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The arc length of a curve in space

Slide 1 e Arc length of a curve.
e Arc length function.

e Examples.
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The arc length of a curve is a number that
measures the extension of the curve

Definition 1 Let r(t) be a continuously differentiable
vector-valued function. The length of the curve associated
with v(t) fort € [a,b] is the number given by

b
loo = / I/ (1)) dt.
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The arc length of a curve in space has the
following form in components

©(t) = (o), y(0),2(0),
) = (@050, 7 0),
o = [ ORI OR+ 0P

Suppose that the curve represents the path traveled by a particle in

space. Then, the length of the curve is the integral of the speed, |v(t)].

So in this case the length of the curve is the distance traveled by the

particle.
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/The arc length formula can be obtained as a limit\
procedure

r(t)

One adds up the lengths of a polygonal line that

kapproxirnates the original curve /
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The arc length function /(t) represents the length
up to ¢ of the curve given by r(t)

Definition 2 Let r(t) be a continuously differentiable
vector-valued function. The arc length function ((t) from
t =ty tot is given by

o) = [ |r'(w)|du.

to

((t) is a scalar function. It satisfies ((ty) =0
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Reparametrization of a given vector valued
function r(¢) using the arc length function
e With r(¢) compute £(t), starting at some ¢t = t.

e Invert the function £(¢) to find the function ¢(¢).

Example: If £(t) = 3¢'/2, then t(¢) = 2In(£/3).

e Compute the composition r(¢) = r(¢(¢)).
That is, replace ¢ by t(¢).

The function r(¢) is the reparametrization of r(t)
using the arc length as the new parameter
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/Examples, Sec. 13.4 \

e (Probl. 14 Sec. 13.4) Find the velocity, acceleration,

and speed of the following position function
r(t) = tsin(t)i + t cos(t)j + t’k.
e (Probl. 16 Sec. 13.4) Find the velocity and position

vectors given the acceleration and initial velocity and

position:
a(t)=—-10k, v(0)=i+j—k, r(0)=2i+ 3j.

e Problems with projectiles. Given the initial speed |vy|
and the initial angle of the projectile with the

K horizontal, 6, describe the movement of the projectile/




