AMCS/MATH 608
Problem set 5 due October 21, 2014
Dr. Epstein

Reading: There are many excellent references for this material;raéliespecially like
are Complex Analysis by Elias Stein and Rami Shakarckipmplex Analysis by Lars V.
Ahlfors, andConformal Mapping by Zeev Nehari.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. Suppose thab is a bounded connected region in the plane, withlaboundary,
andu, o are twice continuously differentiable functions iy whose first deriva-
tives have continuous extensionsoWe letn denote the outer unit normal vector
alongbD, andt = in, the oriented unit tangent vector. The normal and tangential
derivatives ofu along the boundary are defined by:

ou ou
o= (Vum = (Vu, ). (1)

(@) Show tha&okes Theorem (for 1-forms) implies that

0
/[uxvx +uyuy]dxdy+/uAudxdy :/ua—lr)]ds. (2)
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Hereds denotes arclength measure aldri.
(b) Use this formula to deduce thatufis also harmonic irD, then
ou
/ —ds =0. (3)
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bD

(c) Show that equation (2) implies that

ov ou
/[uAu —vAuldxdy = /[ua—n — Da_n]ds' 4)
bD
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2. Suppose thah is a continuous function of® with support in the finite interval

[—1, 1], and define
1
1 h(x)dx
00 =5 [ 22 (5)

2ri X—2Z
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(a) Prove thag is an analytic function irC \ [—1, 1], which tends to zero ag|
tends to infinity.

(b) Let DI’(O) (D5 (0)) denote the upper (resp. lower) half of the unit diskh I§
the restriction of an analytic function defined Dy (0), then show thayg has
analytic continuations, across the inter¢all, 1), from Df(O) to D1(0) and
from D; (0) to D1(0). Hint: Deform the contour of integratiop-1, 1] to a
curve lying below (resp. abové)}-1, 1).

(c) Does the continuation @f from Df(O) to D; (0), defined in (b), ever agree
with g [Dl_(o), as defined by (5)?
3. Inclass we proved that for agye 6(R?) the equation

ozu=y¢g (6)

has a solution given by
_ w, w)dxd
w2 == [[ 1D, ™
w—Z
(@) up is one solution; what are all the other solutions?

(b) Show that this solution satisfies km, Ug(z, ) = 0, and it is uniquely deter-
mined by this condition.

(c) What conditions musi satisfy for there to exist a solution with compact sup-
port? Hint: The solutionug is analytic outside the support @f Find a rep-
resentation, foe with large modulus, that reflects this fact. Note thanhust
satisfy infinitely many conditions.

4. Using (4) show that ifi is aC?-function with compact support then

1 / log(x® + y?) Au(x, y)dxdy = u(0). (8)
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If uis a compactly supporte@2-function, then show that the function

1 i /
U(x,y) = . / log(x 2 + y?)u(x — x, y — y)dx'dy’ 9)
C

is a twice differentiable function satisfying
AU = u. (10)

Hint: Be careful because l¢g” + y?) is singular ai(0, 0).

Under what condition is
lim U(x,y)=0? (12)
(x,y)—>o0

Suppose that is a harmonic function defined in a simply connected domBin,
with C-boundary, and let denote a harmonic conjugatettoSuppose that the first
derivatives ofu andv extend continuously to thieD. For a differentiable function
f defined alondpD let % denote the derivative of with respect to arclength along
bD. If t is the unit tangent vector oD, oriented in the positive direction, then the
tangential derivative is:

o(v bp) _

7S (Vo, 1) bp - (12)

(&) Show that alongD we have the relation:

u_o 0s)
on oS
(b) Letg(s) be a continuous function defined alob®;(0) with s the arclength
parameter and
g(s)ds = 0. (14)
bD1(0)
Explain how to use (13) to prove that there is a harmonic fonat defined in
D1(0) such that

ou
79 =19(s). (15)

S
Hint: The functionG(s) = [ g(¢)do is a continous function ohD;.
S0



6. Letg(x,y) = % log(x? + y?). Lety : [0, L] — C give an arclength parametriza-
tion of, I', a simple close!-curve. LetD be the domain bounded by Forg, a

continuous function defined dn, andds the arclength measure alohgwe define
the function

L
u(x, y) = / gX — 7109,y — 2o (ds, (x.y)eC.  (16)
0

(&) Show thati is a continuous function ift, which is harmonic irC \ T.

Figure 1. Figure showing contour with several normal lines, and outward normal vec-
tors.

(b) Let n denote the outward unit normal vector field alongThe normal lines
to I foliate a neighborhood df, see Figure 1. We can therefore extantb
a neighborhood of" as the unit tangent directions to these lines. par T,
let 6/ u(p) denote the limit of,u(q) from the inside ofD, asq — p, and
oy u(p) the analogous limit fronD®. What is

ou(p) — &, u(p)? (17)



