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Double integrals (Sec. 15.1 - 15.2)

e Review of the integral of single variable functions.
e Definition of a double integral on rectangles.

e Average of a function.

N

e Examples of double integrals in rectangles (sec. 15.2)

)
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Integral of a single variable function

Definition 1 Let f(z) be a function defined on a
interval x € [a,b]. The integral of f(z) in [a,b] is the
number given by

/b f(x)dx = lim if(x;‘) Az,
o n—o00 P

if the limit exists. Given a natural number n we have
introduced a partition on [a,b] given by Az = (b — a)/n.
We denoted xf = (z; + x;_1)/2, where x; = a + iAzx,

1 =20,1,---,n. This choice of the sample point =} s

called midpoint rule.

N
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Riemann sum of a single variable function

£(x)

~

Double integrals on rectangles

Definition 2 Let f(x,y) be a function defined on a
rectangle R = [xo, x1] X [yo,y1]. The integral of f(x,y) in
R is the number given by

[ [ sty dsdy = tim 33" (ot ) sy
R i=0 j=0
if the limit exists.

Given a natural number n, the partition on R are rectangles of side
Az = (z1 — z0)/n, Ay = (y1 — yo)/n. Let =7 = (z; + i—1)/2,

y; = (yj +y;j—1)/2, where z; = xo + iAz, and y; = yo + jAy, for

i,j =0---,n. These sample points x}, y; are called midpoint rule.
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Partition of the domain of a two variable function

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
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Double integrals of f(z,y) are volumes in IR?

If f(z,y) >0, then [ [, f(z,y)dzdy =V the volume
above R and below the surface given by the graph of

f(z,y).

z T f(x,y)
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/ /R F(z,y) dzdy

N

Ghe order of integration can be switched in
double integrals of continuous functions

Theorem 1 (Fubini) If f(x,y) is a continuous function
in R = [xg,x1] X [yo,y1], then

/y [ / f(@,y) daz} ay,
FIf e

Notation: One also denotes the double integral as

/ /R f(x,y) dedy = / / f(z,y) dudy.

~
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Here is an example of a double integral
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(zy® + 2x2y3)dacdy =

r 2

/ (acy2 + 2x2y3)d:c] dy,

L/o

(1 2 2 2

30 () + 5 ()]

r 16
2y° + gys] dy,
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Second example

LG oo
= [ [ )+ £ (4712)] =

Slide 9 B /4 -ln(2)x+ %] .
1 L
3 ()4,

- ln(2)% 221

= 2 In(2) + 2 In4),

(1 s)min

tam

~

Fubini theorem in the case of f(z,y) = g(z)h(y):

/ / y)dydz — < / g(a:)d;z:) ( /y y h(y)dy).

Example:

[ e [ [ )

1
— (x|(2) + §x|g) (arctan(y)hl)) ,
T
4

~
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/Recall the average of f(x) in [a, b]

1

b
The number f given by f = 5 / f(x)dx is the

average of f(x) in [a,b].

— |

=

a b X

-

The average of f(x,y) in R

Definition 3 (Average) The number f given by

- 1
f= m/}zf(%y)dfdy,

is the average of a function f(z,y) in the domain
R = [0, 71] X [yo, y1], where

A(R) = (z1 — w0)(y1 — Yo)

the area of the rectangle domain R.

N
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Double integrals on regions

e Regions in Cartesian coordinates (Sec. 15.3)
— Type I: Regions functions y(z).
— Type II: Regions functions z(y).

e Regions in Cartesian coordinates (Sec. 15.4)
— Type I: Regions functions r(#).
— Type II: Regions functions 6(r).

N
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Regions in Cartesian coordinates y(z): Type I

z ‘ f(x.y)

f(x,g((}X))Qx STTTTT. ~Qﬂx.g{x»
Xy i

~
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Regions in Cartesian coordinates y(z): Type I

Theorem 2 Let go(x), g1(z) be two continuous functions
defined on an interval [zo, x1], and such that
go(x) < g1(x). Let f(x,y) be a continuous function in

Slide 15
D={(z,y) e R*:zg <z <z, go(z)<y<gi(a)}
Then, the integral of f(x,y) in D is given by
1 91(z)
// f(z,y) dedy = / / fz,y)dy | de.
D 0 go(x)
Cartesian Type I: Find the // f(z,y) dxdy for
D
f(x,y) :x2+y2, on D={(z,y) e R*:0<x<1, z*<y<az}
y b
Slide 16 gl(x) =x
0 1 X
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// fz,y) dmdy:/ / (x2+y2)dy} da,
D 0 LJx2
by 1
- [ [ iz + 5 0 as
0 L 3
' 2 2 1 3 6
= — — — d s
Slide 17 /0 vlw—o)+ g e )] o
1
1 1
= / 22—zt + =a2? —176} dx,
o | 3 3
1
_ 1 4 1 5 1 4 7
- {4”@ AR TR TR |
1.1 19
3 5 21 3x5x7
Regions in Cartesian coordinates z(y): Type II
y z ‘ f(x.y)
Slide 18
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Regions in Cartesian coordinates z(y): Type II

Theorem 3 Let ho(y), h1(y) be two continuous functions
defined on an interval [y, 1], and such that
ho(y) < hi(y). Let f(z,y) be a continuous function in

D={(z,y) € R* : ho(y) <z < hi(y), vo<y<u}

Then, the integral of f(x,y) in D is given by

[ [ 160y daay - / [ / ::j)f(x,y)dx] ay.

N )

4 N

Cartesian Type II: Find the // f(x,y) dxdy for
D

f(x,y):x2+y2, on D={(z,y)cR*:0<x<1, 22<y<z}

b=y

0 [ X
Notice that ho(y) =y, and hy(y) = \/y. Then,

D={(z,y) € R ho(y) =y <z <hi(y) =v¥ % <y<uy}

N )
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LT ﬁ 2 2
[ [ swwazay= | [Tty )dx} ay,
D 0 LJy

.

_ L 5w 2 ( VI

[ ) )]
"1 3/2 3 2, 1/2

= g(y -y)+y (¥’ —y)|dy,
0 L
1 '1 -

:/ §y3/2 y3+ya/27y3:| dy,
0

-

Find the [ [, f(z,y)dxzdy for f(z,y) =1, and
D:{(x,y)€R2:§+%§1}
As type I, then,

gi(z) =31 —y?/4, go(x) = =31 —y?/4.
As type II, then,

hi(x) =2y/1—22/9, ho(y) = —2y/1—22/9.

N
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Review of polar coordinates

Then, polar coordinates (r,0) are defined in

IR?* — {(0,0)}, and given by

r=+/x2+y? 60 =arctan (Q) .
x
The inverse expression is

x=rcos(d), y=rsin(f).

N

Definition 4 Let (x,y) be Cartesian coordinates in IR?.

~

-

Double integrals in polar coordinates on disk
sections

Theorem 4 If f(r,0) in continuous in

D = {7”6) 0<rg<r<nr, 90§¢9§91<27T},

then //fr@ )dA = /6 /Tnf(r,e)rdrde.

Disk sections in polar coordinates < rectangular
sections in Cartesian coordinates

N

~
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Compute the integral of f(z,y) = 2 + 2y on
D={(z,y) € R*:0<y, 0<uz 1<a®4+y*<2}

Translate to polar coordinates. z = rcos(), y = rsin(6). Then
f(r,0) = r* + r2sin” ().

The region D is D = {(r,0) € R*>:0<0<Z, 1<r<v2}.

//Df(r,ﬁ)dA:/OW/Q/I\/ETQ(l—i—sinQ(G))rdrdG,

_ [/Omu +sin®()) d@} Mﬂ r?’dr] :

-

Example: Continuation

/ /D f(r,0)dA

I
| —
—
=
(=}

/2
”/2) + /0 %(1 — cos(20)) d9:| {i(r‘lﬁﬁ

+

1 /2 71 . /2 §
50— o) 3

i
2 4’

. ola
(=]
Jr

;|© W
A
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Integrate f(z,y) = e @ %) on
D={(r0cR*: 0<0<m, 0<r<2}

Notice, f(r,0) = 6_7'2, then,

b 2
// e—<w2+~“2>d14:/ / e~ r drdo,
D 0 0

substitute v = r2, then du = 2r dr, then

™ 4
//e_(’”2+”2)dA — 1/ / e~ "“dudf
D 2 0 0
1 s

_ - w4
= 2/0( e "[5)de,

™ 1
= —(1-—=.
2( e4>

-

Summarizing, from Cartesian to polar

Theorem 5 Let f(x,y) be a continuous function on a
domain D, where (x,y) represent Cartesian coordinates.
Let (r,0) be polar coordinates. Then the following
formula holds,

[ [ tededy= [ [ scos(o).rsin@)r aras

N

)
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Type I in polar coordinates
Theorem 6 Let 0 < ho(6) < hy(0) be two continuous

functions defined on an interval [0y, 01]. Let f(r,0) be a

continuous function in

Slide 29 D={(r,0) € R*: 0 < ho(0) <r < h(h),
0y < 0<6,).

Then, the integral of f(r,0) in D is given by

h1(6)

/Lmﬂﬂzﬁjé@ﬂwm4w

N )

~

Theorem 7 Let go(r), g1(r) be two continuous functions
defined on an interval [ro, ], and such that
0<go(r) < gi(r) <2m. Let f(r,0) be a continuous

function in
Slide 30 D={(r0) cR*:0<ro<r<r,
0< go(r) <0 <g(r) <2n}.

Type II in polar coordinates

Then, the integral of f(r,0) in D is given by

/@mﬂmzljﬁjﬂwwrw

N )




