AMCS/MATH 608
Problem set 8 due November 18, 2014
Dr. Epstein

Reading: There are many excellent references for this material; éasfly like Com-
plex Analysis by Elias Stein and Rami Shakarchi.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Suppose that is continuous and there is @so that f (x)| < A/(1+x?). Suppose
that fA(f) = 0 for all¢ € R. Show thatf = 0 by using the following argument:

(a) For each fixed real numbedefine the functions

t 00
AZ) = / f (x)e~27126=Ydx andB(z) = — / f(x)e=2712"Ddx . (1)
—00 t
Show thatA(¢) = B(¢) forall & € R.

(b) Prove that the function

A()if Imz >0,
F(2) = _ (2)
B(z)if Imz <0
is entire, and bounded and therefore constant. In fact, shatf = O.
(c) Deduce that
t
/ f(x)dx = 0, (3)
—0o0
for all t € R and thereforef = 0.
2. Asusual, let
0
F(H)(E) = / f (e 2ixd, (4)



for f € F(R). Show that this linear transformatioh : ¥(R) — ¥(R) satisfies
the equations#* = Id. For what complex numbers can there exist a non-zero
functiong € ¥(R) so that

F(p) = 19? (5)
Show that for some choice afwe have“}(e_azxz) — ¥

Show that fop € ¥(R) we have

5 (| o+ VE|00) = 2 (= + VERE ) 500, ©)

Use this identity and the result of the previous problem td &igenfunctions of the
Fourier transform for all possible eigenvalues.
Suppose thdy, .. ., az} are complex numbers such that # 0, and the polyno-
mial
n .
pE&) =D aj2zid) (7
j=0
has no real roots.

(a) Forg € $(R) use the Fourier transform to find a formula for a solutiag),to
the differential equation

> ajalux) = g(x), (8)

j=0
which tends to zero as — +o0. Show that, in factug € $(R).

(b) This equation has amdimensional solution space. Describe it as explicitly as
you can. Show that the solution, which tends to zera-as— oo, is unique.

(c) If all the roots ofp have positive imaginary parts, amggdis compactly sup-
ported, then show that there is &and ar > 0 so that
lug(X)| < Ae""* asx — oo. 9)
(d) How does the solutionyg, behave ag — —oo if g has compact support and
all roots of p lie in the upper half plane?

(e) Assuming thatip has no real roots, find the most general conditiongoa
©° (R) so that equation (8) has a solution with compact support.
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5. Recall that

o0

1 a ori

- e 2MIXdx = g2kl 10

T / a2 4 x2 (10)

—0
Prove that fora > 0, we have

1 & a >

- _ —2raln|

S o= > e (1)
N=—00 N=—0o0

Conclude that the sum equals c@ila). Prove that forang € C\ {in: n € Z} we
have the identity

1 & z
cot = — —_ 12
(r2) 7rn:Z_:oozz+n2 (12)
deduce from this formula that
tanh(n—z) _2 i z : (13)
2 r = (2n—1)2+ 272



