AMCS/MATH 608
Problem set 11 due December 16, 2014
Dr. Epstein

Reading: There are many excellent references for this material; é@sfly like Real
Analysis by Elias Stein and Rami Shakarchi.

Standard problems. The solutions to the following problems do not need to be kdnd
in.

1. Suppose that is a non-negative integable function, and defie= {x : f(x) >
a}. Prove that

1
m(E,) < [ f00dme (1)
a
This is Chebyshev’s Inequality, which is quite importanPirobability Theory.
2. Given a collection of setfF, ..., Fn} show that there is a collection of disjoint
sets{F;, ..., F{}, sothatN < 2™ — 1, and for everk we have that
= |J Fr )
Fj*CFk

3. Suppose that is an integrable function oRY, and that for every measurable $et
we know that

/ f (x)dx > 0. (3)
E
Prove thatf (x) > O for almost every.

Homework assignment: The solutions to the following problems should be carefully
written up and handed in.

1. The integrability of a function oR does not imply that it tends to zero at infinity.

(a) Construct a positive continuous function®rso that f is integrable oR, but
limsup_, ., f(x) = o0.

(b) If fisintegrable and uniformly continous &) then show thatlinp, L~ f(X) =
0.



2. Suppose that is integrable oriR. Show that

g(x) = / f(y)dy 4)

is uniformly continuous.

3. Suppose that is a non-negative measurable function, and for daehZ define
the sets:

Ex = {x: f(x) > 2} andFx = {x : 2 < f(x) < 21}, (5)
Show that the setd} are pairwise disjoint and that i is finite a.e., then

x:f0>0= ] F (6)

k=—00
Prove thatf is is integrable if and only if
> 2m(F) < ooifandonlyif > 2m(Ey) < oo. (7)
k=—00 k=—0c0

Fora € R define the functions oRY by

IX|72if [x] <1,
fa(X) = 8
alx) { 0if |x| > 1. ®)
IX|72if [x] > 1,
X) = 9
%a(X) [ 0if x| < 1. ®)

Using the second part of the problem show thats integrable ifR? if and only if
a < d, while g, is integrable ifRY if and only ifa > d.

4. Define a function ok by setting

X“2if0 < x < 1,
f(x) = _ (10)
0 otherwise.



Let {rn} be an enumeration of the rational numbé&dsand define
F) =Y 2"f(x—rp). (11)
n=1

Prove thatF is integrable ovelR, hence the series defining(x) converges for
a.e.x. However, show that this series is unbounded on every inteamd that any
function that agrees witk a.e. is as well.

Let f be a bounded, non-decreasing function defined0pd], that is, ifx < v,
then f (x) < f(y). Show thatf is Riemann integrable.

Suppose that & f is integrable oveRY. For eactu > 0 define

E,={x: f(X) > a}. (12)
Prove that -
/f(x)dx:/m(Ea)da. (13)
Rd 0

Hint: Think of the right hand side as a Riemann integral, irtipalar, show that
a — m(E,) is Riemann integrable.



