = {7”6) 0<rg<r<nr, 90§¢9§91<27T},

then //fr@ )dA = /6 /Tnf(r,e)rdrde.

Disk sections in polar coordinates < rectangular
sections in Cartesian coordinates

N
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Disk sections in polar coordinates < rectangular
sections in Cartesian coordinates

y y

<

X

Compute the integral of f(z,y) = 2 + 2y on
D={(z,y) € R*:0<y, 0<uz 1<a®+y*<2}

Translate to polar coordinates. z = rcos(), y = rsin(6). Then
f(r,0) = r* + r2sin” ().

TheregionDisD:{(7’,(9)6E{2;0§(9§%7 1§7’§\/§}.

//Df(r,e)dA—/Oﬂ/Q/lﬂrQ(l+sin2(9))rdrd0,

_ [/Omu +sin®()) de} [/lﬁ r?’dr] :
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Example: Continuation

[ [ smoaa= e+ [ ”2—(1—cos<2e>>de} 101,
- [g L)~ L(sin(20) 3”)] s
317w T
-1z +i)
— 2 //Df(r,e)dA:%w

-

Integrate f(z,y) = e @ *%") on
D={(r0cR*: 0<0<m, 0<r<2}

. T r2 .
Notice, f(r,0) = 6_7'2, then, // e~ @) g4 :/ / e r drdf,
D o Jo

substitute u = 2, then du = 2r dr, then

b 4
//e*@Z*yQ)dA:l/ / e " dudf
D 2 0 0
1

=3 | et
s 1
-5(1-%).
// e~ @ =T (1 - i) .
D 2 et

~
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Summarizing, from Cartesian to polar

Theorem 4 Let f(x,y) be a continuous function on a

Let (r,0) be polar coordinates. Then the following

formula holds,

[ [ tadedy= [ [ scos(o).rsin@)r dras

N

domain D, where (x,y) represent Cartesian coordinates.

)

/Domains in type I in polar coordinates

h,(6)
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Type I in polar coordinates

Theorem 5 Let 0 < ho(6) < hy(0) be two continuous
functions defined on an interval [0y, 01]. Let f(r,0) be a
continuous function in

D:{mmeR%

Then, the integral of f(r,0) in D is given by

[ [ sooia- /: [ /h:;:) i gydrl @.

~

/Find the area of intersection of the two circles
r = cos(f) and r = sin(0)

r=sin(0)

\ r=cos(0)

~
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/Find the area of intersection of the two circles
r = cos(f) and r = sin(0)

7/4 psin(0) 7/2 pcos(0)
/ / rdrd@—i—/ / rdrdf,
T/ 0

/2

:/ 1 n2() d0+/ L cos?(6) o,
0 2 ™ 2

/4

/4 1 /2 1
/ [1 — cos(20)] d6 + / Z[l + cos(20)] db,
/4

l T 71 7r/4 L l . /2
1 {( O 3 sin(20)| (2 4) + 3 sm(2t9)|7r/4} ,
1 (m 1
i [5* (“0> #(0-3)]:
T 1 1

-

Find the volume between the sphere
2?2 +y*+ 22 = 1 and the cone z = \/m
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Find the volume between the sphere
22 + 92>+ 22 = 1 and the cone z = /22 + 42

2m r0 o ro
4 :/ / M(Tdr)de —/ / r (rdr)de.
0o Jo o Jo

N

)

/Find the volume between the sphere
2?2 + 9%+ 22 = 1 and the cone z = \/m

o ([ ) ([ ).

—QW_/I/ﬂmrdr/l/ﬁrzdr}, u=1—r
LSO 0

P % /1:2 u? du — %T.g‘;/\/ﬁ]7

w2 At

:2?”{1_23%—23%} = |v=3(2-V3)|
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Type II in polar coordinates

0<go(r) < gi(r) <2m. Let f(r,0)
function in

N

~

Theorem 6 Let go(r), g1(r) be two continuous functions
defined on an interval [ro, ], and such that

be a continuous

D={(r,0)cR*:0<ro<r<r,
0< go(r) <O <gi(r) <2m}.

Then, the integral of f(r,0) in D is given by

/ /D F(r0)dA = / [ /g:::) fr, 9)d0] rdr.
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