AMCS/MATH 608
Problem set 9 due November 25, 2014
Dr. Epstein

Reading: There are many excellent references for this material; é@sfly like Real
Analysisby Elias Stein and Rami Shakarchi.
Standard problems. The solutions to the following problems do not need to be kdnd

n.

1. Letd = (41, ..., dq) be ad-tuple of positive numbers; for a subsé&tc RY define
0E = {(01X1, ..., 04%Xx) : (X1,...,Xq) € E}. (1)
If E is measurable, then show th# is as well and

MSE) = 61 - - - Sgm(E). ()

2. Suppose that ¢ E c B, with A and B measurable sets. Show thatif A) =
m(B), thenE is measurable wittim(E) = m(A).

3. Letaandb be positive numbers. Show th@ + b)” > a” + b” whenevery > 1,
and that the opposite inequality holds iK0y < 1.

4. An alternate way to define measurable sets is to say thadtk semeasurable, if
for everye > 0 there is a closed s& C E, such tham,(E \ F) < €. Show that
this definition gives the same collection of measurableagthe definition used in
class.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Inclass we constructed a Cantor set by successively iegntve middle thirds of
the remaining intervals. For any number<0¢ < 1 a similar construction can be
performed by successively removing the midéipart of the remaining intervals.
Prove that the result of this is a closed, totally disconeeset of measure zero.



We can also construct a set where we remove a differentdrafitom the centers
of the remaining interval at each step.We{ét : k = 1,2,...} be a sequence
choosen so that for eaéh

(14204 + 2 < 1. (3)

At the kth-stage of our construction we remove tHe 2centrally located portions
of length¢k of the remaining intervals. Call this s€, and letC = Nz, Cx.

(a) Ifthe{¢;} are choosen small enough so that

> 2y <1, (4)
k=1
then show thain(C) > 0, and in fact
0
m(C) =1-> 21 (5)
k=1

(b) Show thatC is totally disconnected.

(c) Show thaC is uncountable.
Suppose thék is a given set, and define the open set:
On ={x: d(x,E) < 1/n}. (6)

If E is compact, then show that(E) = limy_. .o m(Op). Show that there are both
closed and open sets for which this is false.

In this problem we prove the Borel-Cantelli Lemma. Sugptsat{Eyx : k =
1,2, ...} are measurable sets for which

Z m(Ex) < oo. (7)
k=1
We define the set
E = {x € RY : x € E for infinitely manyk}. (8)

Show thatE is measurable and that(E) = 0. Hint: E = N2, US, Ey.
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4. Let A = C the middle thirds Cantor set, arel= C/2. Show that the set of sums,
A + B, satisfieq0, 1] ¢ A+ B. This shows that its possible for two closed sets of
measure zero to have a sum witiA + B) > 0.

5. Letx be an irrational number. Show that there exist infinitely ynxactionsp/q
of relatively prime integers so that

1
X — E -

q q
Hint: First show (using the pigeon hole principle for exae)ghat for every integer
n at least one element of the g&t 2x, ..., (n— 1)x} differs from an integer by less

than 1/n.

Use the Borel-Cantelli lemma to show that the seko& R for which there are
infinitely many p/q with

s

(9)

(10)

is a set of measure zero.

6. LetE be subset o with m,(E) > 0. Prove that for every & o < 1, there exists
an open interval such that

m(ENT)>am.(l). (11)

Hint: Choose an open s& > E, such thatm,(E) > am,(O). Write O as a
disjoint union of open intervals, and show that at least dnthe@se intervals must
satisfy the desired estimate.

7. Letf : R — R be a continuous function, and let
' ={(x, f(x)):xeR}. (12)

Show thatl” is measurable and that(I") = 0. That is: the 2-dimensional measure
of a graph is always zero.



